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PREFACE. 



The first edition of my Algebra was received wilh unex- 
pected favor. Almost immediately after its publication, it was 
adopted as a text-book in half a dozen colleges, besides nu- 
merous academies and echooSa ; and the most flattering testi- 
monials were received from every part of the country. I 
have thus been stimulated to increased exertions to render it 
less unworthy of public favor. Every line of it has been sub- 
jected to a thorough revision. The work has been read by 
two successive classes in the University, and wherever im- 
provement seemed practicable, aherations have been freely 
made. I have also availed myself of the suggestions of sev- 
eral professors in other colleges. This edition will accord- 
ingly be found to differ considerably from the preceding. Al- 
terations, more or less important, have been made on nearly 
every page. Among these may be mentioned the addition of 
Continued Fractions, the Extraction of the Roots of Numbers, 
Elimination by means of the Greatest Common Divisor, and a 
large collection of Miscellaneous Examples. 

It is believed that this treatise contains as much of Algebra 
as can be profitably read in the time allotted to this study in 
most of our colleges, and that those subjects have been se- 
lected which are most important in a course of mathematical 
study. These materials I have endeavored to combine, so as 
to form a consistent treatise, I have aimed to cultivate in the 
mind of the student a habit of generalization, and to lead him to 
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reduce every prindple to its most genei'al form. At the same 
time, I have been solicitous not to discourage the young begin- 
ner, who frequently finds it much more difficult to comprehend 
a general than a particular proposition. Accordingly, many 
of the Problems have been twice stated. I iirst give a simple 
numerical problem, and then repeat the same problem in a 
more general form. I have labored to develop, in a clear 
and inf eUigible manner, the most important properties of equa- 
tions, and have bestowed great pains upon the selection of 
examples to Illustrate these properties. Throughout the work 
1 have endeavored to render the most impoi-tant principles so 
prominent as to arrest attention , and I have reduced them, as 
far as practicable, to the form of concise and simple rules. It 
is believed that, in respect of difficulty, this treatise need not 
discourage any youth of fifteen years of age who possesses 
average abihties, while it is designed to form close habits of 
reasoning, and cultivate a truly philosophical spirit in more 
mature minds. 
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ALGEBRA. 



PRBLIMINAItY DBJINITIONS AND NOTATION. 

{Article 1.) Whatever is capable of increase or diminution, 
or will admit of mensuration, is called magnitude or quantity. 

A sum of money, therefore, is a quantity, since we may in- 
crease it or diminish it. A line, a surface, a weight, and otEier 
things of this nature, are quantities ; but an idea is not a quantity. 

(2.) Mathematics is the science of quanlily, or the science 
which investigates the means of measuring quantity. The 
operations of the mind, therefore, such as memory, imagina- 
tion, judgment, &c., are not subjects of mathematical investi- 
gation, since they are not quantities. 

(3.) Mathematics is divided into pure and mixed. Pure 
mathematics comprehends all inquiries into the relations of 
magnitude in the abstract, and without reference to material 
bodies. It embraces numerous subdivisions, such as Arith- 
metic, Algebra, Geometry, &c. 

In the mixed mathematics these abstract principles are ap- 
plied to various questions which occur in nature. Thus, in 
Surveying, the abstract principles of Geometry are applied to 
the measurement of land ; in Navigation, the same principles 
are applied to the determination of a ship's place at sea; in 
Optics, they are employed to investigate the properties of 
light; and in Astronomy, to determme the distances of the 
heavenly bodies. 

(4.) Algebra is that branch oj mathematics which enables us, 
by means of letters and other symbols, to abridge and generalise 
the reasoning employed in the solution of all questions rehiing 
to numbers. 
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Arithmetic is the art oi science ol numbeimg It treats oi 
the nature and properties of numbei's, but it is limited to cer- 
tain methods of calculation which orcm m common practice. 
Algebra is more comprehensive, and has been called by New- 
ton, Universal Arithmetic 

(5.) The following are the main pt-ints ol difieience between 
Arithmetic and Algebra. 

First, the operations of Algebra are more general than those 
of Arithmetic. In Arithmetic we represent quantities by par- 
ticular numbers, as 2, 5, 7, &c., which numbers always retain 
the same value. The results obtained, therefore, are applicable 
only to the particular question proposed. Thus, if it is re- 
quired to find the interest of a thousand dollars for three 
months at six per cent., the question may be solved by Arith- 
metic, and we obtain an answer, which is applicable only to 
this problem. 

But in the solution of a general Algebraic problem we em- 
ploy letters, to which any value may be attributed at pleasure. 
The results obtained, therefore, are equally applicable to ail 
questions of a particular class. Thus, if we have given the 
sum and diiTerence of two quantities, we may obtain by means 
of Algebra a general espression for the quantities themselves. 
This result will always b© found true, whatever may be the 
magnitude of the quantities. Hence Algebra is adapted to the 
investigation ofg-eraeraJprtwci^Zes, while Arithmetic is confined 
to operations upon particular numbers. 

Secondly, Algebra enables us to solve a vast number of 
problems, which are too difficult for common Arithmetic. 
Some of the problems in Sections VII. and VIII. may be 
solved by Arithmetical methods ; bat others can not thus be 
resolved, particularly such problems as are given in Sections 
XII., SIV., &CC. 

Thirdly, in Arithmetic all the different quantities which en- 
ter into a problem are blended together in the result, so as to 
leave no trace of the operations to which they have been sub- 
jected. From a simple inspection of the result, we can not 
tell whether it was derived by multiplication or division, invo- 
lution or evolution, or what connection it has with the given 
quantities of the problem. But in a general Algebraic solu- 
tion, all the diiferent quantities are preserved distinct from each 
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other, aad we see at a glance how all the data of the problem 
are combined in the result. Illustrations of this remark will 
be found in Section VII., &c. 

FoitrUily, the operations of Algebra are often far more con- 
cise than those of Arithmetic. Thus, although some of the 
problems in Sections VII. and VIII. may be solved Arith- 
metically, these solutions are generally much more tedious 
than the Algebraic, This advantage which is possessed by 
Algebra is partly due to the representation of the unknown 
quantities by letters, and their introduction into the operations 
as if they were already known, and partly to the fact that the 
operations of multiplication, division, &c., are at first merely 
indicated, and are not actually performed until an ASgebraic 
expression has been reduced to its simplest form. 

Finally, perhaps the most striking difference between Arith- 
metic and Algebra springs from the use of negative quantities, 
which give rise to many peculiar results. 

The full purport of these remarks will he best apprehended 
after the student has made some progress in the study of Al- 
gebra. 

(6.) A definition is the explanation of any term or word. It 
IS essential to a perfect definition that it distinguish the thing 
defined from every thing else. Thus, if we say that man is a 
biped, it is an imperfect definition of man, because there are 
many other bipeds. 

(7.) A theoi-em is the statement of some property, the truth 
of which is required to be proved. Thus the principle that 
the sum of the three angles of any triangle is equal to two 
right angles, is a theorem, the truth of which is demonstrated 
by Geometry. 

(8.) A problem is a question requiring something to be done. 
Thus, to draw one line perpendicular to another is a problem. 
Theorems and problems are both known by the general term 
oi propositions. 

(9.) A determinate problem is one which admits of a certain 
or definite answer. An indeterminate problem commonly ad- 
mits of an indefinite number of solutions ; although when the 
answers are required in positive whole numbers, they are in 
some cases confined within certain limits, and in others the 
problem may be impossible. 
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(10.) The solution of a problem ia the process by which we 
obtain the answer to it. A numerical solution is the obtaining 
an answer in numbers. A geometrical solution is the obtaining 
an answer by the principles of geonietry. A mechanical so- 
lution is one which is gained by trials. 

(11.) The principal symbols employed in AJgebra are th« 
following ; 

The sign + {an erect cross) is named plus, and is employed 
to denote the addition of two or more numbers. Thus, 5+3 
signifies that we must add 3 to the number 5, in which case 
the result is 8. In the same manner, Il-|-6 is equal to 17; 
14+10 is equal to 34, &c. 

We also make use of the same sign to connect several num. 
bers together. Thus, 7+6+0 signifies that to the number 7 
we must add 5 and also 9, which make SI. 

So, also, the sum of 8+6+13+11 + 1+3+10 is equal to 51. 

(13.) In order to generalize numbers We represent them by 
letters, as a, b, c, d, &c. Thus the expression a+h signifies 
the sum of two numbers, which we represent by a and b, and 
these may be any numbers whatever. In the same manner, 
m-^n+p+x signifies the sum of the numbers represented by 
these four letters. If we knew, therefore, the numbers repre- 
sented by the letters, we could easily find by arithmetic the 
value of such expressions. 

The first letters of the alphabet are commonly used to rep- 
resent known quantities, and the last letters those which arp 
unknown. 

(13.) The sign — (a horizontal line) is called minus, and in- 
dicates that one quantity is to be subtracted from another. 
Thus, 8—5 signifies that the number 5 is to be talten from the 
number 8, which leaves a remainder of 3. In like manner, 
12—7 is equal to 5, and 20—14 is equal to C, &c. 

Sometimes we may have several numbers to subtract from 
a single one. Thus, 16—5—4 signifies that 5 is to be subtract- 
ed from 16, and this remainder is to be further diminished by 
4, leaving 7 for the result. In the same manner, 50—1—3—5 
-~7— 9 is equal to 95. So, also, a~-b signifies that the number 
designated by a is to be diminished by the number designated 
hyb. 

Quantities preceded by the sign + are called positive quan- 
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titles; those preceded by the sign — , negative quantities. 
When no sign is prefixed to a quantity, + is to be understood. 
Thus, a+b—c is the same as +a+b—c. 

(14.) The sign X (an inclined cross) is employed to denote 
the multiplication of two or more numbers. Thus, 3x5 signi- 
fies that 3 is to be rauhiplied by 5, malting 15. In hke man- 
ner, aXb signifies a multiplied by b ; and aXhXc signifies the 
continued product of the numbers designated by a, b, and c, 
and so on for any number of quantities. 

Multiplication is also frequently indicated by placing a point 
between the successive letters. Thus, a.b. cd signifies the 
same thing as aXhxcy<.d. 

Generally, however, when numbers are represented by let- 
ters; their multiplication is indicated by writing them in suc- 
cession without the interposition of any sign. Thus, a b sig- 
nifies the same thing as a.b.or aXb ; and a b c dis equivalent 
10 a.b.c.d,or aXbXcXd. 

It must be remarked that the notation a .b or a b is seldom 
employed except when the numbers are designated by letters. 
If, for example, we attempt to represent the product of the 
numbers 5 and 6 in this manner, 5 . 6 might be confounded 
with an integer followed by a decimal fraction ; and 56 would 
be read jifty-six, according to the common system of nota- 
tion. 

The multiplication of numbers may, however, be expressed 
by placing a point between them, in cases where no ambiguity 
can arise from the use of this symbol. Thus, 1.2.3,4 is 
sometimes used to represent the continued product of the num- 
bers 1, 3, 3, 4. 

(15.) When two or more quantities are multiplied together, 
each of them is called s. factor. Thus, in the expression 7X 5, 
7 is a factor, and so is 5. In the product abc there are three 
factors, a, b, c. 

When a quantity is represented by a letter, it is called a 
literal factor, to distinguish it from a numerical factor, which 
is represented by an Arabic numeral. Thus, in the expression 
bob, 5 is a numerical factor, while a and b are literal factors. 

(16.) The character -r- (a horizontal line with a point above 
and below) shows that the quantity which precedes it is to be 
divided bv that which follows. ^ 
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(1 I'Ri^LlHINARY DMPINITIONS AND NOTATION'.. 

Thus, 24—6 signifies that 24 is to be divided by. 6, making 4, 
So, also, a-f-6 is a divided by b. 

Generally, however, the division of two numbers is indi- 
cated by wfitiBg the dividend above the divisor, and drawing 
a line between them. 

Thus, 24^6 and a-i-b are usually written y and j. 

(17.) The sign = (two hoiizontal lines) when placed be- 
tween two quantities, denotes that they are equal to each 

Thus, 7+6= 13 signifies that the sum of 7 and 6 is equal to 
13. So, also. $1=100 cents, is read one dollar equals one 
hundred cents; 3 shillings=36 pence, is read three shillings 
are equal to thirty-six pence. In like manner, «=& signifies 
that a is equal to h ; and a+b~c—d signifies that the sum of 
the numbers designated by a and b is equal to the difference 
of the numbers designated by c and d. 

(18.) The symbol > is called the sign of inequality, and 
when placed between two numbers, denotes that one of them. 
is greater than the other, the opening of the sign being tm-ned 
toward the greater number. 

Thus, 3<5 signifies that 3 ia less than 5, and 1I>6 denotes 
that II is greater than 6, So, also, a>& shows that a is 
greater than b, and c<rf shows that c is less than d. 

(19.) The coefficient of a quantity is the number or lettei 
prefixed to it, showing how often the quantity is to be taken. 

Thus, instead of writing a+a+a+a+a, which represents 
five «'s added together, we write 5«, where 5 is the coefficient 
of a. In lilie manner, 10<t& signifies ten times the product of 
a and b. The coefficient may be either a whole number or a 
fraction. Thus, fa signifies three fourths of a. When no co- 
efficient is expressed, I is always to be understood. Thus, la 
and a signify the same thing. 

The coefficient may be a letter as well as a figure. In the 
expression mx, m may be considered as the coefficient of x, 
because x is to be taken as many times as there are units in m. 
If m stands for 5, then mx is 6 times x. 

In Aax, 4 may be considered as the coefficient of ax, or 4« 
may be considered as the coefficient of a;. 

(20.) The products formed by the successive multiplication of 
the same numberby itself are calied the j^owRrs of that number 
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DKFmiTIONa AND NOTATION. 7 

Thus, 2><2=4, the second power of 2. 
2X2X2=8, the third power. 
2X2X3X2=16, the fourth power, &c. 
So, also, 3X3=9, the second power of 3. 

3X3X3=27, the third power, &c. 
Also, aXa=aa, the second power oi a. 

aXaXa=aaa, the third power, &c. 
In genera], any power of a quantity is designated by Kie 
number of factors which form the product. 

(21.) For the sake of brevity, powers are usually expressed 
by writing the root once, with a number above it at the right 
hand, showing how many^times the root is taken as a factor. 
This number is called the exponent of the power. 
Thus, instead of 
art, we write a", where 2 is the exponent of the power. 
aaa, " «', where 3 is the exponent of the power. 
aaaa, " a', where 4 is the exponent of the power, 
aaaaa, " a", where 5 is the exponent of the power, &c. 
When no exponent is expressed, 1 is always understood. 
Thus, a' and a signify the same thing. 

Exponents may be attached to figures as well as letters. 

Thus, the product of 3 by 3 may be written 3% which equals 9 

3X3X3 " 3=, " 27 

" 3X3X3X3 " 3% " 81 

" 3X3X3X3X3 " 3% " 243 

(23.) A root of a quantity is a factor, which, multiplied by 

itself a certain number of times, will produce the given quan 

tity. 

The symbol V is called the radical sign, and when pre- 

fixed to a quantity denotes that its root is to be extracted 
Thus, 

■79, or simply ^% denotes the square root of 9, which is 3. 
^64 denotes the cube root of 64, which is 4. 
i/l^ denotes the fourth root of 16, which is 2. 
So, also, 

y/a, or simply ^/a, is the square root of a. 
^a denotes the third or cube root of «. 
^a denotes the fourth root of «. 

'i/a denotes the rath root of a, where n may represent anv 
number whatever. 
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8 I'RELIMINAEY IIEFINITIOIVS AND NOTATION. 

The number placed over the radical sign is called the index 
of the root. Thus, 2 is the index of the square root, 3 of the 
cube root, 4 of the fourth root, and n of the wth root. The in- 
dex of the square root is usually omitted. Thus, instead of 
Vab, we usually write ^ab. 

(23.) When four quantities are proportional, the proportion 
is expressed by points, as in arithmetic. Thus, a:h::c:d. 
signilies that a has to b the same ratio which c has to d. 

(24.) A vinculum ■■■ - ■■■■, or a parenthesis ( ), indicates that 
several quantities are to be subjected to the same operation. 

Thus, a+b+cXd, or {a+b+c)x4< denotes that the sum of 
a, b, and c is to be multiplied by d. But a+b+cXd, denotes 
that c only is to be multipHed by d. 

When the parenthesis is used, the sign of multiplication is 
generally omitted. Thus, {a-^h-^c)xd is the same as (a+6 
+c)d, or d{a^-b-^c). 

(26.) Three dots ■ . ■ are sometimes employed to denote 
therefore or consequently. 

A few other symbols are employed in algebra, in addition to 

those here enumerated, which will be explained as they occur. 

(26.) Every number written in algebraic language, that is, 

by aid of algebraic symbols, is called an algebraic quantity, or 

an algebraic expression. 

Thus, 8a is the algebraic expression for three times the 
number a. 

4ft'' is the algebraic expression for four times the square of 
the number a. 

"ya'b' is the algebraic expression for seven times the third 
power of a multiplied by the fourth power of b. 

(27.) An algebraic quantity, not composed of parts which 
are separated from each other by the sign of addition or sub- 
traction, is called a monomial, or a quantity of one term, or 
simply a term. 

Thus, 2a, Sbc, and "yxy" are monomials. 
(28.) An algebraic expression, which is composed of several 
terms, is called a polynomial. 

Thus, a+2b+6c~d is a polynomiaS. 

A polynomial consisting of two terms only, is usually called" 
a binomial; one consisting oi three terms is called, a trinomial. 
Thus, 3a-|-5J is a binomial, and a+Zbc-k-xy is a trinomiah 
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PRELIMINARY DUS-NITIONS AND 

(29.) The numerical value of an algebraic expression is the 
result obtained when we attribute particular values to the 
letters. 

Suppose the expression is 2a'J. 

If we make «=3 and i=3, the value of this expression will 
be SX2X2X3=34. 

If we make a=4 and S=3, the value of the same expression 
will be 2X4X4X3=96. 

The numerical value of a polynomial is not affected by 
changing the order of the terms, provided we preserve their 
respective signs. 

The expressions a''+2a&+6', a^+h'+2ah, fe'+Snt+tt^, have 
all the same numerical value. 

Thus, if a=5 and 6=3, the value of a" will be 25, that of 
2ah will be 20, and b' Will be 4 ; and if these numbers are 
added together, their sum will be the same in whatever order 
they are placed. Thus, 

25 25 20 20 4 4 

20 4 25 4 25 20 

_4 20 _4 25 20 35 

49 49 49 49 49 49 

(30.) Each of the literal factors which compose a term is 
called a dimension of this term ; and the degree of a term is 
the number of these factors or dimensions. A numerical co- 
efficient is not counted as a dimension. 

Thus, Sffl is a term of one dimension, or of the first degree. 

6a6 is a term of two dimensions, or of the second degree. 

Ga'bc'^ is a term of six dimensions, or of the sixth degree. 

In general, the degree, or the number of dimensions ol' a 
term, is equal to the sum of the exponents of the letters con- 
tained in the term. 

Thus, the degree of the term 5a6Vrf" is 1+2+1+3 or 7; 
that is, this term is of the seventh degree. 

(31.) A polynomial is said to be homogeneous when ail its 
terras are of the same degree. 

Thus, 2a— 3&+C, is of the first degree and homogeneous. 

Sk"— 4tt6+6', is of the second degree and homogeneous. 
3a'+3«V— 4cX is of the third degree and homogene- 
ous. 
5a'—2ab+c, is not homogeneous 
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I-:) PRBI.IWINARY DKIflNITlOHS AND NOTATION. 

(33.) Like or simiko- terms are terms composed of the samt 
letters affected with the same exponents. 

Thus, 3ab and lab are similar terms. 

5a'c and 3a'c are also similar terms. 

But Sah' and ia'b are not similar ; for, although they contam 
the same letters, the same letters are not affected with tha 
same exponents. 

(33.) The reciprocal of u quantity is tlie quotient arising 
from dividing a unit by that quantity. 

Thus, the reciprocal of 2 is | ; the reciprocal of a is ^. 

(34.) A few examples are here subjoined, to exercise the 
learner on the preceding definitions and remarks. 

Examples in which words are to be converted into algebraic 
symbols. 

Ex. 1. What is the algebraic expression for the following 
statement? The second power of a, increased by twice the 
product of a and 6, diminished by c, and increased by d, is 
equal to seventeen times /. 

Ans. a'+2ab''C+d=l'7f. 

£jx. 2. The quotient of three divided by the sum of x and 
four, is equal to twice b diminished by eight. 

Ex. 3. One third of the difference between six times x and 
four, is equal to the quotient of five divided by the sum of a 
and b. 

Ex. 4. Three quarters of x increased by five, is equal to 
three sevenths of b diminished by seventeen. 

Ex. 6, One ninth of the sum of six times x and five, added 
to one third of the sum of twice x and four, is equal to the 
product of a, h, and c. 

Ex. 6. The quotient arismg from dividing the sum ol' a and 
h by the product of c and d, is equal to four times the sum of e, 
f, g, and h. 

(35.) Examples in which the algebraic signs are to be trans- 
lated inio common language. 
„ x-]-a X d 

Ans. The quotient arising from dividing the sum of a; and a 
by b, increased by the quotient of x divided by c, is eqnai to 
the quotient of rf divided by the sum of a and b. 

Ex.l. 1d''VQ}-c)X(d^e)=g-\-h. 
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I'RELIMINAltY DKFIN'ITIONM AM) Xf 

Huw should the preceding example be i 
parenthesis is omitted ? 

^^- **• 3+b-c S 7+a 

2b+c 

Ex. 4. Wab-25^^^:^- 

Ex. 5. 1ia-/b^~ac=5(h+d+x). 



2a+l 

(36.) Find the value of the following expressions, when a= 
6, 6=5, and e 



Ex. 1. a'+Sab-c'. 
Ex. 2. rt'X((i+6)-2«&c. 

Ex. 4. c+ -^ — - -^ 
VQac+c' 

Ex. 5. v'6^oc+v'"aac+? 



, 30+90-16=110. 
Ans. 150. 



.Ea;. 6. 3^c+2aV2a+b+2c. 



Ex. 7. (Sy,/c+2a)V2a+b+2c. 

ax'+V 
Ex. 8. In the expression -r ~„i_„ , 'et «=3, 6=5, c=2, 

and a;=6 ; what is its numerical value ? 

Ex. 9. What is the value of yj^^x+b^y-^ \/x+ -Jtj, when 
a:=9 and y=4? 

j&'a:. 10. What is the valueof .•c'-4a;'+7M:'-63;, when 3;=3? 

Ex. 11. What is the value of 5(z'+y')+4a;jf, when a;=4 and 

v=o? 

^.■c. 13. What is the value of VlO-f^c- V"lO+^, whena:=6? 
Ex. 13. What is the value of ac"+ VaP+l, when a^=2? 
Eat. 14. What is the value oi%x—'i^/x, when x=^%\ f 
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ADDITION. 

(^7 ) Addition is the coniiocting of quantities together by 

meana of their proper signs, and incorporating such as can be 
united into one sum. 

It is convenient to distinguisli tiiree Cases. 

CASE I. 
When the (juantities are similar and iiave the same signs. 



Add the coefficients of the several quantities together, and to 
their sum annex the common letter or letters, prefixing the corn- 
Thus, the sum of 3a and 3a is obviously 8«. So, also, —3a 
and —5a make —8a; for tbe minus sign before each of the 
terms shows that they are to be subtracted, not from each 
otlicFj but from some quantity which is not here expressed ; 
and if 3a and 5a are to be successively subtracted from the 
same quantity, it is the same as subtracting at once 8«, 





EXAMPLES. 




3fl -Sab 


26+33; 


a-2x' 


2a+ f 


5a -Qab 


5&+7X 


Aa-Sx" 


5a+2y' 


la - ah 


6+3a; 


3a -6x' 


{ia+3y' 


a -lab 


4J}+Sx 


7a- x' 


4a+Gf 


Ifia -Itab 








The learner must continualiy 


bear in mind 


the remark of 


Art. 13, that when no sign is pre 


fixed to a quantity, plus is al- 


wavs to he understond. 
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CASE 11. 
(38.) When the quantities are similar, but have different 



Add all the positive coefficients together, and also all those 
that are negative ; subtract the least of these results from the 
g7-eater ; to the difference annex the common letter or letters, and 
prefix the sign of the greater sum. 

Thus, instead of 7oi— 4a, we may write 3a, since these two 
expressions obviously have the same value. 

Also, if we have 5a— Sa+Sa—a, this signiiiea that from 5a 
we are to subtract 2a, add 3a to the remainder, and then sub- 
tract a from this last sum, the result of which operation is 5a. 
But it is generally most convenient to take the sum of the pos- 
itive quantities, which in this case is Sa ; then take the sum of 
the negative quantities, which in this case is 3a ; and we hare 
fiw— 3iz or 'Sa, the same result as before. 







EXAMPLES. 






-3a 


dx+bay 


2ay- 7 


-2a'x 


- 6a' -i-2i 


+7a 


— 3aT+2ay 


- ay+ 8 


a^x 


aa'-Sft 


+8a 


x-Qay 


2«j/- 9 


— Sa'x 


~5a=-8/( 


- « 


2x+ ay 


3ay-n 


Id'x 


4a'- 26 



CASE III. 
(39.) When some of the quantities are dissimilar. 



Collect all the like quaniiiies together, by taking their sums ut 
differences as in tlte two former cases, and set down those that 
are unlike, one after the other, with their proper signs. 

Unlike quantities can not be united in one term. Thus, 2a 
and 3b neither make 5a nor 5h. Their sum can only be writ- 
ten 2a+Sh. 
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EXAMPLES. 




acj/— Sa:'* 


Sx'y+^ax 


2ar-220 


2x -18y 


ac"+ xy 


—2x1/'— ax' 


3x'~2ax 


3xy +103; 


x' — xy 


-Sfx+Sax" 


^x' ~Sx 


Sa;°)/+35v 


^x'-Sxy 


-&x'y- ax 


3x +100 


12,r=y-3:)/ 



6.-?;"— xy 8x*-l20 

(40.) When several quantities aie to be added together, it 
IS most convenient to write all the similar terms under each 
other, as in the following example. 
Ex. 1. Add together 

n ic + 4o;rf— 8ac + 5crf 
Sac-\-lhc—2ad-^4mtt 
2cd-3ff&+5a;c+ an 
2an — 2bc —2ad+5cd 
These terms may be written thus : 

1 1 bc+Aad—Sac + bcd+an + 4mK— Sab 
nbc-2ad+8ac+ 2cd+9an 

-2bc-2ad+5ac+5cd 

Sum 166c +5ac+12cd+l0an+'imn--3ab. 

Ex. 2. Add together the quantities 
Tm+Sn —\4p 
■ia +9K~llin 
i>p —4m+ 8ji 
nn-2b~ m 

Ajis. 3a-2h-9m+-3ln~9p. 
Ex. 3. Add together 

ia'b + 3c''d~9m'n~Qab' 
im'n— ab'+5c'd -rla^b 
6m'ra~ &c''d+4mn'—8ab'' 
7Min,'+ Qc'd—57n^n—Qa''b 
9tW —10ab^—8m''n+12a'b 
Ans. l'7a'b+l8c''d-12m''n-25a¥ + Umn'. 
Ex. 4. Add together 

3b~ a-8c — 116(^-9/ 
6c-5/- rf+ Se-3a 
3a-2b—3c+ 27e+ll/ 
3e~lf-{-5b- 8c+9d 
llc-eb-la- 3(f-5B 

^MS. -8rt+6c-109(i+;ile-10/'. 
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Ex. 5. Add together 

2a&'+3«c''+ Hb'x- 8ky'+lQky 
2ah''—3x' — Fx— 4:ky'—l&hy 
5ky ~ hy'—22ac'~'l0x' — -iah' 
19ac'—8b'x+ 9x' + 6Ay + 2ki/^ 

Ans. --9hy^'+15ky—2k]/'—Qki/~^lx'. 

(41.) It must be observed that the term addition is used in 
a more extended sense in algebra than in arithmetic. In arith- 
metic, where all quantities are regarded as positive, addition 
implies augmentation. The sum of two quantities will there- 
fore be numerically greater than either quantity. Thus the 
sum of 7 and 6 is IS, which is numeriealiy greater than either 
5 or 7. 

But in algebra we consider negative as wel! as positive 
quantities; and by the sum of two quantities, we mean their 
aggregate, regard being paid to their signs. Thus the sum 
of +7 and —5 is +2, which is numerically less than either 7 
or 5, So, also, the sum of +a and —b is a—b. In this case, 
the algebraic sum is numeri'.,. y the difference of the two 
quantities. 

This is one instance, among many, in which the same terms 
are used in a much more general sense in the higher mathe- 
matics than they are in arithmetic. 

Ex. 6. What is the sum of 3a'6V-f-5ffl'J'c— 7«a;-t-^fi6V' 
--6ab'c'~9ax~4ah'c'~Ua'b'c'—11a'b'c+Qa:c. 

Ex. 7. What is the sum of 9a''~na'x+5a'b''c'+4<r\r+&a' 
~8a'b'c'+3a'+19a'b'c''—2a'x—lla''+4a^b'c\ 
Ans. 
Ex. 8. What is the sum of 5am'+13;i—6xy''+-ia.c + \in 
— 2am'+17ax+9xy'+3am'—llax+'7n—8zy''. 
Ans. 
Ex. 9. Whatis the sum of 15«'i/— 4tii'x+10am— ISa'a:— Sam 
+ 7a'y+12am—6a''y+lla'x~-Sa'i/+14:am—8a'x. 
Ans. 
Ex.10. Whatisthesumof21a:m'-3«=i-|-na:/+15(7^-5«'6 
-]-13ag—6am'+na'b—8xy''~9ag+l9a''b~'7xy''. 
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SECTION III. 



SUBTRACTION. 

(42.) Subtraction is the taking of one quantity from anoth- 
er ; or it is finding the difference between two quantities or 
sets of quantities. 

Let it be required to subtract 8—3 from 15. 

Now 8—3 is equal to 5. 

And 5 subtracted from 15 leaves 10. 

The result, then, must be 10. But, to perform (he operatior 
on the numbers as they were given, we first subtract 8 from 
15, and obtain 7. This result is too small by 3, because the 
number 8 is larger by S than the number which was required 
to be subtracted. Therefore, in order to correct this result, 
the 3 must be added, and we have 

16-8+3=10, as before. 

Again, let it be required to subti-act c—d from a~h. It is 
plain, that if the part c were alone to be subtracted, the re- 
mainder would be 

a-b-c. 

But as the quantity actually proposed to be subtracted is 
less than c by d, too much has been taken away by d, and, 
therefore, the true remainder will be greater than a—b—c by 
d, and will hence be expressed by 

a-h~c+d, 
where the signs of the last two terms are both contrary to 
what they were given in the subtrahend. 

(43.) Hence we deduce the following general 

nULE, 

Conceive the signs of all the terms of the subtrahend to be 
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ad BTK ACTION. V 

changed from + io — , or from — to +, and then collect the 
terms togelher, as in the several cases of addition. 

It is better m practice to leave the signs of the subtrahend 
unchanged, and simply conceive thetn to be changed | that is, 
treat the quantities as if the signs were changed; for, other- 
wise, when we come to revise the work to detect any error in 
the operation, we might often be in doubt as to what were the 
signs of the quantities as originally proposed. 



From 50'— 2b 5xy+8x—2 10 — 8a^— 3a;y 4aa;—iix'y 

Subtract Sa'+Si 3xy—8x—'7 —x+3 — xt/ 3ax—5xp^ 

Eemainder Ba"— 76 7 —lx—2xy 

From 5o;+46-2c+7rf From l\zy+2f-\Qx' 
Take 3a+2&+ c+ 5d Take - 4xy-\-Qy''-lBx' 

Remainder 2a+2;)-3c+2rf 

From Qahy~4xy+4:X% From x'+^xy-'t-y' 
Take —^ahy+5xz+3xy Take x''—'2xy+ y' 

Remainder 9aby~ xz — lxy 

From 3a''+ ax+^x'—lAa'x+lQax'— 4x' +5aV 
Take 2a''—'iax+ x'—15a''x+llax''—15a''x'—4x' 

Subtraction may be proved as in Arithmetic, by adding the 
remainder to the subtrahend. The sum should be equal to the 
minuend. 

(44.) The term subtraction, it wili be perceived, is used in 
a more general sense in algebra than in arithmetic. In arith- 
metic, where all quantities are regarded as positive, a number 
is always diminished by subtraction. But in algebra, the dif- 
ference between two quantities may be numerically greater 
than either. Thus, the difTereiice between +a and —b is a+b. 

The distinction between positive and negative quantities 
may be illustrated by the scale of a thermometer. The de- 
grees above zeTO are considered positive, and those below zero 
negative. From five degrees above zero to five degrees be- 
low zero, the numbers stand thus : 

+5, +4, +3, +2, +1, 0, -1, —2, -3, -4, -5. 

The difference between five degrees above zero and five 
degrees below zero is ten degrees, which is numerically the 
sum of the two quantities. 
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IS auiii'EAt!iio\. 

(45.) In practice, it is often suiBcieot merely to indicate the 
eubtraction of a polynomial, without actually performing the 
operation. This is done by inclosing the polynomial in a pa 
renthesis, and prefixing the sign — . 

Thus, 5a-Sb+4c~{3a~2b+8c) 
signifies that the entire quantity 3a— 26+8c.is to be subtracted 
from 5a—3b+4c, The subtraction is here merely indicated. 
If we actually perform the operation, the expression becomes 
5a~Sb-ir4c-3a+2b-8c 
or 2a— i— 4c. 
(46.) According to the preceding principle, polynomials may 
be ■written in a variety of forma. 

Thus, a~ 6- c+d 
is equivalent to a—{h+ c~d), 
or to «— b—(c—d), 
or to a-\-d~(p+c). 

Transformations of this sort, which consist in decomposing 
a polynomial into two parts separated from each other by the 
sign — , are of frequent use in algebra. It is recommended to 
the student to write out polynomials like the above, contain- 
ing both positive and negative terms, in all the possible modes, 
including several terms in a parenthesis. 

In the following examples, let the results all be reduced to 
their simplest form. 

Ex. 1. a-!-&-(2(Z-36)-(5<t+7&)-(-13«+26)=. 

Ex. 2. S'7a-5f-(3a-2b-5c)-(6a-ib+3h)=. 

Ex. 3. 8a'xy—5hx'y-i-llcxp^—9y''—{a'xy+3bx'i/—13cxy'+ 
iiOf)=. 

Ex. 4. 28ax''—16a''x''+25a^x—l3a'—(l8ax'-i-20a'.T^—24a''x 
~la')=. 

(47.) It has already been remarked, in Art. 5, that algebra 
differs from arithmetic in the use of negative quantities, and it 
is important that the beginner should obtain clear ideas of their 
nature. 

In many cases, the terms positive and negative are merely 
relative. They indicate some sort of (^position between two 
classes of quantities, such that if one class should be added, the 
other ought to be subtracted. Thus, if a ship sails alternately 
northward and southward, and the motion in one direction ia 
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called positive, the motion in the opposite direction should be 
considered negative. 

Suppose a ship, setting out from the equator, sails north- 
ward 60 miles, then southward 37 miles, then northward 15 
miles, then southward again 22 miles, and we wish to deter- 
mine the last position of the ship. If we call the northerly 
motion +, the whole may fae expressed algebraically thus : 

+50-37+16-22, 
which reduces to +10. The positive sign of the result indi- 
cates that the ship was 16 miles north of the equator. 

Suppose the same ship sails again 8 miles north, then 35 
miles south, the whole may be expressed thus: 

+50-27+15-22+8-85, 
which reduces to —11. The negative sign of the result indi- 
cates that the ship was now 11 miles sautli of the equator. 

In this example we have considered the northerly motion +, 
and the southerly motion — ; but we might with equal pro- 
priety have considered the southerly motion +, and the north- 
erly motion — , It is, ho^vever, indispensable that we adhere 
to the same system throughout, and retain the proper sign of 
the result, as this sign shows whether the ship was at any time 
north or south of the equator. 

In the same manner, if we consider easterly motion +, 
westerly motion must be regarded as — , and vice versa. 
And generally, when quantities which are estimated in differ- 
ent directions enter into the same algebraic expression, those 
which are measured in one direction being treated as +, those 
which are measured in the opposite direction must be regard- 
ed as -. 

So, also, in estimating a man's property, gains and losses 
being of an opposite character, must be affected with different 
signs. Suppose a man, with a property of 1000 dollars, loses 
300 dollars, afterward gains 100, and then loses again 400 
dollars, the whole may be expressed algebraically thus : 

+ 1 000 - 300 + 100—400, 
which reduces to +400. The + sign of the result indicates 
that he has now 400 dollars remaining in his possession. Sup- 
pose he further gains 50 dollars and then loses 700 dollara 
The whole may now be expressed thus : 

+ 1 000 - 300 + 1 00 - 400 + 50—700, 
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which reduces to -—250. The — sign of the result indicaiea 
that his losses exceed the sum of all his gains and the property 
originally in his possession ; in other words, he owes 250 dol- 
lars more than he can pay, or, in common language, he is 250 
doJlara worse than nothing. 

This phraseology most not be regarded as wholly figurative ; 
for, in algebra, a negative quantity standing alone is regarded 
as less than nothing; and of two negative quantities, that 
wliich is numerically the greatest is considered as the least; 
for if from the same number we subtract successively num- 
bers larger and larger, the remainders must continually di- 
minish. Take any number, 5 for example, and from it subti-act 
successively 1, 2, 3, 4, 5, 6, 7, 8, 9, &c., we obtain 
5-1, B-9, 5-3, 5-4, 5-5, 5-6, 5-7, 5-8, 5-9, &;o., or 
reducing 

4, 3, 2, 1, 0, —1, -2, -3, —4. 
Whence we see that —1 should be regarded as smaller than 
nothing; —2 less than —1 ; —3 less than —2, &c. 

EXAMPLES. 

1. From 8x'i/'—5xy+9a'm take &x'i/'—10xf/+7a'm. 

Arts. 

2. From I5a'bx~19p^q + llax7j — 25 take lla'hx — lSp'q 
+9axy+7. Ans. 

3. From lOax + Wa'x'y ~ dah'' + l&gm take 4ax — 13a'x''y 
+'7ab''+8gm. Ans. 

4. From lla'y— 14:avin + 9gm+lSa'' take ISa'Tf + lamn 

— I2gm—8a^. Ans. 

5. From l3axi/''—6mi/+16a''bc+ea^take9axy'+2my+l9a'hc 
—4a'. Ans. 

6. From lla'c—llbm+3xy^+l4amn' take 15a°c — 21i?n 
~Qxy^+&amn'. Ans. 

7. From 35am''-19bx+27y'-nav' take 15«»z'-76x+31j/' 

— 23ati''. Ans. 

8. From 12ab'~3cx--4xy' — 7abc'' take Sab" — Gcx—5xy' 

— 12abc''. Ans. 

9. From iOa' + Wc ~ 6b' + Saxy take 12a' ~ ib\ -{- 5b' 
+4axy. Ans. 

10. From 7ax'—5Qamn—iib}/+6m take 9ax^—2amn+3hy' 

— im. Ans. 
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MULTIPLICATION. 

(48.) Multi plication is repeating the multiplicand as many 

times as there are units in tlie multiplier. 
When several quaiititiea are to be multiphed together, the 

result will be the same in whatever order the multiplication is 

performed. 

This may be demonstrated in the following manner : 

Let unity be repeated five times upon a horizontal line, and 

let there be formed four such parallel lines. 



Then it is plain that the number of units in the table is equal 
to the five units of the horizontal line, repeated as many times 
as there are units in a vertical column ; that is, to the product 
of 5 by 4, But this sam is also equal to the four units of a 
vertical line repeated as many times as there are units in a 
horizontal line ; that is, to the product of 4 by 5. Therefore, 
the product of 5 by 4 is equal to the product of 4 by 5. For 
the same reason, 2X3X4 is equal to 2X4x3, or 4X3X2, or 
3x4x2, the product in each case being 34. So, also, if a, b, 
and c represent any three numbers, we shall have abc equal to 
bca or cab. 

It is convenient to consider the subject of multiplication un- 
der three Cases. 
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CASE I. 

(49.) When both tlie factors are monomials. 

From Article 14, it appears that, in order to represent the 
multiplication of two monomials, such as 3ahc and bdef, we 
may write these quantities in succession without interposing 
any sign, and we shall have 

But, according to the principle stated in the preceding ai- 
tlcle, this result may be written 

?.X5abcdef, or IBabcdef. 
Hence we deiJuce the following 



Multiply the coeficients of the two terms together, and to the, 
product annex all the different letters iw succession, 

EXAriSPi.ES. 

Multiply 12« 5a 7«& laxi/ Qxyz 

By 3& Qx &ac Hay ayz 

Product 36a6 ^ ' 

From Article 48, it appears to be immaterial in what orde-r 
the letters of a term are arranged ; it is, however, generally 
most convenient to arrange them alphabetically. 

(50.) We have seen in Art. 21, that when the same letter 
appears several times as a factor in a product, this is briefly 
expressed by means of an exponent. Thus, aaa is written a', 
the number 3 showing that a enters three times as a factor. 
Hence, if the same letters are found in two monomials which 
are to be multiplied together, the expression for the product 
may be abbreviated by adding the exponents of the same let- 
ters. Thus, if we are to multiply a? by a", we find a' equiva- 
lent to aaa, and «' to aa. Therefore the product will be aaaaa, 
which may be written a', a result which wo might have ob- 
tained at once by adding together 3 and 2, the exponents of 
the common letter a. 

Hence, since every factor of both multiplier and multipli- 
cand must appear in the product, we have the following 
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RULE roa THE EXPONENTS. 

Powers of the same quantity may fie multiplied by adding 
heir exponents. 



EXAMPI.BI 



Malfiply Sa'bc" Za'b^c Ba'b'c' Sa'b'c 

By labcd' 8abc' la'bVd 5a'^bc' 

?j-oduct 56a^'iF 



CASE II. 

(51.) When the multiplicand is a polynomial. 

If a+b is to be multiplied by c, this implies that the sum of 
the units in a and b is to be repeated c times ; that is, the units 
in h repeated c times must be added to the units in a repeated 
also c times. Hence we dt luce the following 



Multiply each term of the multiplicand separately/ by the mul- 
tiplier, and add together the products. 

EXAMPLES. 

Multiply 3a+2b a'+2x+l 3y''+6xy+2 3z'+xy+\iy 
By 4ffl ix xy Tyx'y 

Product Igra'+Saii ■^—— 

CASE III. 

(52.) When both the factors are polynomials. 

If a+b is to be multiplied by c-\-d, this implies that tht 
i]uantity a-{-b is to be repeated ns many times as there are 
units in the sum of c and d: that is, we are to multiply a-\-h 
by c and d successively, and add the partial products. Hence 
we deduce the following 



Multiply each term of the multiplicand by each term of ti 
multiplier sepai-ately, and add together the products. 
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Multiply a+b 3x+2i/ ax+b 3a+ x 

By a-Vb %x^3y cx-^d 2fl+4a; 

Product ffiM-2a6+6" 

When several terms in the product are similar, it is mosi 
convenient to set them under each other, and then unite them 
by the rules for addition. 

(53.) The examples thus far given in multiplication have 
been confined to positive quantities, and the products have all 
been positive. We must now establish a general rule for the 
signs of the product. 

First, if -j-a is to be multiplied by +b, this signifies that -j-a 
is to be repeated^ as many times as there are units in b, and 
the result is +ab. That is, a plus quantity multipUed by a 
|ilus quantity gives a plus result. 

Secondly, if — -a is to be multiplied by +b, this signifies that 
■ a is to be repeated as many times as there are units in b. 
i\QW ~a taken twice is obviously —2a, talien three times is 
—3a, &c. ; hence, if —a is repeated b times, it will make —ba 
or —ab. That is, a minus quantity multiplied by a plus quan- 
tify gives minus. 

Thirdly, to determine the sign of the product when the mul- 
tiplier is a minus quantity, let it be proposed to multiply 8—5 
by 6—2. By this we understand that the quantity S'-S is to 
be repeated as many times as there are units in 9—2. If we 
multiply 8—5 by 6, we obtain 48—30; that is, we have re- 
peated 8—5 six times. But it was only required to repeat the 
multiplicand four times, or (6—3). We must therefore dimin 
ish this product by twice (8—5), which is 16—10; and this 
subtraction is performed by changing the signs of the subtra- 
hend ; hence we have 

48-30-16+10, 
which is equal to IS. This result is obviously correct; for 
8—5 is equal to 3, and 6—2 is equal to 4; that is, it was re- 
quired to multiply 3 by 4, the result of which is 13, as found 
above. 

In order to generalize this reasoning, let it be proposed to 
multiply a—b by c—d. 

If we multiply a—b by c, we obtain ac—bc. But a—b was 
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only to be taken c—d times; therefore, in this first operatlDii, 
we have repeated it too many times by the quantity d. Hence, 
',0 have the true product, we must subtract d times a—b from 
•ic—bc. Eat d times a—b is equa! to ad—bd, which, suhtmct- 
ed from ac—bc, gives 

ac~bc—ad+bd. 
Thus we see that +a multiplied by —d gives —ad; and —0 
multiplied by —d gives +bd. Hence a plus quantity multi- 
plied by a minus quantity gives minus, and a minus quantity 
multiplied by a minus quantity gives plus. 

(54.) The preceding results may be briefly expressed as fol- 
lows : 

+ multiplied by +, and — multiplied by —, give +, 

+ multiplied by — , and — multiplied by +, gi^e — . 

Or, the product of two quantities having the same sign, has 
the sign plus ; the product of two quantities having different 
signs, has the sign minus. 

(55.) The whole doctrine of multiplication is therefore com 
prehended in the following 



Multiply each term of the multiplicand by each term of the 
multiplier, and add together all the partial products, observing 
>.kat like signs require + in the product, and unlike signs - 



Multiply 


5ra'— 2a''l>+ 4a'6' 




By 


a'- 4a'b+ 2¥ 




Partial J 
Products 1 


' 5a'- 2a°b+ ia'b' 

-20a'b+ Sa'b'-lGa'b' 


-ia'b'+Sa'b' 


Result 


5a-'-22a'b+12a"o'- ea'b'- 


"4a'6'+8fl'6'. 



Ex. 2. Multiply 4a'-5a'b—8ab'+2b' by 2a'-3ab-4b\ 

Ans. &a'-22a^b—l'ra'b''-\-48a''b'+2eab^—8b'. 
Ex. 3. Multiply Ba^-bbd+ef by -5a'+4bd—8ef. 

Ans. —l5a'+S7a''bd-29a''ef-20b''d'-\-'iihdef-8e'f' 
Ex. 4. Multiply x'+^x'+Sx'+^x+l by 3;''-33;+l. 

Ans. x'—2x'+l. 
Ex. 5. Multiply Ua'e-ea'bc+c' by Ua'e+Ga'bc-c'. 
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Ex. 6. Multiply Sa'+BSa'b-llab'-lSb' by 3a'+26a&- 

(56.) Since in tlie multi plication of two monomials every 
factor of both quantities appears in the product, it is obvious 
that the degree of the product will be equal to the sum of the 
degrees of the multiplier and multiplicand. Hence, also, if 
two polynomials are homogeneous, their product will be horao- 
getieoua. 

Thus, in the first of the preceding exainpIsH, all the terms 
of the multiplicand being of the fourth degree, and those ot 
the multiplier of the third degree, all the terms of the product 
are of the seventh degree. For a like reason, in the second 
example, all the terms of the product are of the fifth degree ; 
in the third example, they are of the fourth degree ; and in the 
sixth example, they are of the fifth degres. 

T^iis remark will enable us to detect any error in the mul- 
tiplication, BO far as concerns the exponents. For example, if 
we find in one of the terms of a product which should be ho- 
mogeneous, the sum of the exponents equal to 6, while in all 
the other terms it is equal to 7, a mistake has evidently been 
committed in the formation of one of the terms. 

(67.) When the product arising from the multiplication of 
two polynomials does not admit of any reduction of similar 
terms, the witole nwrnfter of terms in the product is equal to the 
number of terms in the multiphcand, multiplied by the number 
of terms in the multiplier. 

Thus, if we have five terms in the multiplicand and four 
terms in the multiplier, the whole number of terms in the prod- 
uct will be SX4,or 20. In general, if there be in terms in the 
multiplicand and n terms in the multiplier, the whole number 
of terms in the product will be mXn. 

(58.) If the product contains similar terms, the number of 
terms in the product when reduced may be much less ; but it 
is important to observe, that among the different terms of the 
product there are always two which can not be combined with 
any others. These are, 

1. The term arising from the multiplication of the two terms 
affected with the highest exponent of the same letter. 

2. The term arising from the multiplication of the two terms 
ffcetcd with the lowest exponent of the same letter. 
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For it is evident, from the rule of exponents, that tliese Iwo 
partial products must involve the letter in question, the one 
with a higher, and the other with a lower exponent than any 
of the other partial products, and therefore can not be similar 
to any of them. Hence the product of two polynomials can 
never contain less than two terms. 

(59.) For many purposes, it is sufficient merely to indicate 
the multiplication of two polynomials, without actually peu- 
ibrming the operation. This is effected by inclosing the quan- 
tities in parentheses, and writing them in succession with or 
without the interposition of any sign. 

Thus, {a+b+c) (d+e+f) signifies that the sum of a, b, iind 
c is to be multiphed by the sum of d, e, and/. 

When the multiplication is actually performed, the expres- 
sion is said to be expanded. 

(CO.) The following Theorems are of such extensive appli- 
cation that tiiey should be carefully committed fo memory. 

THEOREM I. 
Tlie square of the sum of two quantities is equal to the square 
of the first, plus twice the product of the first by the second, plus 
the square of the second. 

Thus, if we multiply a -\- b 

By a+ b 

«M- ah 

ah+h' 



We obtain the product d'+2ab+b''. 

Hence, if we wish to obtain the square of a binomial, we 
can write out the terms of the result at once according to this 
theorem without the necessity of performing an actual multi- 
plication. 



1. {2a+by==. 6. (ba'+'7aby=. 

2. {a+36)'=. 7. {5a'-\-hy=. 

8. l3a+3by=. S. {5a'+8a'by^. 

4. lia+3by^. 9. (14-1)"=. 

5. (5a'+6)'-. 10. (3+i)'-. 

This theorem deserves particular attention, for one of tne 
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most common mistakes of beginners is to call tho square o 
a+b equal to a'+b^. 

THEOREM II. 

(Cl.) The square of the difference of two quantities is equi 
to the square of the first, minas twice the product of the jimt an 
second, plus the square of the second. 

Tlius, if we multiply a — b 

By a- h 

We obtain the product 



■ ab^-V 



1. (a-2i)==. 6. {1a'-hf=. 

S. {2a-Sby=. 7. Ila'-I2ahy=. 

3. {^a-4hy=. 8. (7«'6'-12«6)^=. 

4. (Qa^-xY=. 9. (3-i)'=. 

5. {Qa'-Sxy=. 10. l't~-\y^- 

Here, also, beginners often commit (he mistake of puttmg 
the sqtiare oi a—b equal lo a'—b\ 

THEOREM III. 
(62.) The product of the sum and difference of two quantitiv 
is equal to the difference of their squares. 

Thus, if we multiply a +b 

By a-b 

a'+ab 
-ab-b ' 
We obtaio the product a'—b''. 



. (2a+b) {2a-b)=. 

'.. l3a+4b) (3a—ib)=. 

1. (7a+x) {la-x)=. 

[. (lab+x) (7ab-x)=. 

■>. (Ba+b) {&a-b)=. 

(. (Sa+lbc) (8a-7bc)^. 

r. {Bn'+Qb') (5o'-66=) = 

t. {Sxy+axy') (iix''i/-3xf)=. 
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9. (3+i) (3-;)=. 
10. (4+1) (4-i)=. 

The student should be drilled upon examples like those ap- 
pended to the preceding theorems until he can produce the re- 
sults mentaliy with as great facility as he could read them if 
exhibited upon paper. 

The utility of these theorems will be the more apparent, the 
more complicated the expressions to which they are applied. 
Frequent examples of their application ^vill be seen hereafter. 

(63.) The same theorems will enable us to resolve many 
complicated expressions into their factors. 

I, Resolve a'= + 4at+4t' into its factors. 

Ans. {a+2b) {a+26). 

2. Resolve a'—Gab+db' into its factors. 

3. Resolve Sa'— 24a6+166' into its factors. 

4. Resolve a'—b' into three factors. 

5. Resolve a'~b' into its factors. 

6. Resolve a"~b' into four factors. 

7. Resolve 25a'~60a'b'+3Qb° into its factors, 

8. Resolve n'+2n+l into its factors. 

9. Resolve 4?n'n'—4mn-i-i into its factors. 

10. Resolve 49a'b'—168a'b'+l'i4a'b' into its factors. 

II. Resolve n'+Zn'+n into three factors, 

12. Resolve 1 — ^V ^^^*^ ^""o factors. 

13. Resolve 4— ^'5 into two factors. 



MULTIPLICATIOK BY DETACHED COEFFICIENTS, 

(64.) The coefficients of a product depend simply upon the 
coefficients of the two factors, and not upon the literal parts 
of the terms. Hence we may obtain the coefficients of the 
product by multiplying the coefficients of the multiplicand sev- 
erally by the coefficients of the multiplier. To these coeffi- 
cients the proper letters may afterward be annexed. Thi« 
will be best understood from a few examples. 

Thus, take the first example of Art. 52, to multiply a+b bv 
a+b. 
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The coefficients of the multiplicand are 1+1 
" " multiplier l + I 

r+1 

1 + 1 
Coefficients of the product 1+2+1 

or, supplying the letters, we obtain a'+2ab+b^, 

which is the same result as before ol tained. 

Ex. 2. Multiply 3a'+4ax~5x' by 2a'—6ax+4x''. 
Coefficients of muitiphcand 3+ 4— 5 

" multipHei- 2- 6+ 4 

6+ 8-10 
— IS— 24+30 

+12+16-20 



Coefficients of the product 0-10-22+46-20 

It may seem difficult in this case to supply the letters; but 
a little consideration will render it perfectly plain. Thus, 
3a'X2a' is equal to 6a' ; hence a' is the proper letter to be at- 
tached to the first coefficient. For the same reason, x' is the 
proper letter to be attached to the last coefficient. Moreover. 
we see that both the proposed polynomials are homogeneous, 
and of the second degree. Hence the product must be ho- 
mogeneous, and of the fourth degree. The powers of a must 
decrease successively by unity, beginning with the first term, 
while those of x increase by imity. Hence the required prod- 
uct is 

.Ex. 3. Multiply x'+x''t/+xy'+y' by x-—y. 

Ex. 4. Multiply a;'~3a:'+3a:-l byx=-2;^+l. 

Ex. 5. Multiply 2a''-3ab''+5F by 2a-5b.~ 

If we should proceed with this example precisely in the same 
manner as with the preceding, we should commit an error by 
attempting to unite terms which are dissimilar. The reason 
is, that the multiplicand does not contain the usual complete 
series of powers of a. The term containing the second power 
of a is wanting. This does not render the method inapplica- 
ble, but it is necessary to preserve dissimilar terms distinct 
from each other ; and since, while we are are operating on the 
coefficients, we have not the advantage of the letters to indi- 
cate wbnt are similar terms, we supply the piace of the defi 
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cient term by a cipher. The operation will then proceefl 
with entire regularity. 

2+ 0-34- 5 



4+ 0-6+10 

-10-0+15-25 
4—10-6+25-25 
Hence the product is 

4a'-10a'b-6a'b'+25ab'-2^b'. 
Ex. 6. Multipiy 2a'—SaF+5b' by 2a'~5b\ 
Here there is a term in each polynomial to be supplied by a 
mpher. 

The preceding examples are intended to load the student to 
consider the properties of coefficients by themselves, and pre- 
pare him for some investigations which are to follow, particu- 
larly in Section XX. The beginner, however, in attempting 
to apply the method, must be cautious not to unite dissimilar 
terras. 



MISCELLANEOUS. I 

1. Multiply 15ra+86-9c+7rf by 4a-S6-5c+ll(7. 

Ans. 

2. MuJtipJy 3x^—3x''y'+2f by 4x'SxY~(^!/'- 

8. Multiply Sx^+@xy—5 by 4,^'— 7z'!/+9. 
Ans. 

4. Multiply Qa'~5ax-~3x' by 4a'—3ax+2z'. 

Ans. 

5. Multiply 5x''+xy+4y' by x''—2xy+3y^. 

Ans. 

6. Multiply x'—x't/+xy^ by x'—xy^—y'. 

Ans. 

7. Multiply 7aV— 3aV— 53;' by 4a'x''—2a'x'—3x,*. 

8. Multiply 7aV-6a'6'+3!>' by Sa'b'+Za'b-^b', 

Ans. 

9. Multiplv Qa'~4ah'~Sc' by la'-^Sab'-^c'. 

Ans. 
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DIVISION. 

(65.) The object of division in Algebra is the same as in 
Arithmetic, viz., The product of two factors being given, and 
<me of the factors, to find ike other factor. 

The dividend is ihe product of the divisor and quotient, the 
divisor is the given factor, and the quotient is the factor re- 
quired to be found. 

CASE 1. 

(66.) When ihe divisor and dividend are both monomials. 

Suppose we have 63 to be divided by 7. We must find such 
& factor as, multiplied by 7, will give exactly 63. We Der- 
ceive that 9 is such a number, and therefore 9 is the quotient 
obtained when we divide 63 by 7. 

Also, if we have to divide ab by a, it is evident that the 
quotient will be b ; for a multiplied by b gives the dividend ab. 
So, also, ISrnM divided by 3i» gives An; for 8m multiplied by 
4n makes \2mn. 

Suppose we have «" to be divided by a". We must find a 
number which, multiplied by a", will produce a'. We perceive 
that a' is such a number ; for, according to Art. 50, we multi- 
ply a* by a^, by adding the exponents 2 and 3, making 5. 
That is, the exponent 3 of the quotient is found by sublracting 
S, the exponent of the divisor, from 5, the exponent of the divi- 
dend. Hence the following 

EULE OP ESPONBNTa IN DIVISION. 

In order to divide quantities expressed by different powers 
of the same letter, subtract the exponent of the divisor from the 
Kcponent of the dividend. 
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Divide a' a' b° c' A' x' y" 

By ^ ^ ^ i' ^ ^ ^ 

Quotient «' 

Let it be required to divide 35a' by 5a'. We must find a 
quantity which, multiplied by bcC, will produce 35a'. Such a 
quantity is la" ; for, according to Arts. 49 and 60, la' X Sa" is 
equal to 35a^ Therefore, SSa" divided by 5a' gives for a 
quotient la' ; that is, we have divided 35, the coefficient of the 
dividend, by 5, the coeiKcient of the divisor, and have sub- 
tracted the exponent of the divisor from the esponent of the 

dividend. 

(67.) Hence, for the division of monomials, we have the fol- 
lowing 

1. Divide the coep,cient of the dividend hy the coefficient of the 
divisor. 

2. Subtract the exponent of each letter in the divisor from the 
;t of tite same letter in the dividend. 



1. Divide 20a;' by Ax. Ans. bx". 

2. Divide 25a'xy* by Say'. 

3. Divide l^ab'x' by 12b'x. 

4. Divide lla'bV by llab'c'. 

6. Divide 212a'b'cV by lla't^cx*. 

6. Divide 250x''y'z' by 5xyz', 

7. Divide 48a'fiWby 12ab'c. 

8. Divide ISOcrtW by ZOa'b'd'. 

(68.) The rule given in Art. 66 conducts, in some cases, lo 
negative exponents. 

Thus, let it be required to divide a" by a". We are directed 
to subtract the exponent of the divisor from the exponent of 
the dividend. We thus obtain 

But a' divided by a' may be written — ; and since the value 
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of a fraction is not altered by dividing both numerator and de- 
nominator by the same quantity, this expression is equivalent 



and these expressions may be used indifferently for each other. 
So, also, if a" is to be divided by «', this may be written 



In the same manner we find 



That is, the reciprocal of a quantity is equal to the same quart-, 
tity with the sign of its exponent changed. 

oo, also, T7-= — =ofi c . 

o'c c 

. , ad-^ a 

^"^ -T=M' 

(69.) Hence any factor may be transfen-ed from the numer 
afor to the denominator of a fraction, or from the denominator 
to tbe numerator, by changing the sign of its exponent. 



c a 

That is, the denominator of a fraction may be entirely le- 
moved, and an integral form be given to any fractional ex- 
pre SSL on. 

This use of negative exponents must be understood simply 
as a convenient notation, and not as a method of actually de- 
stroying the denominator of a fraction. Still this new nota 
lion has many advantages, and is often employed, as will be 
seen hereafter. 

When the division can not be exactly performed, it may be 
expressed in the form of a traction, and this fraction may ba 
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reduced to its lowest terms, according to a method to be ex- 
plained in Art. 83, 

(70.) It frequently happens that the espone.its of certain let- 
ters in the dividend are the same as in. the divisor. 

Let it be required to divide a^ by a'. The quotient is ob- 
viously I, for every number is contained in itself once. But 
if we apply the rule of exponents, Art. 66, we shall have 

Hence t!°=l. 

Again, let it be required to divide a"' by a'". Tne quotient 
is obviously 1, as before; and applying the rule of exponents, 
we obtain 

a — ~ or a°. 
That is, every quantity affected with the exponent zero, is equal 
to unity. 

This notation has the advantage of preserving a trace of a 
letter which has disappeared in the operation of division. 
Thus, let it be required to divide a'6' by a^h'. The quotient 
will be ab°. This expression is of the same value aa a alone, 
and is commonly so written. If, however, it was important to 
indicate that the letter b originally entered into the expression, 
this might be done without at all affecting the value of the re- 
sult by writing it 

ab". 

(71.) The proper sign to be prefixed to a quotient is readily 
deduced from the principles already established for multipli- 
cation. The product of the divisor and quotient must be equal 
to the dividend. Hence, 
because +aX-\-b=+ab\ T -l-a&-r +i=+«. 

+ax~h=-ab j j -ah-^-b=+a- 

Hence we have the following 

RULE FOR THE SIGNS. 

When both the dividend and divisor have lite same sign, the 
quotient will have the sign + ; when they have different signs, 
the quotient will have the sign — - 
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Ex, 1, Divide —I5ai/' by Say. 
Ex. 2. Divide —18ax''y by —9a3:. 
Ex. 3. Divide 150«'&c by -5ac. 
Ex. 4. Divide 40a^6'c by — aic. 

CASE II. 
(73.) When Ike divisor is a monomial, and the dividend a 



We have seen. Art. 51, that when a single term is multi- 
plied into a polynomial, the former enters into every term of 
the latter. 

Thus, a{a+b)^a'+ab. 

Hence {a''l-ab)~a=a+b. 

Whence we deduce the following 



Divide each term of the dividend dy the divisor, as in the jot 
ner case. 



Ex. 1. Divide 33;''+6a;'+3a3;-153; by Sx. 

Ans. x'^2x+a—b. 

Ex. 3. Divide ^abc-\-\2al)x—Qa''h by 3«6. 

Ex. 3. Divide 40a'b'+60d'b''-llab by —ah. 

Ex. 4. Divide 15a''6c~10aca;''+5ac''if' by —5a'c. 

Ex. 5. Divide 6<xVy'— 12aVj/°+15aVi/' by 3aVy'. 

Ex. 6. Divide x-^^-x-^^+x-^-xT"^ by x". 

Ex. 7, Divide 12ay~16aV+20ay— 28«'j/' by —4a'p\ 

CASE III. 

(73.) When the divisor and dividend are both polynomials. 

Let it be required to divide 2ab+a'+b'' by a+h. 

The object of this operation is to find a third polynomial 
which, multiplied by the second, will reproduce the first. 

It is evident that the dividend is composed of all tlie partial 
products arising from the multiplication of each term of the 
divisor by each term of the quotient, these products being add- 
ed together and reduced. Hence, if we can discover a term 



...Google 



DIVISION. 87 

of the dividend which ia derived without reduction from the 
multiplication of a term of the divisor by a term of the quo- 
tient, then dividing this term by the corresponding term of the 
divisor, we shall be. sure to obtain a term of the quotient. 

But from Art. 58, it appears that the term a", which contaica 
the highest exponent of the letter a, is derived, without reduc- 
tion, from the multiplication of the two terms of the divisor 
and quotient which are affected with the highest exponent of 
the same letter. Dividing then the term a' by the term a of 
the divisor, we obtain a, which we are certain must be one 
term of the quotient sought. Multiplying each term of the di- 
visor by a, and subtracting this product from the proposed 
dividend, the remainder may be regarded as the product of 
the divisor by the remaining terms of the quotient. We shall 
then obtain another term of the quotient by dividing that term 
of the remainder affected with the highest exponent of a, by 
the term a of the divisor, and so on. 

Thus we perceive that at each step we are obliged to search 
for that term of the dividend which is affected with the high- 
est exponent of one of the letters, and divide it by that term 
of the divisor which ia affected with the highest exponent of 
the same letter. We may avoid the necessity of searching tor 
this term by arranging the terms of the divisor and dividend 
in the order of the powers of one of the letters. 

The operation will then proceed as follows ; 

The arranged dividend =a''+2a&+i'|a+6= the divisor. 
a'H- ah \a-\-b= the quotient. 
ab-\-V= first remainder. 



It ia generally convenient in Algebra to place the divisor oo 
the right of the dividend, and the quotient directly under the 
divisor. 

(74.) From this investigation we deduce the following 

RULE FOR THE DIVISION OP POLYNOMIALS. 

I. Arrange the dividend and divisor according to the powers 
of the same letter 
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2. Uivide the first term of the dividend by tke first term of the 
divisor, the result u>ill be the first term of the quotie?it, 

3. Multiply the divisor by this term, and subtract the jiroduct 
from the dividend. 

4. Divide tke first term of the remainder by the first term of 
the divisor, the result will be the second term of the quotient. 

5. Multiply the divisor by this term, and subtract tlie product 
from the last remainder. Continue the same operation till all 
the terms of the dividend are exhausted. 

If the divisor is not exactly contained in the dividend, the 
quantity which remains after the division is finished must be 
placed over the divisor in the form of a fraction, and annexed 
to ttie quotient. 

1. Divide 2a^b+b'+2ab'+a'' by a'+b^'+ab. 

Ans. a+b. 

2. Divide x^~a'+3a''x-~3ax'' by x—a. 

Ans. x'—2ax+a\ 

3. Divide a'+z°+2a'z' by a^—az+z'. 

Ans. a'+a'z+az'+z*. 

4. Divide a'~16a^x'+G4x' by a^—4ax+4x'. 

6. Divide a'+'6a'x' — 4a'x-\-x*—4ax' by a'—2ax-i-x'. 

Ans. a'—2ax'\-x', 

6. Divide x'+x'y'+y' by x'+xy+y\ 

7. Divide 13x'-192 by Sx—G. 

Ans. 4a;'+Sa;'+ia:c+33 

8. Divide 6a;°-~%° by 2x'—2y'. 

9. Divide a'-i-3a'b'—Sa'b'~b' by a'-~3a'b+3ab'~b\ 

Ans. a'+Sa'b+Sab'+b'. 

10. Divide a'-b'' by a—b. 

11. Divide a'— i' by a—b. 

If the first term of the arranged dividend is not divisible »> 
the first term of the arranged divisor, the complete division is 



(75.) Hitherto we have supposed the terms of tbe quotient 
to be obtained by dividing that term of the dividend affected 
with the highest exponent of a certain letter. But, from the 
second remark of Art. 58, it appears that the term of the divi- 
dend afiected with the lowest exponent of any letter is derived, 
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Without reduction, from the multiplication of a term of the di- 
visor by a term of the quotient. Hence we may obtain a term 
of the quotient by dividing the term of the dividend affected 
with the lowest exponent of any letter, by the term of the di- 
visor containing the lowest power of the same Setter, and 
nothing prevents 'oLir operating wpon the highest and lowest 
exponents of a certain letter alternately in the same example. 
(76.) From the examples of Art. 74, we perceive that a'—b' 
is divisible by a — h; and a* — i' is divisible by a— 6. We shall 
find the same to hold true, whatever may be the value of the 
exponents of the two letters. That is, the difference of any 
two jiowers of the same degree is divisible by the difference of 

their roots. 

Thus, let us divide a'— 6' by a—b. 
a'-~b'' \a~b 
a'--a'b\ a' 
a'b-h\ 
The first term of the quotient is a', and the first remaindei 
IS a^b—b", which may be written 

Now if, after a division has been partially performed, the re- 
mainder is divisible by the divisor, it is obvious that the divi- 
dend is completely divisible by the divisor. But we have al- 
ready found that a'~b* is divisible by a—b; therefore a'—b" 
is also divisible by a—b ; and in the same manner it may be 
proved that a'—b' is divisible by a—h, and so on. 

To exhibit this reasoning in a more general form, let us 
represent any exponent whatever by the letter n, and let ub 
divide oT-h" by a—b. 



First remainder = ba"—'~-h''. 

Dividing (C by a, we have, by the rule of exponents, iz""-' lor 
the quotient. Multiplying a—b by this quantity, and subtract- 
ing the product from the dividend, we have for the first re- 
mainder 6a°-'— 6", which may be written 

Now if this remainder is divisible by a—b, it is obvious that 
the dividend is divisible by a—b. That is to say, if the difler- 
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ence of the same powers of two quantities is divisible by their 
difference, the difference of the powers of the next higher de- 
gree is also divisible by that difference. Therefore, since a^—b^ 
is divisible by a—b, a^—b' must he divisible by a—b; also, 
a'—b', and so on. 

The quotients obtained by dividing the difference of the 
powers of two quantities by the difference of those quantities, 
follow a simple law. Thus, 
{a'~b')~{a~b)=a+h. 
ia'-b')~{a-b)=a'-\-ab-hb\ 
ia*-b')^{a~b)=a'+a'b+ab'+b'. 
la'-b')-^{a-b)^a'+a'b+a''b''+ab'+b'. 

&c., &c., &c. 

{a''-h-)~ia-h)^a—'+a"-'b+a'-'b'+ . . +a'lf^+ab"^+b'^. 
The exponents of a decrease by unity, while those of b in- 
crease by unity. 

(77.) it may also he proved that tlte difference of two even 
powers of the same degree is divisible by the sum of their roots. 
Thus," 

(a'-b')^{a^b)=a-b. 
(a'~b')~(a+b)=a'~a'b+ab'~b\ 
(a'-b-')-i-{a+b)=^a--a'b+a'V-a'b'+ay~b\ 
&c., tfec, &c. 

Also, the sum of two odd powers of the sam". degriw V* dimsi- 
hle by the sum of their rooli 
Thus, 

ia'+b')^ia-^b) = a'-ah->rb\ 
\a'-+b'-)~(a'^b)=a'-a'b^-a'h'~a¥+b'. 
la''W)^{a+b)^a'-a%+a*h'-a'b'-\-a'b'--ab'-{b'. 
tfec, &c., &c. 

(78.) The preceding principles will enable us to rasolve v-j 
riouH algebraic expressions into their factors. 
1. Resolve a^—V into its factors. 

Ans. («'-fai+&")(*-6) 
B. Resolve «'+6' into its factors. 

3. Resolve a'—b" into four factors, 

4. Resolve a'— 8b' into its factors. 

5. Resolve 8a'— I into its factors. 

B. Resolve 8a'— 8b' into three factors. 
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7. Resolve 1 -1-276' into its factors. 

8. Resolve 8a'+2W into its factors. 

(79.) One polynomial can oot be divided by another poly- 
nomial containing a letter which is not found in the dividend ; 
for it is impossible that one quantity multiplied by another 
which contains a certain letter, should give a product not con- 
taining that letter. 

A monomial is never divisible by a polynomial, because 
every polynomial multiplied by another quantity gives a prod- 
uct containing at least two terms not susceptible of reduction. 

Yet a binomial may be divided by a polynomial containing 
any number of terms. 

Thus, a'—b' is divisible by a''-\-a'b+ab'''tb', and gives for a 
quotient a—b. 

So, also, a binomial may be divided by a polynomial of a 
hundred terms, a thousand terms, or, indeed, any finite num- 
ber. 

DIVISION BY DETACHED COETiaCIEHTS. 

(80.) We have shown, in Art. 64, how multiplication may 
sometimes be conveniently performed by operating upon the 
coefficients aione. The same principle is applicable to divi- 
sion. Thus, take the example of Art. 73, to divide a'+2ab+b^ 
by a+b ; vi-e may proceed as follows : 
l-HS-Hll-H 
1 + 1 l l + I 
1 + 1 
1 + 1 
The coefficients of the quotient are 1 + 1. Moreover, d'~-a 
=a; and therefore a is the first term of the quotient, and h the 
second. 

Ex. 2. Divide x''— Sax'— 8a'x*+18a'x—8a'^ hy x''+2ax— 2a' 
I„3_ 8+18-81 1+2-2 
1+2- 2 11-5+4 



—5- 6+18- 
-5-10+10 



4+ 8-8 
4+ 8-8 
The coefficients of the quotient are 1—5+4, and it r 
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supply the letters. Nov/ x^—x'^x'' ; and a'~a'=a'. Hence 
x', ax, and a' are the literal parts of the terms, and therefore 
the quotient is 

Ex. 3. Divide 6a'— 96 by 3a— 6. 

Here, as we have the fourth power of a without the lower 
powers, we must supply the coefficients of the absent terms, 
as in multiplication, with zero. 

6+ 0+Q+O— 961 3-6 

6-13 13+4+8+16 







12 












12-24 












24 












24- 


-48 
48-96 
48-96 






But a'- 


-Ho 


:=a'; hence the quotient is 

aa'+ia'+Sa+m. 






Ex. 


4. 


Divide 3y'-\-3xf 


~4x''y—4x' by x+i/. 












Ans. 


3f 


-4x\ 


Ex. 


5. 


Divide 8a'-4a'z 


— 2«°a!"+aV by ia'—x 












Ans. 


2a' 


—a'x. 


Ex. 


6. 


Divide a'+4a'- 


-8c'-25a'+35a'+21a- 


-28 


by flM- 


5a+4. 


















Ans. a'-a'-7a'+14a-7. 



1. Divide 3a' — 19(i'6+25a'&'— 25a6" by 3ar-4ab+ab'. 

Ans. a'—5ab. 

2. Divide x*+2x''—4x^y'+l(^xy—l& by x'—2xy+5. 

Ans. x'+^xy—S. 

3. Divide a'x^—4a'bx+3acx+3aV+ahc—l0c' by ax— Sab 
4.5c. Ans. ax—ab—2c. 

4. Divide 20n'6'— 22a'&'+ll«'6°-3a6° by 4aV-2a¥+b'. 

Ans. 5a'b'Sab'. 

5. Divide x'—x'y''+2x'y'~y^ by x'—x'y+y'. 

Ans. x'+x'y—y'. 

6. Divide 3a:' + i5xY - 22a3:' — 2xY - lO.^y + 14axy' 
~5ax''t/''+'ia'x by x'+Sxy'—la. Ans. 3x'—2xy'—ax. 
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SECTION VI. 



FRACTIONS. 

(81.) When a quotient is expressed as described in Art. 16, 
by placing the divisor under the dividend with a line between 
them, it is called s. fraction ; the dividend is called the numer- 
ator, and the divisor the denominator of the fraction. Alge- 
braic fractions do not differ essentially from arithmeticai irac- 
tions, and the same principles are applicable to both. 

The following principles form the basis of most of the oper- 
ations upon fractions : 

1. In order to multiply a fraction by any number, we must 
multiply its numerator, or divide its denominator by that num- 
ber. 

Thus, the value of the fraction — is b. If we multiply the 

numerator by a, we obtain — or ab; and if we divide the de- 
nominator of the same fraction by a, we obtain also ab ; that 
is, the original value of the fraction & has been multiplied by a, 

2. In order to divide a fraction by any number, we must di- 
vide its numerator or multiply its denominator by tJiat number. 

Thus, the value of the fraction — - is ab. If we divide the 
numerator by a, we obtain — or h ; and if we, multiply the Ue- 

nominator of the same fraction by a, we obtain — j- or J ,■ that 

is, the original value of the fraction ab has been divided by a. 

3. The value of a fraction is not changed if we multiply or 
divide both numerator and denominator by the same number. 
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„, ah abx ahxy , 

Thus, — = =- — ^=b. 

a ax axy 

Every quantity which ia not expressed under a fractional 
form, is called an entire quantity. 

An algebraic expression composed partly of an entire quan- 
tity and partly of a fraction, is called a mixed quantity, 

(82.) The proper sign to be prefixed to a fraction may be 
determined by the ruies already established for division. The 
sign prefixed to the numerator of a fraction affects merely the 
dividend; the sign prefixed to the denominator affects merely 
the divisor; but the sign prefixed to the dividing line of a 
fraction affects the quotient. 

Thus, — = +&, for + divided by + gives +• 
—=—b, for — divided by + gives — . 
— — — fi, for + divided by — gives — . 



So, also, =—h, for this shows that the former quotient 

h is to be subtracted, which is done by changing its sign. 

=+6, because the former quotient —b is to be 

subtracted, vvhence it becomes +&. 



and =— i, also for the same reason. 

Hence we have the following equivalent forms : 
ab -~ab —ab ab , , 



' a --a a —a 

That is, of the three signs belonging to the numeiitoi, de- 
nominator, and dividing line of a fraction, an>/ two may be 
changed from + to — or from ~ to +, utthont affecting the 
value of the fraction. 
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In tlie examples of fractions here employed for illustration, 
both numerator and denominator have consisted of monomials. 
The same principles are applicable to polynomials; but it 
must be remarked, that by the sign of the numerator we un- 
derstand the entire numerator as distinguished from the sign 
of any one of its terms taken singly. 

^, a+b+c . , , , —a—b—c 
1 1ms, -: — IS equal to H -: , 

When no sign is prefixed either to the terms of a fraction oi 
to its dividing line, + is always to be understood. 

DEDUCTION Off FRACTIONS. 

PROBLEM I. 

(83.) To reduce a fraction to lower terms. 

RULE. 

Divide both numerator and denominator by any quantity 
which will divide them both without a remainder. 

According to Remark 3, Art. 81, this will not change the 
■,'altie of the fraction. 

Thus, r~^' 

Also, - - ..1 =^ (dividins: both numerator and de- 

5a 5o 

nominator by a'b.) 

And -^^-2£-. 

ax+x a+x 

If the numerator and denominator are both divided by their 
greatest common divisor, it is evident the fraction will be re- 
duced to its lowest terms. The method of finding the greatest 
common divisor is considered in Section XV. ; but in the fol- 
lowing examples the greatest common divisor is easily found, 
by resolving the quantities into factors according to methods 
already indicated. 

EXAMPLES. 

1, Reduce -r — ; — j- to its lowest terms. 
a'c+ax 



...CjOOgIc 



„ , Ua'-lab . , 
3. Reduce t- ~r ^o its lowest terma. 

4n: 

3. Reduce '— ; to its lowest terms. 

Ans. - 



3.T:"— 3ta— 9 



6. Reduce ,J "^ 



6. Reduce -: — „ , , ,, to its lowest term 

a'— 2ao+r/ 

7. Keduce -5 — ^ ; — ; to its lowest tertr 



PROBLEM II. 

(84.) To reduce a fraction to an entire or mixed quantity. 



Divide the numerator by ike denominator for the entire part, 
■.nd place the remainder, if any, over the denominator for the 
fractional part. 

Thus, ^=37-e-5=5f. 

Also, ^^^={ax+a')^x=a+^. 

EXAMPLES. 



- to an entire quantity. 
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3. Reduce to a mixed quantity. 

Ans. a+x-i — 



„ , lOa:'— 5a:H-3 . , 

5. Reduce to a mixed quantity. 



PROBLEM III. 

(85.) To reduce a mixed quaniily to the form of a fraction 

Multij)ly the entire part by the denominator of the fraction ; 
to the product add the numerator with its proper sign, andplace 
the result over the denominator. 

TU o, 3X5+2 15+3 17 

This result may be proved by the preceding Rule. For 



F.]i AMPLER. 

1. Reduce x-\ — to the form of a fraction. 

X 

Ans. 



3ax+x' 

MS. —^ 

2a 
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- to the form of a fraction. 



- to the form of a fraction. 



PROBLEM IV. 

(96.) To reduce fractions to a common denominator. 



Multiply each numerator into all the denominators, except its 
own,foi a new numerator, and all the denominators together for 
n denominator. 



EXAMPLES. 

1. Reduce t and -; to a common denominator, 

d 

ad he 
^"- M< U 
Here it will be seen that the numerator and denominator of 
the first fraction are both multiplied by d, and in the second 
fraction they are both multiplied by h. The value of the frac- 
tions, therefore, is not changed by this operation. 

2. Reduce j and to equivalent fractions having a com- 
mon denominator. 

ac ah+V 



Ans. -r-i — T— 
be be 



2a' 3c' ' 
nominator. 



4' 3' 

denominator. 
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5, Reduce -, ~, and - — — to fractions havine a common 
denominator. 

0. Reduce 7 
denominator. 

7. Reduce -, 

uominator. 

Following the Rule, we obtain 

8ax 3ax'+6x' 

wnich fractions have a common denominator, and are equiva- 
lent to those originally proposed. Nevertheless, it may be ob- 
served, that these fractions are not reduced to their kast com- 
mon denominator, for every term ia divisible by x. The least 
common denominator is the least common multiple of the de- 
nominators of the proposed fractions. 

A common multiple of two or more numbers is any number 
which they will divide without a remainder ; and the least com- 
mon multiple is the least number which they will so divide. 
Thus, 12x' is the least common multiple of 3a:' and .■ix; and 
the above fractions reduced to their least common denomina- 



The least common multiple of two numbers is their product 
divided by their greatest common divisor. 

8. Reduce tt and t— to equivalent fractions having the least 

14 21 ^ " 

common denominator, 

The product of the denominators is 294, which, divided by 

7 (their greatest common divisor), gives 42, the least common 

denominator, and the required fractions are 

9 , 10 

42 ^'^■^42- 

7 11 

9. Reduce the fractions — and — to others which have the 

least common denominator. 

D 
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10. Reduce ^ and ,, , to equivalent fractions h'lving the 
least common denominator. 



to equivalent fractioni 
the least common denominator 



11, Reduce r and -r — r; to equivalent fractions having 



H-_^and-^±^ 



PROBLEM y. 
(87.) To add fractional quantities together 



Reduce the fractions to a common denominator ; add the nn 
merators together, and place their sum over the common denom- 
inator. 

The fractions must fii'st be reduced to a common denomina- 
tor to render them like parts of unify. Before this reduction, 
they must be considered as unlike quantities. 

EXAMPLES. 

1 . What is the sum of | and - ? 
Reducing to a common denominator, the fractions become 
3x , 2x 

Adding tire numerators, we obtain — . 

It IS plain that three sixths of x and two sixths of x mako 
five sixths of X, 

9. Required the sum of t, -5, and > 

Ans. ^^ 
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a-b' 

4. Kequired the sum oi 5x, ^, and — - ■ ■ . 

5. Required the sum of 2a, 3a+— , and«+-^. 

Ans. 6a +- 

6. Required tiie sum ofa+x, — , and . 

' a—x a 

Ans. a+x+2+-^— 



a a— 2m a+2m 

8. Required the sum ol — , ■■ ■ ■ ■ , and — - — . 

na+b 
m+n 



PROBLEM VI. 
(88.) To subtract one fractional quantity from another. 



Reduce the fractions to a common denominator, subtract one 
numerator from the other, and place their difference over the 
common denominator. 

EXAMPLES. 

I. trom — subtract — . 

Reducing to a common denominator, the fractions become 
lOx , 9x 
-15- ""'•is- 
\0x 9x X 
Hence Tfl-IB^IB' 

and it is plain that ten fifteenths of x, diminished liy nine fil- 
teenths olx, equals one fifteenth of a:. 
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58 FRflCTIONa. 

2. from -T^ subtract — . 

^ 9x~4i/ , 5a;— 3u 

3. From — -^ subtract ^-^. 

It must be remembered, that the minus sign before the di- 
viding hne of a fraction affects the quotient {Art. 82) ; and 
since a quantity is subtracted by changing its sign, the result 
of the subti'action in this case is 

Ox— 4 7/ S.-c— 3i/ 
r~"^ 3 ' 
which fractions may be reduced to a common denominatoi, 
and the like terms united, as in addition. 





^ 355.r-6 
'*"^' 168 


x—a 




c 




■h 




1a-2b 




6 ■ 






, ^ 35a- 116 



PROBLEM VII. 

(89.) To multiply fractional quantities together. 

RULE, 

Multiply all the numerators together for a new numerator, 
and all the denominators together for a new denominator. 

Let it be required to multiply -r by ■;. 
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FHACTIONS. 58 

First, let us multiply j- by c. According to Remark first of 

Art. 81, the product must be -r-- 

But the proposed multiplier was -3,- that is, we have used a 
multiplier d times too great. We must therefore divide the 
result -r- by d; and, according to Remark second of Art. 81, 
V7e obtain 

ac 

bd' 
which result conforms to the Ruie above given. 

EXAMPLES. 

1. IMuItipiy I by -^. 



S. What is the continued product of'-, — , and -xr- i 
x+a 



5. Multiply b-{ — by ~. 

6. Multiply^ by ^. 



26 " 
Ans. 9ax. 



■ h'c+bc'' 



a'+ab' 
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a-b 
a+b- 

Aus !^^- 
(90.) Ex. 1. Multiply -; by ^. 

According to the preceding Article, the result must be -;. 
But, according to Art. 68, —^ may be written a"' ; -5 may be 

written a-'' ; and —^ may be written a-^. 

Therefore, a-^Xar'^ar^. 

That is, the Rule of Art. 50 is general, and applies to nega- 
tive as well as positive exponents. 
Ex. 2. Multiply —6"^ by fc-'. 

Ans, —b-^. 

3. Multiply «-* by a\ 

4. Multiply b-^ by b\ 

5. Multiply a-" by «-". 

6. Multiply i-" by b^. 

7. Multiply (a-b)" by (a-6)^. 

PROBLEM VIII. 
(91.) To divide one fractional quantity by another. 

RULE. 

Invert the divisor, and proceed as in multiplication. 

If the two fractions have the same denominator, then the 
quotient of the fractions will be the same as the quotient of 
their numerators. 

Thus it is plain that ^5 is contained in t— as often as 3 is 

contained in 9. 

But when the two fractions have not the same denominator. 
we must reduce them to this form by Problem IV. 

Let it be required to divide y by -,. 
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Keducing to a common denominator, we have y-z to be di- 
" bd 

videdby^. 

It is now plain that ihe quotient must be represented by the 
division o? ad by he, wh.'ch gives 



result as obtained by the above Rule. 
a _ c _a d__ad 
b ' d b c be' 



a.Kvid.'^'"' " 



t'J't 



'•'^"'»=?+:?''ysr»- 



" (1+6 a—b a—b a+b' 



Ans. Unity. 



According to the Rule of the preceding Article, we have 
I a' a' I 
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But -I may be written a— ' ; ~, may be written or' ; and ~ 

is equal to a""^ 

Hence (r^~iz— '=a~"'. 

That is, the Rule of Art. 66 is general, and applies to nega- 
live as well as positive exponents. 

Ex. 2. Divide -h-^ by -In''. 

Ans. b~^. 

3. Divide a= by a-'. 

4. Divide 1 by a-*. 

5. Divide ea" by -Stt^. 

6. Divide b"-~ by 6". 

7. Divide 12ar^i/~' by — 4z)/'. 

8. Divide (a;— y)—* by (x— y)— ^. 

{93.) According to tlie definition, Art. 33, the reciprocal of 
a quantity is the quotient arising from dividing a unit by that 
quantity. 



Hence the r 



ciprocal of r 



is I^-^Ix-=-. 



That is, the reciprocal of a fraction is ike fraction inverted. 
Thus the reciprocal of -t-— is .. 

The reciprocal of rT^ is h+e. 

Hence, to divide by any quantity is the same as to multiply 
by its reciprocal, and to multiply by any quantity is the same 
as to divide by its reciprocal. 

(94.) -The numerator or denominator of a fraction may be 
itself a fraction ; 



Such expressions are easily reduced by applying the pre 
ceding principles. 
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Thus, \bj means t-^c, 

which, according to Remark second, Art. 81, ec 

Again, /b^ means a-i--, 

which, according to Art. 91, equals — . 

Also, -7--T- means the same as ^^£ 

G) 

which, according to Art. 91, equals -r-. 

a 
Ex. 1. Find the value of the fraction ~. 

2i 
Ex. 2. Find the value of the fraction -r-. 

EXAMPLES, 

21 tt' 



1, Divide 7a'—3x-\-— by 6'—-. Ans. ■ 



-9nx+3i 



2. Divide 5a'+T hy m'— 

3. Divide 15.T'-— by x 



'"y^- 



Ans. 

Ans. 
Ans. 



6Qa^+3x 

'I2m'~4x+4y' 

lUcx' ~3ab 

5cx—5a-\-ab' 

2x'i/—3y'- 



3x'+2x!/' 
49a'x' 






ab—ay+by 



HoslcdbvCcKlglc 



SIMPLE EaUATIONS. 

^95.) An equation is a proposition which declares the equality 
of two quantities expressed algebraically. 

Thus, x—A=^b—x, is a proposition expressing the equality 
of the quantities x— 4 and b—x. 

The quantity on the left side of the sign of equality is called 
the_^rs( wieffiier of the equation; the quantity on the right, the 
second member. 

Equations are usually composed of certain quantities which 
are known, and others which are unknown. The known quan- 
tities are represented either by numbers or by the first letters 
of the alphabet, a, b, c, &c. ; the unknown quantities by the last 
letters, x, y, z, &c. 

An identical equation is one in which the two members are 
identical, or may be reduced to identity by performing the op- 
erations which are indicated in them. 

Thus, ^x-5=2x-b 

Zx.-\-ix=1x 
{x+y){x-y)=x^-f. 

A root of an equation is the value of the unknown quantity 
in the equation. 

(96.) Equations are divided into degrees, according to the 
highest power of the unknown quantity which they contain. 

Those which contain only the first power of the unknown 
quantity are called simple equations, or equations of the first 
degree. 

As ax+b=cx+d. 

Those in which the highest power of the unknown quantity 
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SIMPLE EGUATI0N9. Sit 

IS a square, are called quadratic equations, or equations of the 
second degree. 

As 4ar'— 2:);=5— x'. 

Those in which the highest power is a cube, are called cubic 
equations, or equations of the third degree. 

As x'-^px^=2q. 

So, also, we have biquadratic equations, or equations of the 

fourth degree ; equations of the fifth, sixth, ■— — — nth 

degree. 

Thus, x'+px^—'^r, is an equation of the nth degree. 

In general, the degree of an equation is determined by the 
highest of the exponents with which the unknown quantity is af- 
fected, 

(97.) Numerical equations are those which contain only par- 
ticular numbers, with the exception of the unknown quantity, 
which is always denoted by a letter. 

Thus, x'+4x''=3x+12 is a numerical equation. 

Literal equations are those in which the known quantities 
are represented by letters, or by letters and numbers. 

Thus, x'+px'+qx=r ) ,,^ , 

. o 5 1- J ^ t are literal equations. 
X —Spx +5gx =5 ) ^ 

To solve an equation is to find the value of the unknown 
quantity, or to find a number which, substituted for the un- 
known quantity in the equation, renders the first member 
identical with the second. 

The difficulty of solving equations depends upon their de- 
gree, and the number of unknown quantities. We will begin 
with the most simple case. 

filMPLB EaUATIONS CONTAINING BUT ONE UNKNOWN aUAN- 

(98.) The various operations which we perform upon equa- 
tions in order to deduce the value of the unknown quantities, 
are founded upon the following principles : 

1. If to two equal quantities the same quantity be added, the 
sums will be equal. 

2. If from two equal quantities the same quantity be sub- 
traded, the remainders will be equa!. 

3. If two equal quantities be multiplied by the same quan- 
tity, the products will be equal, f- i 
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4. If two equal quantities be divided by the same quantity, 
the quotients wil! be equal. 

(99.) The unknown quantity may be combined with the 
known quantities in the given equation by the operations of 
addition, subtraction, multiplication, or division. 

We shall consider these different cases in succession. 
I. The unknown quantity may be combined with known 
quantities by addition. 

Let it be required to solve the equation 

3;+6=24. 
If from the two equal quantities, a:+6 and 94, we subtract 
the same quantity 6, the remainders will be equal, according 
to the last Article, and we shall have 

.r+6-6::^34-6, 
ora:=24— 6, 

= 18, the value of a; requireii 
So, also, in the equation 

x+a=b, 
subtracting a from each of the equal quantities, x+a and h, the 
result is 

x=b—a, the value of a: required. 
(100.) II. The unknown quantitj may be combined with 
known quantities by subtraction. 
Let the equation be 

3^-6=24. 
If to the two equal quantifies, x—G and 34, the same quan- 
tity 6 be added, the sums will be equal, according to Art. 98 
and we have 

a:-6+G=24+6, 

or a:=30, the value o{ x required. 
So, also, in the equation 

x—a~b, 
adding a to each of these equal quantities, the result is 
x=h+a, the value of a: required. 
From the preceding examples, it follows that 
We may transpose any term of an equation from one member 
to the other by changing its sign. 

We may change the sign of every term of an equation with 
out destroying the equality. 
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This is, in fact, the same thing as transposing etiejy term in 
each member of the equation. 

If the same quantity appear in each member of the equation 
affected with tke same sign, it may be suppressed. 

(101.) Ill, The unknown quantity may be combined with 
known quantities by muUiplicalion. 

Let the equation be 

6j;=24. 

If we divide each of the equal quantities, Gx and 24, by the 
same quantity 6, the quotients will be equal, and we shall have 



—4, the value of a; required. 



So, also, in the equation 



dividing each of these equals by a, the result is 
x=-, the value of 3; required. 

From this it follows, that 

When ike unknown quantity is multiplied by a known quan- 
tity, the equation is solved by dividing both members by this 
hnown e/uantiiy. 

(102.) IV. The unknown quantity may be combined with 
known quantities by division. 

Let the equation be 

1-84. 
If we multiply each of the equal quantities, - and 24, by the 

same quantity 6, the products will be equal, and we shall have 
*■— 144, the value of a: required. 
So, also, in the equation 



multiplying each of these equals by a, the result is 
x—ah, the value of a: required. 
From this it follows, that 
TPAew the unknown quantity is divided by a known quantity, 
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the equation is salved hy multiplying both members by this known 
quantity. 

(103.) V, Several terms of an equation may he fractional. 
Let the equation be 

x_2 4 
2~3"''5' 
Multiplying each of these equals by 3, the result is 
4 8 

Multiplying each of these last equals by 3, we obtain 
24 

3a;=4+— ; 

and multiplying again by 5, we obtain 
15a:=20+24, 
an equation free from fractions. 

We might have obtained the same result by multiplying the 
original equation at once by the product of all the denom- 
inators. 

Thus, multiplying by 2X3X5, we have 
30£_60 120 

or reducing, we have 

153;=30+24, as before. 
So, alao, in the equation 

x_b d 

multiplying successively by all the denominators, or hy a c e 
at once, we obtain 

acex abce acde 



Canceling from each term the letter which is c 
numerator and denominator, we have 
cex=abe+acd, 
an equation clear of fractions. 

Hence it appears that 

An equation may be cleared of fractions hy multiplying each 
member into all ike denominators. 

(104.) From the preceding remarks, we deduce the fol- 
lowing 
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1. Clear the equation of fractions, and "perform in both mem 
bers all the algebraic operations indicated. 

2. Transpose all the terms containing the unknown quantity 
to one side, and all the remaining terms to the other side of the 
equation, and reduce each member to its most simple form. 

3. Divide each member by the coefficient of ike unknown 
(juantity. 

EXAMPLES. 

X. Given 5a.'+8=4»-|-10, to iind the value of x. 

Transposing 4j; to the first member of the equation, and 8 
to the second member, faking care to change their signs {Art. 
lOO), we have 

53;— 4x'=10-8. 

Uniting similar terms, x=2. 

In order to verify this result, put 3 in the place of x wher- 
ever it occurs in the original equation, and we shall obtain 

5X3+8^4X3+10. 
That is, 10+8=8 + 10, 

or 18=18, 

an identical equation, which proves that we have found the 
correct value oix. 

2, Given a— 7=-+" , to find the value of a;. 

Multiplying every term of the equation by 5 and also by 3. 
in order to clear it effractions {Art. 103), we obtain 
I52;-105=3a:+5,T. 
Hence, by transposition, 

15a:-3,r— 53;=^105, 
or 7a:=105, 

105 
and therefore x=—r- = l^- 

To verify this result, put 15 in the place of x in the original 
equation, and we have 
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That is, 15-7=3+5. 

or 8^8, 

an idenlical equation. 

3. Given 3ax—iab=2ax—6ac, to find the value of x in 
terms of b and c. 

Dividing every term by a, we have 
<ix—4b~2x—Gc. 
By trans position, 

3x—2x='ib—Qc, 
or x—ib—Qc. 

This result may be verified in tlie same manner as the pr^ 
ceding. 

4. Given 3a:' — 10x=8;r+x', to find the value ofx. 

Ans. x—9. 

5. Giver. ^'-^^=00+^, to find x. 



_ab-l 
~ bc+d' 



. Given 5ax—2h+4bx=2x+5c, to find x. 
Ans. . 



5c+2b 
"5(1+46- a' 



(105.) An equation may always be cleared of fractions by 
multiplying each member into all the denominators according 
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10 Art. 103. But sometimes the same object may be attained 
by a less amount of multiplication. 

Thus, in the preceding example, the equation may be cleared 
of fractions by multiplying each term by 16, instead of 16x8 
X2, and it is important to avoid all useless multiplication. In 
general, it is sufficient to multiply by the kast common multiple 
of all the denominators. See Art. 86. 

a;— 4 5x+l4 1 

12. Given 3x j 4= — ~, to find a.'. 

13. Given 3. 



14. Given — -c-i-r=4x+-7-, to find 
a a 

Arts. 



Sbd+ad-4abd-2ab' 
15. Given (a+x) {l)+x)-a{b-i-c)=^+x\ to find x. 





An. .= j. 


16. 


even"-'"- '"T = 6.+'-+",,oM.. 


17. 


3a;-3 ^ 20-3: &x-& ,Ax-i , , 
aven^ ^ +4 ^ ^ + ^ .tofind:.. 


18. 


lx+16 x-\-S r. ^ , 


19. 


dx+l ,'Sx-n 2x+i ^ . , 

Given — ;; \-„ ,^——^ — . fo ™a x. 

9 6a;+3 3 


20. 


Given -ah+-:ac—-cx^-'ac+2ah—Gcx, to find the value 
6 5 3 4 


■ X. 






lOab—^ac 



SOLUTION OF PHOBLEMS. 
(106.) The solution of a Problem by Algebra consists o( 
two distinct parts ; 
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66 SIMPLE EQUATIONS. 

1. To express the coniJiUons of the problem algebraically; 
that is, io form the equation. 

2. To solve the equation. 

The second operation has already been explained, but the 
first is often more embarrassing to beginners than the second. 
Sometimes the statement of a problem furnishes the equation 
directly; and sometimes it is necessary to deduce from the 
statement new conditions, which are to be espresacd alge- 
braically. The former are called explicit conditions ; and those 
which are deduced from them, implicit conditions. 

It is impossible to give a general rule which will enable us 
to translate every problem into algebraic language. The 
power of doing this with facility can only be acquired by re- 
flection and practice. 

The following directions may he found of some service. 

Denote one of the required quantities by s ,■ then, by means 
of this letter, with the algebraic signs, perform the same (dera- 
tions which would be necessary to verify its value if U was al- 
ready known. 

Problem 1. What number is that, to the double of which it 
16 he added, the sum is equal to four times the required num- 
ber? 

Let X represent the number required. 

The double of this will he 2x. 

This increased by 16 should equal 4x. 

Hence, by the conditions, 2aT+16=4a;. 

The problem is now translated into algebraic language, and 
it only remains to solve the equation in the usual way. 

Transposing, we obtain 

16=43:— 2a:=23;, 
and &=x. 

To verify this number, we have but to doubie 8, and add 
16 to the result ; the sum is 32, which is equal to four limes 8, 
according to the conditions of the problem. 

Prob. 2. What number is that, the double of which exceeds 
its half by 6 ? 

Let a; = the number required. 

Then, by the conditions, 
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Clearing of fractions, 

ix~x=l2, 
or 33:=19. 

Hence .t:=4. 

To verify this result, double 4, which makes 8, and diminish 
it by the half of 4, or 3 ; the result is 6, according to the coc 
ditions of the problem. 

Prob. 3. The sum of two numbers is 8, and their difference 
2. What are those numbers 1 

Lei j: ^= tVie least numbev. 

Then x+2 will be the greater number. 

The sum of these is 23:+2, which is required to equal tf. 

Hence we have 

2^+2=8. 

By transposition, 2a;^8— 2^6, 

and 3:=3, the least number. 

Also, 3;4-2— 5, the greater number. 

Verification. 5+3=^6 ) ,. , j- ■ 

^_„_„ t accordmg to the conditions. 

The following is a generalization of the preceding Problem. 

Prob. 4. The sum of two numbers is a, and their difTerence 
h. What are those numbers 1 

Let X represent the least number. 

Then x+b will represent the greater number. 

The sum of these is 9^+6, which is required to equal a. 

Hence we have 

2x+h=a. 

By transposition, 2x~a—h, 

a-h ah,, , 

or x= =5~ni the less number. 

Hence x+b='-—^+b=^+-, the greater number. 

As these results are independent of any particular value at- 
tributed to the letters a and b, it follows that 

Half (he difference of imo quantities, ad/hii lo half their mm. 
is eanal to the- greater ; and 
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Half the difference subtracted from half the siun is equal to 
the less. 

The expressions 5+5 and 5—^ are caWod formulas, becausi- 

they may be regarded as comprehending the solution of all 
questions of the same kind; that is, of all problems in which 
we have given the sum and difference of two quantities. 
Thus, let ^=8 I ^^ ;„ ^1^^ preceding problem. 

^, o b 8+y 

Then s-T-n=~77"=5, the greater number. 



And K~(,='~'^—^> ^^^ '^^^ number. 

^- =10; their difference = 6; required the numbeis. 



rS c 100 " 50 

g g 100 " 1 " 

o JO " ^ 

Prob. 5. From two towns which are 54 miles distant, Iwo 
travelers set out at the same time with an intention of meet- 
ing. One of them goes 4 miles and the other 5 miles per hour. 
In how many hours will they meet T 

Let X represent ihc required number of hours. 

Then 4x will represent the number of miles one traveled, 

and 5.1; the number the other traveled ; 
and since they meel, Ihey must together htive traveled the 
whole distance. 

Conscquentlv, 4.7:+5.r=,')l. 

Hence 9.v=B4, 

Prnof. In 8 hours, at 4 miles an hour, one would travel 24 

miles; the other, at 5 miles an hour, would travel 30 miles. 

The sum of 24 and SO is 54 miles, which is the whole distance. 

This ProWeiii may be generalized as follows : 

Prob. 6. From two points which are a miles nparf, two 

bodies move toward each other.the one at the rate of m miles 
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per hour, the other at llm rate of n miles per hour. In how 
many hours will they meet? 

Let X represent the required number of hours. 

Then vtx will represent the number of miles one body 

and nx the miles the other body moves, 
anii we shall obviously have 



s a general for 
s of this kind.. 



■35,2 135 a> I 15 ^ 12 g ^ 

'-'^ SIO 30 t1 15 S. 

Required the time of meeting. 

We see that an infinite number of problems may be pto- 
posed, all similar to Prob. 5; but they are all solved by the 
formula of Prob. 6. We also see what is necessary in order 
that the answers may he obtained "in loltole numbers. The 
given distance (a) must be exactly divisible by m+n. 

Prob. 7. A gentleman meeting three poor persons, divided 
60 cenis among them ; to the second he gave twice, and to 
the third three times as much as to the first. What did he 
give to each ? 

Let X = the sum given to the first. 

Then 2x = the sum given to the second, 
and 3a: = the sum given to the third. 

Then, by the conditions, 

x+2x+3x=m. 
That is, 63^=60, 

or a;=IO. 

Therefore he gave 10, 20, and 30 cents to them respectively. 
The learner should verify this, and all the subsequent results. 

The same problem generalized. 

Prob. 8. Divide the number a into three such parts, that the 
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second may be m times, and the third n times as great as ihe 
first. 

■' "■'■ l+m+ra ' 1+m + rt ' 1 +m+M" 

What is necessary in order that the preceding values may 
be expressed in whole numbers \ 

Probt 9. A bookseller sold 10 books at a certain price, and 
afterward 15 more at the same rate. Now at the last sale he 
received 25 dollars more than at the first. . What did he re- 
ceive for each book X 

Ans. Five dollars. 

The same Problem generalized. 

Frob. 10. Find a number such that when rauilipHed success- 
ively by m. and by ji, the dilTerence of the products shall he a 

Ans. —~. 

Prob. 11. A gentleman dying, betjiieathed 1000 doiiais to 
three servants, A was to have twice as much as B, and B 
three times as much as C. What were their respective 
shares ? 

Ans. A received ®G00, B S5S00, and C $100. 
Prob. 12. Divide the number a into three such parts that the 
second may be m times as great as the first, and the third n 
times as great as the secoiid. 

, a ma mna 

^-"- 1+;;+^.' i+^iri^' T+^ri^- 

Prob. 13. A hogshead which held 120 gallons was filled 
with a mixture of brandy, wine, and water. There were 10 
gallons of wine more than there were of brandy, and as much 
water as both wine and brandy. What quantity was there of 

Ans. Brandy 25 gallons, wine 35, and water 60 gallons. 
Prob. 14. Divide the number a into three such parts, thai 
the second shall exceed the first by m, and the third shall be 
equal to the sum of the first and second. 

a~-2m a+Sm a 

Prob. 15. A person employed four workmen, to the first of 
whom he gave 2 shilHngs more than to the second; to the 
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scccnd 3 shillings more than to the third; and to the third 4 
shiihngs more than to the iburth. Their wages amount to S3 
shillings. What did each receive? 

Ans. They received 13, 10, 7, and 3 shillings respectively. 

Prob. 10. Divide the number a into four such pai'ts,-that the 
second shall exceed the first by m, the third shall exceed the 
second by n, and the fourth shall exceed the third by^. 

—Sm—2n—j] a+m — 2m — p 



Ans. - 



a+m+2n—p g-j-m+'M+Sp 



^im.) Problems wbich involve several unknown quantities 
may often be solved by the use of a single unknown letter. 
Most of the preceding examples are of this kind. In general, 
when we have given the sum or difference. of two quantities, 
both of them may be expressed by means of the same letter. 
For the difference of two quantities added to the less must be 
equal to the greater; and if one of two quantities be sub- 
tracted from their sum, the remainder will be equal to the 
other. 

Prob. 17. At a certain election 36000 votes were polled ; 
and the candidate chosen wanted but 3000 of having twice as 
many votes as his opponent. How many voted for each? 

Let X = the number of votes for the unsuccessful candidate 

Then 36000— .t = the number the successful one had. 

And 36000 -3; +3000= 3a:. 

Ans. 13000 and 33000. 

Prob. 18. Divide the number a into two such parts, that one 
part increased by b shall be equal to m times the other part. 

Ans "'"~^ . "+^ 
m+1 ' m+l' 

Prob. 19, A train of cars moving at the rate of 90 miles per 
hour, had been gone three hours, when a second train followed 
at the rate of 25 miles per hour. In what time will the second 
train overtake the first ? 

Let .r = the number of hours the second train is in motion, 

x+S = the time of the first train. 
Then 25x = the number of miles traveled by the second train, 
20 (r+3) = the miles traveled by the first irain, 
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But at the time of meeting they must both have traveled the 
Bame distance. 

Therefore 25a:=20ar+60. 

By transposition, 5a:=60, 
and x=l2. 

Proof. In 12 hours, at 25 miles per hour, the second train 
goea 30(! milea ; and in 15 hours, at S.O miles per hour, the first 
train also goes 300 miles ; that is, it is overtaken by the sec- 
ond train, 

Prob. 20. Two bodies move in the same direction from two 
places at a distance of a miles apart ; the one at the rate of n 
mi!es per hour, the other pursuing at the rate of m miles per 
hour. When will they meet ? 

Ans. In ■ __ hours. 

This Problem, it will be seen, is essentially the same as 
I'r-b. 10. 

Prob. 21. Divide the number 197 into two such parts, that 
four times the greater may exceed five times the less by 50. 
Ans. 82 and 115. 

Prob. 22. Divide the number a into two such parts, that m 
times the greater may exceed n times the less by b. 



Ans. 






When n~l, this Problem reduces to Problem 
When b=0, this Problem reduces to Problem 24. 

Prob. 23. A prize of 3329 dollars was divided between two 
Dersons, A and B, whose shares were in the ratio of 5 to 12. 
What was the share of each ? 

Beginners almost invariably put x to represent one of the 
quantities sought in a problem ; but a solution may often be 
very much simplified by pursuing a different method. Thus, 
in the preceding problem, we may put x to represent one fifth 
of A's share. Then 5x will be A'a share, and 12.t will be R's, 
and we shall have the equation 

5x+13a;^2329, 
and a^=I37, 

consequently their shares were 685 and lfi44 dollars. 
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rroh, 24. Divide the Dumber a into two such pnrts, that the 
first part may be to the second as m to n. 

Prob. 35, Wliat number is that whose third part exceeds its 
Iburth part by 10? 

Let I2x — the number. 
Then 4a--C,c=16. 

or .r=16. 

Therefore the number =12X10=192. 

Prob, 26, Find a number such thai when it is divided ^u>:- 
cessively by m and by n, the diffei-enco o( ihe qiiofifinls shni! 



Prob. 27. What two numbers are as 2 to 3, to each oi 
which, if four be added, the sums will be as 5 to 7 1 

A strict adherence to system would have required this ex- 
ample to be placed after the subject of Proportion, which is 
treated of in Section XIII. It is, however, only necessary to 
assume one simple principle which is employed in Arithmetic, 
viz,, If four quantities are proportional, the product of the ex- 
tremes is equal to the product of the means. 

Thus, if a:h::c: cl. 

Then ad^w. 

In the preceding Problem, let 2j; and S.t bo the numbers. 
Then 2.^+4 : 3,7:+4 : : 5 : 7, 

and by the last principle, 

I4x+28 = 15a:+20. 

Prob. 28. What two numbers are as m to », to each ol 
which, if n be added, the sums shall be as;) to 5? 

^„^,. '"^(P- 'I) . na {p~q) ^ 
mq—np ' mq—np 

Prob. 2fi. A gentleman divides a dollar among 12 children, 
giving to some 9 cents each, and to the rest 7 cents. How 
many were there of each class? 

Prob. 30, Divide the number a into two such parts, thai il 

Hosicdb,. Google 



the first is multiplied by m and the second by n, the sum oi 
tbe products shall be b. 

Ans — -■ — :^ 

Prob. 31. If the sun moves every day one degree, and the 
'noon thirteen, and the sun is now CO degrees in advance oi' 
the rooou, when will they be in conjuuclion for the first time, 
second time, and so on? 

Prob, 33. If two bodies move in the same direction upon the 
circumference of a circle which measures a miles, the one at 
the rate of n miles per day, the other pursuing at the rate of m 
miles per day, when will they meet for the first time, second 
time, &c., supposing them to be h miles apart at starting? 

^ ^ b a+b 2a+b , . 

Ans. In -; — ; , &c., oava, 

rn—n m—n ?ii~n 

It will be seen that this Problem includes Prob. 30. 

I'rob. 33. Divide the number 13 into two such parts, that the 
difference of their squares may be 48. 

Prob. 34. Divide the number a into tivo such paris,thal the 
iJiflei-ence of their squares may be b, 

2a ' Ua ' 
Prob. 35. The estate of a bankrupt, valued at 21000 dollars, 
is to be divided among three creditors according to their re- 
spective claims. The debts due to A and B are as 2 to 'S, 
while B's claims and C's are in the ratio of 4 lo 5. What sum 
must each receive 1 

Prob. 36. Divide the number a into three partP, wh'cii j^liall 
be to each other a.i m:n: p. 

Ans ^"' ■ '"^ . /"^ 

m+n+p' m+n+p' 7rt+n+p' 

When p~l, Prob. 30 i educes to the same form as Prob. 8. 

Prob. 37. A grocer has two kinds of tea, one worth 73 
cents per pound, the other 40 cents. How many pounds of 
each must be taken to form a chest of SO pounds, which shall 
be worth 60 cents ? 

Ans. 50 pounds at 73 cents, and 30 pounds at 40 cents 

Prob. 38. A grocer has two kinds of tea, one worth a cents 
per I ound, the other h cents. How many pounds of each must 
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be taken to form a mixture of n pounds, which shal! be worth 
r cents ? 



and 



pounds at a cents, 



Prob. 39. A can perform a piece of work in 6 days ; B can 
perform the same work in 8 days ; and C can perform the 
same work in 24 days. In what time will they finish it if al! 
Work together 1 

Prob, 40. A can perform a piece of work in a days, B in & 
days, and C in c days. In what time wiil they perform it if al! 
work together ? 

^"- 7^°£+rc '''>'■ 

Prob, ■11. There are three workmen, A, B, and C. A ond 
B together can perform a piece of work in 27 days ; A and C 
together in 36 days ; and B and C together in 64 days. In 
what time could ihey finish it if all worked together ? 

A and B together can perform ^\ of the work in one day 
A and C " gV " one " 

B and C " j^^ " one " 

Therefore, adding these three results, 

2A+2B+2C can perform VT+a'o+V* ii^ one day. 
= r^-^ in one day. 
Therefore, A, B, and C together can perform jj of the work 
hi one day ; that is, they can finish it in 34 days. If we put 
■a: to represent the time in which they would all finish it, then 
they would together perform ^ part of the work in one day, 
and we should have 

Prob. 42. A and B can perform a piece of labor in a days 
A and C together in b days ; and B and C together in c days 
In what time could they finish it if all work together? 

2abc 
Ans. —r- -r- days. 

This result, it will be seen, is of the same form as that ( 1 
Problem 40, 



...CjOOglc 



76 eiMi 

Prob. 43. A broiler has two kinds of change. It takes 20 
pieces of the first to make a dollar, and 4 pieces of tbe second 
to make the same. Now a person wishes to have 8 pieces 
for a dollfir. How many of each kind must the broker give 
him? 

Prob. 44. A has two kinds of change; there must be a 
pieces of the first to make a dollar, and h pieces of the second 
to make the same. Now B wishes to have c pieces for a dol- 
lar. How many pieces of each kind must A give him? 

Ans. — ZIiT '^^ '^^ ^'^' ^ivoA. : ■ — _ ■ of the second. 

Prob. 45. Divide (he number 45 into four such ports, that 
the first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall all be 
equal. 

In solving examples of this kind, several unknown qnantilies 
are usually introduced, but this practice is worse than super- 
fluous. The four parts into which 45 is to be divided, may be 
represented thus ; 
The first =a:-2, 

second —x^-'i„ 

third =|, 

fourth =%x\ 

for if the first expression be increased by 2, tbe second dimin- 
ished by 2, the third multiplied by 2, and the fourth divided by 
2, the result in each case will be x. The sum of the four parts 
is A\x, which must equal 45. 

Hence a; =10. 

Therefore the parts are 8, 12, 5, and 20. 

Prob. 46. Divide the number a into four such parts, that 
the first increased by m, the second diminished by m, the third 
multiplied by m, and the fourth divided by m, shall all be 
equal. 



Prob. 47. A merchant maintained himself for three years at 
Bn expense of $500 a year; and each year augmented that 
i-"iTt of his stock which was not thus expended by one third 
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tnereof. At llie end of the third year his original stock was 

doubled. What was that stock? 

Prob. 48. A merchant supported himself for three years at 

an expense of a dollars per year; and each year augmented 

that part of his stock which was not thus expended by one 

third thereof. At the end of the third year his original stock 

v;as doubled. What was that stock? 

148« 
Ans. -^^. 

Prob. 49. A father, aged 54 years, has a son aged 9 years. 
Ill how many years will the age of the father be foui' times 
tliat of the son? 

Prob. 50. The age of a father is represented by «. the age 
of h;a son by h. In how many years will the age of the fa- 
ther be n times that of the son? 

Ans. —-. 
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SECTION VIII. 



SIMPLE EaUATIONS CONTAINING TWO 
OR MORE UNKNOWN QUANTITIES. 

(108.) In the examples which have been hitherto given, each 
problem has contained but one unknown quantity; or, if there 
have been more, they have been so related to each other that 
all have been expressed by means of the same letter. This, 
however, can not always be done, and we are now to consider 
how equations of this kind are resolved. 

If we have two equations, with two unknown quantities, we 
must endeavor to deduce from them a single equation, con- 
taining only one unknown quantity. We must, therefore, make 
one of the unknown quantities disappear, or, as it is termed, 
we must eliminate it. There are three different methods of 
elimination which may be practiced. 

Th& first is by substitution, 
" second " comparison, 
" third " addition and subtraction. 



ELIMINATION BY SUB: 

(109.) Let it be proposed to solve the svstem of equations 

x-y^ 6. \ ^^■' 
From the second equation, we find the value of x in terms 
ofy, which gives 

x=y+6. 
Substituting the expression J/+6 for x in the first equation, 
it becomes 

y+6+y=12; 
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Irom which we find that ?/=3; and since we have already 
seen that x=y+6, we find that a;=3+6=9. 

To verify these values, substitute them for x and y in thft 
original equations, and we shall obtain 
9+3=12 
S-3^ G. 
Again, take the equations 

2^+3^=13 ) 
r?x+4y^22. ) ■■ ■' 
From the first equation we find 



Substituting this value of 1/ iu the second equation, it becomes 



an equation containing oniy x, which, when solved, gives 

x=2, 
and this value of x, substituted in either of the original equa- 
tions, gives 

The method thus eKeinplified is expressed in the following 



Find an expression for the value of one of the unknown quan- 
tities in one of the equations ; then substitute this value in the 
■place of its equal in the other equation. 

ELIMINATION BY COMPARISON. 

(110.) To illustrate this method, take equations (1.) of the 
preceding Article. Derive from each equation an expression 
ibr X in terms oft/, and we shall have 

T= Q+y. 
These two values of x must be equal to each other, and bv 
comparing them we shall obtain 

12— j/=-G+y, 
an equation involving oniy one unknown quantity; 
whence V=3. 
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Substituting this value of y in the espression x~C>-\-y, nm! 
we find x=9, as before. 

Again, take equations (3.) of the preceding Article. 
From equation first, we find 

ana from equation second, 



Putting tliese values of y equal to each other, wo have 
\S—2x _ 22—5x 
3 ~"" 4 ' 
an equation containing only z, whence wo obtain 
3: = 8. 
Substituting this value of x in either of the preceding e: 
pressions for y, we find 

The method thus exemplified is expressed in the following 



Find an expression for the value of the same unknown quan- 
tity in each of the equations, and form a new equation by put- 
ting one of these values equal to the other. 

KLTMINATION BY ADDITION AND SUBTIUCTION. 

(111.) To illustrate this method, take equations (1.) of Art. 
109. Sinco the coefficients of y in the two equations are 
equal and have contrary signs, we may eliminate this letter by 
adding the two equations together, whence we obtain 
S3:=18, 
or 3;= 9. 
We may now deduce the value of y by substituting the 
value of X in one of the original equations. Taking the first 
for example, we have 

whence y= S. 

Since the coefficients of x are equal in the two original 
equations, we might have eliminated this letter by subtracting 
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uiie equation from the other. Subtracting iho first from the 
second, we obtain 

or y=3. 

Let us apply the same method to equations (2.) of Art. 109. 
We perceive that if we could deduce from the proposed equa- 
tions two other equations, in which the coefficients of y should 
he equal, the elimination of y might be effected by suhtractbig 
one of these new equations from the other. 

It is easily seen that we shall obtain two equations of the 
form required, if we multiply all the terms of each equation by 
the coefficient of y m the other. Multiplying, therefore, all 
the terms of equation first by 4, and ail the terms of equation 
second by 3. they become 

15,7T-f-12j/=CS. 
Subtracting the former of these equations from the latter, we 
find 

whence x= 2. 

In like manner, in order to eliminate x, multiply the first oi 
the proposed equations by 5, and the second by S, they will 
become 

I0x+I5ij^e5, 
Wx+ 8y=M. 
Subtracting the latter of these two equations from the for- 
mer, we have 

7i/=21, 
whence J/— 3. 

This last method is expressed in the following 



Multiply or divide the equations, if necessary, in suck a man- 
ner, that one of the unknown quantities shall have the same coef- 
ficient in both. Then subtract one equation from the other, if 
the signs of these coefficients are ike same, or odd them together 
if the signs are different. 
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(112.) Ez. 1. Given 5a:+4j'=58 * to find the values ol x 
3x+7)/=67 \ and y. 

By the first method. 
From the second equation we find 

rnt, r 67-7?/ 
Therefore x=- -. 

Substituting this value oix in the first equiition, 

07- 7w 
6X — g-^+4j/=58. 

Hence 335-357/+12j/=174. 

By transposition, 335— I74=35y— \2y, 
or 161=23;'. 

Therefore y='^- 

Substituting this value of y in the expression for the value 
of 3; given above, it becomes 



Thus we have y=7, and .t=6. 

By the second method. 
From the first equation we find 

5x=^S-Ay, 

whence x= — ~-, 



Therefore 



-iyj&l-ly 



Clearing of fracfions, 174— 12y=335— 35y. 

By transposition, 35j/— 12!/^335-174. 
or 23j/=i(51. 

Therefore y=7. 

whence, as before, x — Q. 
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By the third method. 
Mullipiying the second equation by 5 and the first by 8, we 
obtain 

15x+35t/=S35, 

and 15^+12)/^174. 

13y subtraction, 23j/=161, 

or y= 7. 

Whence, from equation first, 

5a;=58-4y=S8-2S=30, 
and therefore x=G. 

Thus the same example may be solved by either of the three 
melhods, and eacU method has its advantages in particular 

cases. Generally, however, the first two methods give rise to 
fractional expressions which occasion inconvenience in prac- 
tice, while the third method is not liable to this objection. 
When the coefficient of one of the unknown quantities in one 
of the equations is equal to unity, this inconvenience does not 
occur, and the method by substitution may be preferable; the 
third will, however, commonly be found most convenient. 

Ex. 2. Given lla;-l-3w=100 K ^ , , , . , 

. I to find the values ol x and y, 
Ax—ly= 4 I ^ 

Multiplying the first equation by 7 and the second by 3, we 

obtain 

77x+21)/=700, 

12k— 21y= 12. 

Tlierefore, by addition, 89x^712, 

or X— 8, 

From equation first, 3y=100-Ila;, 

= 100-88=12, 

and y=4. 

These values of x and y may be easily verified by subslitu- 

tion in the original equations. 

Thus, 11X8+3X4=100; or 88+12=100. 

And 4X8-7X4= 4; or 32-28= 4. 



X y f 



to find the values of x and y. 
Ans. a:=6, v= 
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Ex. 4. Given ~+ 83^=31 

S- to find the values of a; and y 

4 J 

x+3 3a;— 3u'\ 

Ea:. 5. Given 2i/— -~=7 +■ ■ ■ - - - L <; 1 ,l 1 

^4 5 '.to nnd the values o: 

8—v 2.r+I I X and «, 

^ y J 



D find the values of x and y. 



_ he— ad _bc—ad 

(113.) When a problem involves a large number of quanti- 
ties, it is common to designate a part of them by different let- 
ters, and for the remaining quantities to employ the same let- 
ters accented or numbered. 

Thus, a, a', a", a'", «"" a"" 



are used to denote different quantities, though they generally 
imply some connection between the quantities which they rep- 
resent, a' is read a prime; a", a second; a'", a third, &c. 
We must carefully distingnish between a^ and «'; between a, 
and «', &c. In the one case, the numerals are exponents, and 
denote powers of a ; while in the other case, the numerals are 
only used for the sake of convenience to denote distinct quan- 
tities. Examples showing the convenience of this notation will 
be found in Sections XIS. and XX. 

Ex. 7. Given ax +by =c I ^ ^ ^ , , , 

, , 1, , f to nnd the va ues 01 x and y 
- a'x+b'y=c' l ^ 

h'c—hc' _ac'—a'c 

~ab'—a'b' ^ ab'—a'b' 

The symmetry of these expressions is well calculated to fix 

them in the memory. 

Ex. 8. What fraction is that, to the numerator of which, if 4 
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be added, the value is one half; but if 7 be added to the tie- 
nominator, its value is one fifth ? 



Let - represent the fraction required. 

hence ac+8=j/. 
,'heiice 5.r=y+7, 



Then, by the first condition, 

y ~'y 

By the second condition, 



J+7 5- 

Subtracting the first equation from the second, we have 
3a; -8 -7, 
whence ijj:=15, 

or x=5. 

Therefore, i/=2a:+8=10+8=18, 

and the fraction is -/t- 

^ 18 2 

Ex. 9, A certain sum of monej', put out at simple interest, 
amounts in 8 months to $1488, and in 15 months it amounts to 
§1500. What is the sum and rate per cent. ? 

Ex. 10, A sum of money put out at simple interest amounts 
in M months to a dollars, and in n months to b dollars. 

Required the sum and rate per cent. ? 

Ans. The sum is — — — ; the rate is 1200X — ;;;— r- 

Ex, 11. There is a number consisting of two digits, the 
second of which is greater than the first; and if the number 
be divided by the sum of its digits, the quotient is 4; but if 
the digits be inverted, and that number he divided by a num- 
ber greater by two than the difference of the digits,, the quo- 
tient is 14. 

Required the number. 

Let a; represent the left hand digit, 
and y " right hand digit. 

Then, since x stands in the place of tens, the number will be 
represented by lOar+y. 
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Ueiice^bv the first condition, 

x-\-y 

By the second condition, 

lOu+a; 
■ — ~ — =14. 

"Whence x=i, y~S, 

and the required number is 48. 

Ex. 19, A boy expends thirty pence in apples nnd pears, 
buying his apples at 4 and his pears at 5 for a penny, and 
afterward accommodates his friend with half his apples and 
one third of his pears for 13 pence. How many did he buy 
of each? 

Ex. 13. A father leaves a sum of money to be divided among 
his chi!dren,"as follows: the first is to receive ®300 and the 
sixth part of the remainder ; the second ^600 and the sixth 
part of the remainder ; and, generally, each succeeding one 
receives $300 more than the one immediately preceding, to- 
gether with the sixth part of what remains. At last it is found 
that all the children receive the same sum. What was the 
fortune left and the number of children ? 

Ans. The fortune was $7500, the number of children 5. 

Ex, 14. A sum of money is to be divided among several 
persons, as follows; the first receives a dollars together with 
the Klh part of the remainder ; the second 2a together with 
the wth part of the remainder ; and each succeeding one a dol- 
lars more than the preceding, together with the ?ith part of 
the remainder ; and it is found, at last, that all have received 
the same sum. What was the amount divided, and the num- 
ber of persons? 

Ans. The amount =«(n—l)°, the number of persons =n—\. 



(114.) Let us now consider the case of three equations i) 
solving three unknown quantities. 

Take the system of equations, 

3:c+2y+ 2=16, (1.) 

Sj:+2y+2s=18, (2.) 

2.-C-I-3V+ %=\1. (3.) 
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Ill order to eliminate 7. between equations {!,) and (2,), wb 
will divide both members of the second equation by two ; we 
thus obtain 

Subtracting this from the first equation, we find a new equa- 
tion containing but two unknown quantities. 

In order to eliminate % between equations (1.) and (3.), sub- 
tract the former from the latter, which gives 

~.T4y=l. {(3.) 

From the two equations (a.) and (/3.), one may be deduced 
coiitaining only one .imknown quantity. For, by subtracting 
the one from the other, we have 

3ic=6, or x~^. 
Substituting this value of a: in equation ((3.), we obtain 

Substituting these values of a: and y in equation (1.), we ob- 
tiiin 

3x2+2X3+^=16. 

Hence v.-A.. 

These values of x, y, and 7. may be verified by substitution 
>n the original equations. 

We have efiected the elimination in this case by method 
third, Art. Ill ; but either of the other methods might havc 
been employed. Hence, to solve three equations containing 
three unknown quantities, we have the following 

(115.) From lite three equations, deduce two conimning only 
imo unknown quantities ; then from these two deducr. one cov • 
taining only one unknown quantity. 
Ex. 15. Given x+ 1/+ 2=29 (1.) 1 

.r+2i/+3s=62 (2.) [ to find x, y, and s. 
lx+\y+{z^\Q (3.) ) 
Subtract equation (1.) from (2,), and we obtam 

j<+2^=83; (a.) 

clearing equation (0.) effractions, we have 

6a;+4v } 3s— 120. (4.) 
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Multiplying equation (1.) by 6, 

(ix-i-6i/+Gz=174. (5.) 

Subtracting (4.) from (5.), 2y+Sz=&4.. (p.) 

We have thus obtained two equations, (a.) and ((3,), contain- 
ing two unlmown quantities. 

Multiplying (a.) by 2, we have 2y+iz~&e. (6.) 

Subtracting {P.) from (S.), ^=13. 
Substituting this value of s in {&.), we obtain 

2(/+36=54. 
Whence y~9. 

Substituting these values of y and z in equation (1.), 

.i-+9+13=29. 
Whence x=S, 

These values may be verified as in former examples, 
Ex. 16. Given 2a;+4j/-83:=22 \ 

4x~-2i/+5z=l8 > to find x, y, and z. 

Ans. x=S, y=1, z=-i. 
Ex. 17. Given x-\-y=a ^ 

x+ z=b > to find X, y, and z. 
y+x=c) 
Ex. 18. Given 3;+i)/+is=32 ) 

\x+{y-'i-\z=\b \ to find a;, y, and «.- 
ia:+-^y-[-^2=I2 J 
(116.) If we had fotir equations involving four unknown 
quantities, we might, by the methods already explained, efim- 
inate one of the unknown quantities. We should thus obtain 
three equations between three unknown quantities, which might 
be solved according to Art. 114. So, also, if we had /i« 
equations involving five unkno\vn quantities, we might, by the 
same process, reduce them lo four equations involving /owr 
unknown quantities ; then to three, and so on. By following 
the same method, we might resolve a system of any number 
of equations of the first degree. Hence, if we have m equa- 
tions involving m unknown quantities, we proceed by the fol- 
lowing 

RULE. 

1. Combine successively any one of the equations with each 
of the others, so as to eliminate the same unknown quantity ; we 
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thus obtain m~l new equations containing m— 1 unknown 
quantities. 

2. Eliminate another unknown quantity hy combining any 
one of these new equations with ike others ; there will result 
m— 2 equations containing m— 2 unknovin quantities. 

3. Continue this series of operations until there results a 
single equation containing but one unknown quantity, from 
which the value of this unknown quantity is easily deduced. 
Then by going back, step by step, to one of the original equa- 
tions, the values of the other unknown quantities may be suc- 
cessively determined. 

Ex. 19. Given 73:~92+3m-=17^ 
4y~2x+ i=ll I 

6y— 3^— 2k= 8 > to find x, y, z, u, and I. 
4y-3u-\-2 t= 9 I 

Ans. x=2, y=A, z=2, u=3, t=l. 

Either of the unlmown quantities may be selected as tlie 
one to be first exterminated. It is, however, generally best to 
begin with that which has the smallest coefficients ; and if each 
of the unknown quantities is not contained in all the proposed 
equations, it is generally best to begin with that which is found 
in the least number of equations. 

Ex. 20. A person owes a certain sum to two creditors. A* 
one time he pays them $530, giving to one four elevenths of 
the sum which is due, and to the other $30 more than one 
sixth of his debt to him. At a second lime he pays them ^i20, 
giving to the first three sevenths of what remains due to him, 
and to the other one third of what remains due to him. What 
were the debts? 

Ex. 21. If A and B together can perform a piece of work 
in 12 days, A and C together in 15 days, and B and C in 20 
days, how many days will it take each person to perform the 
same work alone 1 

This Problem is readily solved by first finding in what time 
they could finish it if all worked together. 

Ex, 22. If A and B together can perform a piece of work 
in a days, A and C together in b days, and B and C in c days, 
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ac+hc- 


ah 


2ahc 




ab+bc- 


■ac 


2ahc 





WO SIMPLE EQUATIONa 

liow many days wiU it take ?ach person to pei'lbrm the same 
work alone ? 

days, 
days, 

ab+ac— 

(in.) Hitherto we have supposed the number of equations 
equal to the nuinber of symbols employed to denote the un- 
known quantities. This must be the case with every problem, 
in order that it may be detei-minate ; that is, that it may not 
admit of an indefinite number of solutions. 

Suppose, for example, that a problem involving two un- 
known quantities {x and y) leads to the single equation 

Now if we make y=^, then a:=4 ; 
y=9, then a;=5; 
y=3, then x=& \ 
y=4, then x=l, 
&c,, &c. ; 

and each of these systems of values, 1 and 4, 3 and 6, 3 and 6 
&c., substituted for x and y in the original equation, will sat- 
isfy it equally well. Hence the problem is indeterminate ; that 
is, admits of an indefinite number of solutions. 

(118,) If we had two equations involving three unknown 
quantities, we could, in the first place, eliminate one of the un- 
known quantities by means of the proposed equations, and 
thus obtain one equation containing two unknown quantities, 
which would be satisfied by an infinite number of systems of 
values. Therefore, in order that a problem may be determ- 
inate, its enunciation must contain as many different condi- 
tions as there are unknown quantities, and each of these con- 
ditions must be expressed by an independent equation. 

Equations are said to be independent when they express 
conditions essentially different ; and dependent when they ex- 
press the same conditions under different forms. 
Thus, x^y= 1) . , , , 

2. 4- —mi ^^'^ independent equations. 
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But X+ I/= 7 i . , , 

2x+2y=U i ^^'^ "'^^ mdependent, 
because the one may be deduced from the other. 

(119.) If, on the contrary, the number of independent equa- 
tions exceeds the number of unknown quantities, these equa 
tions will be contradictory. 

For example, let it be required to find two numbers such 
that their sum shall be 7, their difference 1, and their product 
J 00. 

From these conditions we dei-ive the following equations . 

x+?j= 7, 

x~y= 1, 

a^jf^lOO. 

From the first two equations we easily find 

a;=4, and y=3. 
Hence the third condition, which requires that their product 
Hhall be equal to 100, can not be fulfilled. 
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SECTION IX, 



DISCUSSION OF EttUATIONS OF THE 
FIRST DEGREE. INEaUALITIES. 

(120.) To discuss a problem or an equation is to determine 
the values which the unknown quantities assume forparticniar 
hypotheses made upon the values of the given quantities, and 
to interpret the peculiar results obtained. The term, there- 
fore, is not strictly applicable, except to problems which are 
stated in the most general form,hke some of those in Arls. 106 
and 107. If the sum of two numbers is represented by a and 
their difference by b, the gi-eater number will be expressed fay 

-+-, and the less by n~n- Here a and b may have any 

values whatever, and still these formnlffi will always hold true. 
It frequently happens that, by attributing different values to the 
letters which represent known quantities, the values of the un- 
Itnown quantities assume peculiar forms which deserve con- 
sideration. 

(121.) We may obtain five species of values for the untnown 
q lantity in a problem of the first degree. 
I. Positive values. 

II. Negative values, 

III. Values of the form of zero, or -r. 

A 

IV. Values of the form of--. 



!- these five cases in succession. 
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I. Positive values are generally answers to problems in the 
sense in which they are proposed. Nevertheless, all positive 
values will not always satisfy the enunciation of a problem. 
If, for example, a problem requires an answer in whoie num- 
bers, and we obtain a fractional value, the problem is impossi- 
ble. Thus, in Problem 17, page 71, it is implied that the value 
of X must be a whole number, although this condition is not 
expressed in the equations. It would be easy to change the 
data of the problem so as to obtain a fractional value of x, 
which would indicate an impossibility in the problem pro- 
posed. Probiem 43, page 76, is of the same kind ; also Ex. 
11, page 85. 

If the value obtained for the unknown quantity, even when 
positive, does not satisfy all the conditions of the problem, the 
problem is impossible in the form proposed. 

(122.) II. Negative values. 

Let it be proposed to find a number, which, added to the 
number b, gives for a sum the number a. 

Let X = the required number. 

Then, by the terms of the problem, 

x+b=a, whence x=a~-b. 

This formula will give the value of x for every case of the 
proposed problem. 

For example, let rt=7, and i=4. 

Then a:^7-4=3. 

Again, let. a=5, and 6=8. 

Then 3:=5-8=-3. 

We thus obtain for x a negative value. How is it to bo in- 
terpreted ? 

By referring to the problem, we see that it is proposed to 
find a number which, added to 8, shall make it equal to 5. 
Considered ai-ithmetically, the problem is plainly impossible. 
Nevertheless, if in the equation 8-|-3;=5, we substitute for +x 
its value —3, it becomes 

8-3=5, 
an identical equation ; that is, 8 diminished by 3 is equal to 5. 

The negative solution 3:=— 3, shows, therefore, the impossi- 
bility of satisfying the enunciation of the problem as above 
stated ; but, taking this value of a; with a contrary sign, we see 
that it satisfies the enunciation when modified aa follows : 
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To find a number which, subtracted from 8, gives a differ- 
ence of 5; an enunciation which differs from the former only 
in this, that we put subtract for add, and difference for sum. 

If wo wish to solve this new question directly, we shal! 
have 

Whence ,t=8— 5, or a;=3. 

(123.) For another example, take Problem 50, page 77 
The age of the father being represented by a, and that of the 

son by b; then - ■ _ ■ ■ will represent the number of years be- 
fore the age of the father will be n times that of th( son. 
Thus, suppose «=64, £=9, and n—'i. 

54-36 18 

Then x=' — - — =-^=6. 

That is, the father having lived 54 years and th< son 9, in 6 
years more the father will be 60 years old and (he son 16. 
But 60 is 4 times IS ; hence this value, x=G, satisfies the enun- 
ciation of the problem. 

Again, suppose a=i5, i— 15, and n=4. 

45-60 -15 
Then x= — —-=-—=-5. 

Here again we obtain a negative solution. How are we to 
interpret it 7 

By refen'ing to the problem, we see that the age of the son 
is ah^eady more than one fourth that of the father, so that the 
time required is already ^«si by five years. The value of x 
just obtained, taken with a contrary sign, satisfies the folJowing 
enunciation : 

A father is 45 years old, his son 15 ; how many years since 
the age of the father was four times that of his son 7 

The equation corresponding to this new enunciation is 
45— re 

Whence 60— 4a;=45— a,',- and x~5. 

(124.) Reasoning from analogy, we deduce the following 
general principles : 

1. Every negative value found for ike unknomn quantity i 
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j>i-obkm of the first degree, indicates an absurdity in the condi- 
tions of the problem, or at least in its algebraic statement. 

3. Tliis value, taken with a contrary sign, may be regarded 
as the answer to a problem, whose enunciation only differs from 
that of the proposed problem in this, that certain quantities 
which were added should have been subtracted, and recipro- 

(125.) In what case would the value of the unknown quan- 
tity in Prob, 30, page 72, be negative ? 

Ans. When ra>m. 
Thus, let m=20, n=26, and a=m miles. 

Then x^ ^ ^-12. 

30—35 —5 

To interpret this result, observe that it is impossible that tno 
second train, which moves the slowest, should overtake the 
first. At the time of starting, the distance between them was 
60 miles, and every subsequent hour the distance increases, 
If, however, we suppose the two trains to have been moving 
uniformly along an endless road, it la obvious that at some 
former time they must have been together. 

This negative solution then shows an absurdity in the con- 
ditions of the problem. The problem should have been stated 
thus: 

Two trains of cars, 60 miles apEirt, are moving in the same 
direction, the forward one 35 miles per hour, the other 20. 
How long since they were together ? 

To solve this problem, let x = the required number of hours 

Then 25a; = the distance traveled by the first train, 
203; = " " second train. 

And since they are now 60 miles apart, 
25.-c^20.^+60. 

Hence 55:;=60, 

and .r= +12. 

We thus obtain a positive value of a:. 

In order to include both of these cases in the same enuncia- 
tion, the question should have been asked. Required tlie time of 
their being together, leaving it uncertain whether the time was 
past O^ future. 

In what case would the value of one nf the unknown quan 
5* 
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titles in Problem 34, page 74, be negative 1 Why should it be 
negative ? and how could the enunciation be corrected for this 
case? 

In -what case would the value of one of the unknown qnaii- 
iities in Problem 4, page 67, be negative? 


(126.) III. raluesoftlieformofzero,orj. 

In what case would the value of the unknown quantity m 
Problem 20, page 73, become zero, and what wouJd this value 
signify? 

Ans. This value becomes zero when a=0, v.'hich signifies 
that the two trains are together at the outset. 

In what case would the value of the unknown quantity in 
Problem 50, page 77, become zero, and what would this value 
signify! 

Ans. When a=nh, which signifies that the age of the fa- 
tl-er is now n times that of the son. 

In what case would the values of the unknown quantities in 
Problem 38, page 75, become zero, and what would this sig- 
nify ? 

When a problem gives zero for the value of the unknovra 
quantity, this value is sometimes applicable to the problem, 
and sometimes it indicates an impossibility in the proposed 
question. 

(127.) IV. Values of the form nf^. 

In what case does the value of the unknown quantity m 
Problem 20, page 72, reduce to — ? and how shall we inter- 
pret this result? 

Ans. When m.=n. 

On referring lo the enunciation of the problem, we see that 
it is absolutely impossible to satisfy it ; that is, there can be 
no point of meeting, lor the two trains being separated by the 
distance a, and moving equally fast, will always continue at 

the same distance from each other. The result - may then 

be regarded as indicating an impossibility. 
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The symbol — is sometimes employed to represent iitfmity ; 

iirtd ibr the following reason ; 

When the difference m—n, without being absolutely nothing, 

is ueri/ small, the quotient —;^ is very large. 

For example, let m-«=0.01. 

Then x=-^=-^= 1 00a. 

Let m-K= 0.0001, 

Hence if the difteienee in the lati.'. i t motion i-i not zerOf 
the two tiams must meet, ind the time will become gieiter 
ind gieitei as this diffeience is dimm shed If then, tie sup- 
yo!fi thib diffeience le'is ikan any ntsxiinallp quantity, the time 

/epreienled li/ mill be gri.atei than any assignable quan- 
tity, or infinite. 

Hence we infer, that every expression of the form -— , found 

for the unknown quantity, mdicates the impossibility of satis- 
fying the problem, at least \a finite numbers. 

In what case would the value of the unknown quantity m 

Problem 10, page 70, reduce to the form —? and how shall 

we interpret this result 1 

(128.) V. Values of the form of -, 

In what case does the value of the unknown quantity in 

Problem 20, page 73, reduce to - i and how shall we interpret 

tliis result? 

Ans. When a=0, and m=n. 
To interpret this result, lot us recur to the enunciation, and 
observe that, since a is zero, both trains start from the same 
point ; and since they both travel at the same rate, tkey wih 
always remain together, and therefore the required point of 
meeting will be any where in the road traveled over, Th 
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ilS OF ZERO AND INPIN1TS-. 

problem, then, is entirely indeterminate, or a{lmits of an infinite 

number of solutions, and the expression - may represent any 

finite quantity. 

We infer, therefore, that an expression of the form - found 

for the unknown quantity, generally indicates that it may liave 
any value whatever. In some cases, however, this value is 
subject to limitations. 

la what case would the values of the unlinown quantities m 

Problem 44, page 76, reduce to - ? and how would they satisfy 

the conditions of the problem? 

Ans. When a— &— c, 

which indicates that the coins are all of the same value. B 

might therefore be paid in either kind of coin ; but there is a 

limitation, viz., that the value of the coins must be one dollar. 

In what case do the values of the unknown quantities in 

Problem 38, page 75, reduce to - ? and how shall we interpret 
this result ? 

OF ZERO AND INFINITY. 

-(129.) From Art. 127, it is seen that in Algebra we some- 
times have occasion to consider infinite quantities. It is nec- 
essary, therefore, to establish some general principles respect- 
ing them. 

An infinite quantity is one which exceeds any assignable limit. 
It is oftea expressed by the character m . Thus, a line pro- 
duced beyond any assignable limit is said to be of infinite 
length. A surface indefinitely extended, and also a solid of 
indefinite extent in any one of its three dimensions, are ex- 
amples of infinity. 

An infinite quantity does not mean an infinite numher of 
terms. Thus, the fraction ^ reduced to a decimal, is .333 33 3, 
&c., without end, but the value of this series is less than 
unity. 

Infinite quantities are not all equal among themselves. 
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Thus the series 1 + 1 + 1 + 1 + 1+, &c., 

2+2+2+2+3+, &c., 

3+3+3+3+3+, &c., 

continued to an infinite number of terms, will each be infinite, 

although the second aeries will be double, and the third treble 

the first. 

So, also, a line may be infinitely extended both ways ; or it 
may be infinitely extended in one direction, and limited in the 
other. In either case, the fine is said to be infinite. 

A quantity less than any assignable quantity is called an in- 
ifinitesimal, and is sometimes represented by 0. 

Thus, take the aeries of fractions j\, j^-^, y^V^' r-oifs< &^c. 
By increasing the denominator, we diminish the value of the 
fraction ; and if the denominator be made infinitely great, the 
quotient will he infinitely small. 

(130.) We have seen, in Art. 127, that ;;=od , where a may 

represent any finite quantity. That is. 
If a finite quantity be divided by zero, the quotient is infinite 

From the same equation we deduce — =0. That is. 

If a finite quantity be divided by infinity, the quotient is zero 
From the same equation we deduce o;=OXaD. That is, 
If zero be multiplied by infinity, the product is a finite quan- 
tity. 

If a finite quantity be multiplied by a proper fraction, it will 
be diminished, and the smaller the multiplier, the less the prod- 
uct. Hence, if the multiplier be infinitely small, the product 
will be infinitely small, or aXO^O. That is, 

If a finite quantity be multiplied by zero, the product wll '"■ 

Prom this equation we deduce «=7; ! that is. 

If zero be divided hy zero, the quotient may be any finite 
quantity. 

The greater the multiplier, the greater will be the product. 
Hence, if a finite quantity he muUiplied hy infinity, the produd 
vnll be infinite ; that is, 



aXte =0 
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From this equation we deduce a = — ; that is, 

if infinity be divided by infinity, the quotient may he any 
finite quantity. 

An infinite quantity can not be increased by tlie addition of 
a finite quantity, or diminished by its subtraction ; tliat is, 

0D±a = S3. 

So, also, a finite quantity is not altered by the iiddilion or 
Bubtraclion of zero ; that is, a±0-=«. 



OF INEaUALITIES, 

(131.) In discussing algebraical problems, as shown in Arts. 
120-138, it is frequently necessary to employ inequalities, or 
expressions of two quantities which are not equal to each oih 
er. Generally, the principles already established for the trans 
formation of equations are applicable to inequalities also. 
There are, however, some important exceptions to be noted, 
arising chiefly from the use of negative expressions as quan- 
tities. 

Two inequalities are said to subsist in the same sunse when 
the greater quantity stands at the left in both, or at the right 
in both ; and in a contrary sense when the greater quaiilitv 
stands at tlie right in one, and at the left in the other. 

Thus, 9>7and7>G. 

As also 5<8 and 3<4, 

are inequalities which subsist in the same sense; but the lUt: 
qualities 

10>0 and 3<7, 
subsist in a contrary sense. 

(132.) I. Jf we add the same quantity to both members of an 
inequality, or subtract tlie same quantity front both members, tke 
resulting inequality will always subsist in the same sense. 

Thus, 8>3. 

Adding 5 to each member, ■ 

8+5>3+5; 

end subtracting 5 from each member, 

8-5>3-5. 

*-gaip, lake the inequality — 3<— S. 
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or iN-EauALiTiRs. H)I 

Adding C to each member, we have 

~3+6<-2+0, or 3<4; 
and subtracting fi from each member, 

-3-6<-2— 6, or -9<-8. 
The student must here bear in mind what was stated in Art, 
47, of two negative quantities, that is the least whose numer- 
ical value is the greatest. 

This principle enables us to transpose any term from one 
member of an inequality to the other by changing its sign 
Thus, a'+b'>3b'-2a\ 

Adding 2a" to each member of the inequality, it becomes 

a'+b^+2a'>Sh\ 
Subtracting b' from each member, 

d'+2a'>3b'-b', 
or 3a'>26". 

(133.) II. If we odd together the corresponding members of 
two or more inequalities which subsist in the same sense, the re- 
sulting inequality will ahoays subsist in the same sense. 

Thus, 5>4 

4>3 

7>3 

Adding, we obtain I6>9. 

III. But if we subtract the corresponding members of two or 
more inequalities which subsist in the same sense, the resulting 
inequality will not always subsist in the same sense. 

Take the inequalities 4<;7 

2<3 
Subtracting, wo have 4— 2<7— 3, or 2<4, 
where the resulting inequality subsists in the same sense. 

But take 9<10 

and 6< 8. 

Subtracting, the result is 9-6> (not <) 10-8, or 3>2, 
where the resulting inequality subsists in the contrary sense. 

We should therefore avoid as much as possible the use of 
this transfoi-mation, or when wc employ it, determine in what 
sense the resulting inequality subsists. 

(134.) IV. If we multiply or divide the two members of an in- 
equality by a positive number, the resulting inequality will fuh* 
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(IS 


or iNBeUALITlKfl. 


Tlios, if 


«< i. 


Then 


ma<m&. 


And 


i4 


Also, if 


-a>-b. 


Tlion 


-na>--nh. 



This principle will enable us to clear an inequality of frac- 
tions. Thus, suppose we have 

2d ^ S« ■ 

iVIultiplying both members by Qad, it becomes 
3a{a'-b'')'>2d{c'-d^. 

Y. If we multiply or divide the two members of an inequality 
by a negative number, the resulting inequality will subsist in a 
contrary sense. 

Take, for example, 8>7. 

Multiplying both members by —3, we have the opposite in- 
equality, 

-24<-21. 

So, also, 15>12, 

Dividing each member by —3, we have 
~5<-4. 

Therefore, if we multiply or divide the two members of an 
inequality by an algebraic quantity, it is necessary to ascer- 
tain whether the multiplier or divisor is negative, for in this 
case the inequality subsists in a contrary sense. 

VI. If we change the signs of both members of an inequality, 
we must reverse the sense of the inequality, for this transforma- 
tion is evidently the same as multiplying both members by 
— 1. 

(135.) VII. If both members of an. inequality are positive 
numbers, we can raise them to any power without changing the 
sense of the inequality. 

Thus, 5>3, 

soi';En, 5°>3'. or25>9. 
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And if a>b, 

llien -will a''>i". 

VIII. If both members of an inequalitij are not positive num- 
bers, and they be raised to any power, the resulting inequality 
will not always subsist in the same sense. 

Thus, -2<+3, 

gives (— 2)'<3', or 4<9, 

where the resulting inequality subsists in the same sense. 

But -3>-5, 

gives (— 3)'<(— 5)', or 9<2.5, 

whore the resulting inequaUty subsists in a contrary sense. 

IX. In extracting the root of both members of an inequali- 
ty, it is sometimes necessary to reverse the sense of the ine- 
quality. 

Thus, from 9<25, 

by extracting the square root, we obtain 
either 3<5, 

Jr -3>-5. 

EXAMPLES. 

J. Given 7.7:— 3<25, to find the limit of .r. 

Ans. o:<^4. 

2. Given 2.7;+-~S<G, to find the hmit of .r. 

Ans. x<C>. 

7>9, to find the limit of ,c. 



4. Given— +ca;- 






, _, , y, to find the limits of a;. 

ex+ ^g >be j 

.^. A man being asked how many dollars he gave for his 
watch, replied. If you muUipIy the price by 4, and to the 
product add 60, the sum will exceed 256 ; but if you multiply 
the price by 3, and from the product subtract 40, the re- 
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mainder will be less than 113. Required tlie price oC the 
watch. 

6. What nrnnber is that whose half and third part added 
together are less than 105, hat its half diminished by its fifth 
part is greater than 33 ? 

7. The double of a number diminished by 6 is greater than 
24, and triple the number diminished by 6 Is less than double 
the number increased by 10. Required the number. 
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INVOLUTION AND POWERS. 

1,130.) According to Art. 20, the products formed hy the suc- 
fcssioe multiplication of the same number hy itself are called the 
powers of that number. 

Thus, the first power of 3 is 3. 

The second power of 3 is 9, or 3x3. 

The fourth power of 3 is 81, or 3X3x3x3, 
&c., &c., &c. 

According to Art. 31, the exponent is a number or letter writ- 
ten a little above a quantity to the right, and denotes the number 
of tiines that quantity enters as a factor into a product. 

Thus, the first power of a is a', where the exponent is 1, 
which, however, is commonly omitted. 

The second power of a is aXa, or a°,where the exponent 2 
denotes that a is taken twice as a factor to produce the pow- 

The third power of a is aXaXa, or a", wliere ihe exponent 
3 denotes that a is talten three times as a factor to produce 
the power aaa. 

The fourth power of a is aXaXaXa, or a\ 

Also, the nth. power of a is aXaXaXa . . . repeated 
as a factor n times, and is written a". 

Exponents may be applied to polynomials as well as to mo- 
nomials. 

Thus {a+b-{-cy is the same as 

ia+b+c)x(a + b+c)x{a'\-h+c), 
or the third power of the entire expression a+b + c. 

(137.) According to the rule for the multipHcation of mono- 
mials. Arts. 49 and 50. 
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106 INVOLUTION AND rowF.Ks. 

(Saby^Sab'' x 3ab''=9a''b\ 
So, also, I4a''bcy=4a^bc'x4a^bc'—16a'b'c''. 
Hence it appears that, in order to square a monomial, we must 

square its coefficient, and multiply the exponent of each of the 

letters by 2. 

EXAMPLES. 

1. Required the square o{laxy. 

Ans. ■ma'x'y", 

2. Required the square of ila'bcd', 
S. Keqiiired the square ofl2a''xy. 

4. Required the square of 15ab^cx'. 

5. Requii-ed the square of ISx'yz'. 

According to Art. 33, + multiplied by +, and — multiplied by 
— , give +. Now the square of any quantity being the product 
of that quantity by itself, it necessarily foilows that whatever 
may be the sign of a monomial, its square must be affected with 
the sign +■ 

Thus the square of +30:3; or of — 3«3: is +9«V. 

(138.) The method of involving a quantity to any power, is 
easily derived from the preceding principles. 

Let it be required to form the fiHh power of 2a'b'. 

According to the rules for multiplication, 

(2a'by=2a'b''X2a'b'X2a'b'X2a''b''x2a'b'' 
=32a"b'°. 

"Where we perceive 

1. That the coefficient has been raised to the fifth power. 

2. That the exponent of each of the letters has been mnlti- 
plied by 5. 

In like manner, 

{^a'b'c) ' = 3d'6V X 3a'6'c X Sa'b'c 
=S'a'+'+'b'+'+V+'+' 
=:2'7a°b'c\ 
Hence, to raise a monomial to any power, we have the fol- 
lowing 

KULE. 

Raise the numerical coefficient to the given power, and multi- 
ply the exponent of each of the letters by the exponent of thn 
poujer required. 
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EXAMPLES. 

the fourth power of 4a6V, 

Ans 


. 256«'i' 



, Re(iulre( 



2. Required the fifth power of Sax^y". 

3. Required the third power of Gsi/V. 

4. Required the sixth power of 2ad'y^v, 

5. Required the seventh power of 2a''bc'. 

6. Required the sixth power of &w'xy'z*. 

(139.) Let us liow consider the sign with which the power 
should be affected. 

We have seen, Art. 137, that whatever may be the sign of a 
monomial, its square is always positive. It is obvious, from the 
same considerations, that the product of an even number of 
negative factors is positive, but the product of an odd number 
of negative factors is negative. 

Thus, -aX -«=+«' 

~-aX-aX-a==—a' 

-aX-aX—aX—a^+a,-' 

&C,, &.C., &LC. 

The product of several factors which 
variably positive. Hence, 

Every eveh power is positive, but an c 
sign as its root. 

EXAMPLES. 

1. Required the square of —2x\ 



B all positive, is in 
D power has the same 



2. Required the squareof — 3a!", 

3. Required the cube of — 3«'. 

4. Required the fourth power of —Za'Vh. 

5. Required the fifth power of —2a'X Bx'y, 
(140.) A fraction is involved by involving both the 

and denominator. 



]. Thus, the square of r is yXj i which, by Art. 89, ia 
equal to w, which, by Art. 09, may be written a'b'-'. 
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2. Required the cube of — 



3. Required the wth power of — ;;. 

(141.) Hence, expressions with negative exponents are in- 
volved by the same rule as those with positive exponents. 
Thus, let it be required to find the square of a—". 

This expression may be written — , which, raised fo the 

second power, becomes -j or a~°, the same result as would he 

obtained by multiplying the exponent —3 by 3. 
Ex, I. Required the square of Sa^Zr-'. 
Ex. 9. Required the square o( '7a-'l/<r-'dx~^. 
Ex. 3. Required the cube oi —Qab~-'dy~'. 
Ex. 4. Required the fourth power of 3a-~"b. 
Ex. 5. Required the fifth power of — 2n?r-V. 
(142.) A polynomial is involved hy multiplying it into itself 
as many times less one as is denoted by the exponent of the 
power. 

fJx. 1. Required the fourth power of a+b. 
a+h 
a+b 
a'+ab 
+ah+b' 
(a+by=a'+2ab+b'', the second power o{ a+b. 
a+b 



a'+Za'h+ab' 

+ a'J)+2ab''+b' 
{a+by^^a'+Sa'b+Sal/'+h', the third power. 

a+b ^__ 

a'+Sa^b+3a''b''+ ab'' 

+ a'b+Sa'b'+Sab'+b^ 



(a+by=a'+ia'i>+&aV+4:ab'+b', the fourth power. 
Ex. 2. Required the fourth power of a—b. 

Ans. a*—4a'b+6a'b''—'iab'+b\ 
Ex. 3. Required the cube of 2a- 1. 
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Ex. 4. Required the fourth power of 3tz— A, 

J'Jx. 5, Required the square of a +b+c. 

HeiK^e it appears that the square of a trinomial is composed 
of the sum of the squares of all the terms, together with twice the 
sum of the products of all lite terms multiplied together two and 

Ex. 6. Required the cuheo?2ab+cd. 

Ex. 7. Required ihe fourth power of «'+&'. 

Ex. S. Required the cube of «+-. 

Ex. 9. Required the cube of .r+-. 

Ex. 10. Required the square of a+b+c+d+e. 

From this example we infer that Ihe square of any polynomial 
is composed of the sum of the squares of all the terms, together 
with twice the sum of the products of all the tei-ms multiplied to- 
gether two and two, and this proposition may be rigorously 
demwnstrated. 

It is obvious that this rule for a polynomial includes the pre- 
r(;d!ng ruie for a trinomial, and that in Art. 60 for a binrmial. 

Ex. 11. Required the fourth power of 2a!— 3j/. 

Ans. 16a;'— 9&c'i/+216a:y— ai6a:!/H81)/'. 

Ex. 12. Required the square of a+m~n. 

Ans. d'+2am—2an+m''~2mn+n'. 

Ex. 13. Required the cube of a+b—x. 

Ans. a'+b''-x'+^ab''+Sax''+Sa'h—Sa^x-\-'3hx''—^b\K—Qahx. 

,. .. n ■ J , , .2a+3b 
JLx. 14. Required the cube or . 







m'—Sm'n+Smn'—n' 


Ex. 


. 15. Requ 


lired He square of ""~''!'. 

a'x'—2abxy+V'y' 

Ans. , ,, -■ , • , ,■—. 

ay'—2abxy+bx 






Ex. 


. 16. Requ 


ired the cube of- r^. 

a°--aa'b+3d'b'-b' 
^"'^ a^-3aV+3ab'-b' 
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SECTION XL 



ETOLUTION AND KADICAL QUANTITIES. 

(143.) The square root of a quantity is a factor which, multi- 
plied by itself once, will produce that quantity. 

Thus, the square root of a" is a, because a when multiplied 
by itself produces a". 

The square root of 144 is 12 for the same reason. 
According to Art. 32, the square root is indicated by the 
■sign V . ^ 

Thus, ^a'= a, 

und \/l44a'=13a. 

(144.) According to Art. 137, in order to square a monomial, 
v/e must square its coefficient, and multiply the exponent of 
each of its letters by 2. Therefore, in order to derive the 
square root of a monomial from its square, we must 
I. Extract the square root of its coefficient. 
11. Divide each of the exponents by 2. 
Thus we shall have 

V64^=8a'b'. 
This is manifestly the true result, for 

(8a^hy= 8aW X ea'b''=64:a''h\ 
So, also, _^___ 

V&2oa'b"c°=25ab'c'. 
For, (25ab'cy=2,5ab'c^X2&ah'c\ 

=625a'6V. 
1. Required the square root of 196«'iV(/'. 
3. Required the square root of 225a"°b'°x^. 
(145.) According to Art. 140, a fraction is involved by in- 
volving both the numerator and denominators hence it is ob- 
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vious tliat the square root of a fraction is equal to the root of 
the numei-aior divided hy the root of the denominator. 

Thus the square root of tj is -. 



2. Find the square root <i^ \„ -- ,~ r-,. 
^ IGcd 

(146.) It appears, from Art. 144, that a monomial can not 
be a perfect square unless its coefficient be a square number, and 
the exponents of its letters all even numbers. 

Thus, lay is not a perfect square, for 7 is not a square num- 
ber, and the esponent of a is not an even number. Its square 
root may be indicated by the usual sign, thus, •JlaV. Ex- 
pressions of this nature are called surds, or radicals of the sec- 
ond degree. 

(147.) We have seen, Art. 137, that whatever may be the 
sign of a monomial, its square must be affected with the sign 
+. Hence we conclude that 

If a monomial be positive, its square root may he either posi' 
live or negative. 

Thus, V9a'=-}-3a\ or -3a", 

for either of these quantities, when multiplied by itself, pro- 
duces 9«*, We therefore always affect the square root of a 
quantity with the double sign ±, which is read plus or minus. 

Thus, Vl^'=^2a' 

(148.) If a monomial be affected with a negative sign, the 
extraction of its square root is impossible, since we have just 
seen that the square of every quantity, whether positive or 
negative, is necessarily positive. 

Thus, V^, V^, -J^^a, 

are algebraic symbols representing operations which it \s im- 
possible to execute. (Quantities of this nature are called irti' 
aginary or impossible quantities, and are symbols of absurdity 
which we frequeK'fy meet with in resolving quadratic equa 
tjons. 
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Such quantities may bo represented by the I'orra 
V ~a, which equals 
VaX~l= v'aV'^. 
So that -^a V ~ 1 is a general form for all imaglnai-y quan- 
tities of the second degree. Thus, 

V"^ =-/4 X-l= 3 V^, 

V3^= V5aX-l= V6«-/^. 

That is, the square root of a negative quantity may always he 
represented by the square root of a positive quantity multiplied 
hy the square root of —1. 

(149.) According to Art. 138, in order to raise a monomial 
to any power, we raise the numerical coefficient to the given 
power, and multiply the exponent of each of the letters by the 
exponent of the power required. Hence, reciprocally, to ex- 
tract any root of a monomial, we obtain the following 



I. Extract the root of the numerical coe^cient. 

II. Divide the exponent of each letter hy the index of the re- 

quired root. 

Thus, ^Ma'b' =4a'l.. 

i/lGb"c"=2b'c*. 

From Art. 145, it is obvious that to extract any root of i 

fraction, we must divide the root of the numerator by the n ..( 

of the denominator, 

_,, , , -27rt°6°. 3a'b 

Thus the cube root ol ■ — -— - is ;; 

8xy 2xjf 

which may be written ~a''bx~'y~'. 

(1.10.) Let us now consider the sign with which the root 
should be affected. We have seen. Art. 139, that every even 
power is positive, but an odd power has the same sign as its 
root. 

Thus — a, when raised to different powers in succession 
will give 
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and +a, in like manner, will give 

+a, +a', +a°, +«', +«', +«', +a', &c. 

Since every even number may be expressed by 37t, every eveu 
power may be considered as Ihe square of the Mth power, or 
«'"=(«")', and must, therefore, be positive; and, in like manner, 
since an odd number may be expressed by 3n+l, every power 
of an uneven degree may be considered as the product of the 
2nth power by the original quantity, and must, therefore, have 
the same sign with the monomial. 

Hence it appears, 

I. An odd root of any quantity must have ihe same sign as t/te 
quantity itself- 

Thus, i/+8^=+2a. 

V-~8a'==-2a. 



II. An even root of a positive quantity is ambiguous. 
Thus, VSla'b"=±Bab\ 

III, An even root of a negative quantity is impossible. 

For no quantity can be found which, when raised to an even 
power, can give a negative result. 

Thus, V—a, V—b, are symbols of operations which can 
not be performed, and they are therefore called impossible or 
imaginary quantities, as V—a, in Art. HS. 

EXAMri.ES. 

1. Find the fourth root of 81a'. 

Ans. ±3a' 

2. Find the fifth root of — 243a"fiV-". 

3. Find the cube root of ~125a'a^y. 

4. Find the square root of — -— . 

5. Find the fifth root o(?^^^. 

(151.) According to the rule of Art. 149, we perceive that, 
in order that a monomial may be a perfect power of any degree, 
its coefficient must be a perfect power of that degree, and the 
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exponent of each letter must be divisible by the index of the 
root. 

When the quantity whose root is required is not a perfect 
power of the given degree, we can only indicate the operation 
to be performed. Thus, if it be required to extract the cube 
root of ia'b", the operation may be indicated by writing the 
expression thus, 

Expressions of this nature are called surds, or irrational 
quantities, or radicals of the second, third, or nth degree, ac- 
cording to the index of the root required, 

(152.) The method of extrantiog the roots of polynomials 
will be considered in Section XVII. There ia, however, one 
(lass so simple and of so frequent occurrence that it may prop- 
erly be introduced here. In Arts. 60 and 61 we have seen that 
the square of a-\-b is a'-i-2ab-i-h', 

and the square of a—b is a'— 2a&+6°. 

Therefore, the square root oi a'±2ab+h' is a^b. 

Hence a trinomial is a perfect square when two of its terms 
are squares, and the third is the double product of the roots of 
these squares. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; and 
the root may be found by extracting the roots of the two terms 
which are complete squares, and connecting them by the sign of 
the other term. 

Ex, 1. Find the square root oi a^-{-4ab+4b''. 

The two terms, a' and 4b^ are complete squares, and the 
third term 4ab is twice the product of the roots a and 2b ; 
hence a-\-2h is the root required. 

Ex, 2. Find the square root of 9a''— 24a6+]0o% 

Ex. 3. Find the square root of 9a'— SOti'fe+SSa"?''. 

Ex. 4. Find the square root of Ad^-\-l4al}+9b'. 

(153.) No binomial can he a perfect square. Fortiie square 
of a monomial is a monomial ; and the square of a binomial 
consists of three distinct terms, which do not admit of being 
reduced with each other. 

Thus such an expression as 
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Is not a square ; it wants the term ±2a& to render it the square 
of a±b. This remark should be continually borne in mind 
as beginners often put the square root of «'+&' equal to a+b. 



IRRATIONAL QUANTITIES, OR SURDS. 

(154.) A rational quantity is one which can be expressed m 
finite terms, and without any radical sign ; as a, 5a', &g. 

Irrational quantities, or surds, are quantities affected with a 
radical sign, and which have no exact root, or a root which can 
he exactly expressed in numbers. 

Thus, ^3 is a surd, because the square root of 3 can not be 
expressed in numbers with perfect exactness. 

In decimals it is 1.7S20508 nearly. 

(155.) We have seen. Art. 144, that in order to extract the 
square root of a monomial, we must divide each of its expo- 
nents by 2. 

Thus the square root of a' is a' or a; that of a* is a' ; that 
of a' is «', and so on ; and as this principle is general, the square 

root of a' must necessarily be a^, and that of a" must be a^ ; 

and, in the same manner, we shall have a^ for the square root 
of «'. Whence we see that 

a^ is equal to ^a, 

a' is the same as Va', 

a^ is equivalent to Va", 
&c., &c. 

We have also seen. Art. 149, that in order to extract any 
root of a monomial, we must divide the exponent of each letter 
by the index of the required root. 

Thus, the cuhe root of a' is a', or a; the cube root of a' ia 
a'; the cube root of a' is a', and so on. So, also, the cube 
root of a' is a^ ; the cube root of a' is a" ; the cube root of a, 
or a', is a^. Whence it appears that 

a' is the same as ^a. 



a^ is equivalent to Va\ 
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a* is equivalent to Va", 
die, &c. 

lii the same manner, the fourth root of a is a^. which expres- 
sion has therefore the same value as Va ; the fifth root of a 
will he a , Vfhich is, consequently, equivalent to V«, and the 
same principle may he extended to all roots of a higher de- 
gree. 

{153.) Other fractional exponents are to be understood in 

the same way. Thus, if we have a}, this means that we must 
first take the fifth power of a, and then extract its fourth root ; 
so that a^ Is the same as V?. 

So, also, to find the value of a", we must first take the mth 
power of a, which is a", and then extract the wth root of that 

power : so that tV' is the same as Va". 

Hence the numerator of a fractional exponent denotes the 
power, and the denominator the root to be extracted. 

Again, let it be required to extract the cube root of—. 

In the first place, -j—a— '. Now, to extract the cube root 

of «—", we must divide its exponent by 3, which gives us 



But the cube root of— may also be represented by — j. 



Hence ' is equivalent to a *. 
So, also, ~l is equivalent to a ^ 

L -'- 

"T is equivalent to a ". 



^ is equivalent to a ". 
a" 
Thus we see that the principle of Art. 69, that a factor ma> 
be transferred from the numerator to the denominator of a. 
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Iraetion, or from the denominator to the mimerator by chaiig 
ing the sign of its exponent, is applicable also to fractional ex- 
ponents. 

We may therefore entirely reject the radical signs hitherto 
made use of, and employ, in their stead, the fractional expo- 
nents which we have just explained ; and, indeed, many of the 
difficulties in the reduction of radical quantities disappear when 
fractional exponents are substituted for the radical signs. 



PROBLEM I. 

To reduce surds to their most simple forms. 

(157.) Surds may frequently be simplified by the application 
of the following principle : the square root of the product of two 
or more factors is equal to tJte product of the square roots of 
those factors. 

Or, in algebraic language, 

Vab=^aXVlf- 

For each member of this equation squared will give the 
same quantity. 

Thus, the square of Vab is ab. 

And the square of ./aX ■/& is (-/ayx {'^by=ab. 

Hence, since the squares of the quantities Vab and ^aX y/h 
are equal, liie quantities themselves must be equal. 

Let it be required to reduce ■/4a to its most simple form. 

This expression may be put under the form v/4X y/a. 

But y/i is equal to 2. 

Hence, V4a=v/4X v'«^2v'«=3«^- 
2 -Ja is considered a simpler form than -Jia, for reasons whicn 
will be better understood hereafter. 

Again, reduce v'48 to its most simple form. 

^48 is equal to Vl6x3= \/16X v'3=4v3. 

Therefore, in order to simplify a monoiiial radical of the 
second degree, separate it into two factors, one of wMcli is a 
perfect square; extract its root; and prefix it to the other factor ■ 
with thu radical sign between them. 

In the expressions 2^a and 4v'3, the quantities 2 and 4 are 
called the coefficients of the radical. 
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1. Reduce 2^32 to its most simple form. 

Arts. 8v'2 

2. Reduce Vl25a' to its most simple form. 

Ann. 5(1 \/5«. 

3. Reduce VHSab^ to its most simple form. 

A.ns. ■^l>'V2a. 

4. Reduce V'Zdiab' to its most simple form. 

5. Reduce tVSOabc' to its most simple form. 

6. Reduce VflSaV?/' to its most simple form. 

7. Reduce V iba'b'c'd to its most simple form, 

8. Reduce VSGiaWc" to its most simple form. 

(158.) Surds of any degree may be simplified by the appli- 
cation of the following principle, which is merely an extension 
of that already proved in the preceding Article, 

The nth root of the product of any number of factors is equal 
to the product of the nth roots of those factors. 

Or, in algebraic language, 

'Vab^'VaxVb. 
For, raise each of these expressions to the nth power, and we 
shall obtain the same result. 

Thus, the nth power of Vab is ab. 

And the itth power of VaX Vh is ( V«)"X {Vhy—ab. 

Hence, since the same powers of the quantities Vah nnd 
V«X Vi are equal, the quantities themselves must be equal. 

Let it be required to reduce VS«° to its most simple form. 

This is equivalent to V8X v'rt% which is equal to 3 Vn". 

Again, take the expression 

V48i7. 

This is equivalent to VTSa'X V~^, which is equal to 2a VSa. 

Hence, to simplify a monomial radical of any degree, we 
have the following 



Separate the quantity into two facljirs, one of which is an e.r 
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acl power of the same name with the root ; extract its root ; and 
prefix it to ike other factor with the radical sign between them. 

In the expressions 2 V«' and 2a V3a, the quantities 2 and 3a 
placed before the radical sign are called the coefficients of the 
radical. 



I. Reduce V^iia'V to its most simple form. 

Ans. 2ah'V'3a'. 

9. Reduce V54«*/iV to its most simple form. ____ 

Ans. 3abV2ac'. 

3. Reduce VW^F^' to ifs most simple form. 

Ans.2ah^cVSac\ 



4. Reduce Vl92a'bc'^ to its most simple form. 

5. Reduce v'192a'iV to its most simple form. 

6. Reduce 9V81fi^ to its most simple form. 

(169.) There is another principle which can frequently be 
employed to advantage in simplifying radicals. 

The square of the cube of a is equal to the sixth power of a. 

For the square of the cube of a is a^Xa% 
which equals a^'—a'. 

So, also, the fourth power of the cube of a is equal to the 
twelfth power of a. 

For (a=}'=a'Xa°Xa'Xa' 



And, in general, the mth power of the nth power of any 
quantity is equal to the winth power of that quantity. 
That is («")"=«■"". 
Hence, conversely, 

The mnlh root of any quantity is equal to the »ith root of (he 
7ilh root of that quantity. 

Thus, the fourth root = the square root of the square root ; 
" the sixth root = the square root of the cube roof, or 

the cube root of the square root ; 
" the eighth root = the square root of the fourth root, or 

the fourth root of the square root ; 
" the ninth root ~ the cube root of the cube root. 
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Hence, when the index of a root is the product of two or more 
factors, we may obtain the root required by extracting in suc- 
cession the roots denoted by those factors. 

Ex. I. Let It be required to extract the sixth root of 64. 
The sixth root is equal to the cube root of the square root. 
The square root of 64 is 8, 
and the cube root of S is 2. 
Hence the sixlh root of 64 is 2. 

Ex. 2. Let it be required to extract the eighth rootof 25(>. 
The eighth root is equal to the fourth root of the square roof ; 
or to the square root of the square root of the square roof. 

The square root of 256 is 16, 
and the fourth root of 16 is 2. 

Hence the eighth root of 256 is 2. 

When one of the roots can be extracted, and the other can 
not. a radical may be simplified by extracting one of the roots. 
Thus, the fourth root of 9 is equal to the square root of the 
square root of 9 ; that is, the square root of 3. 
Or, algebraically, V9=V3. 

Ex. 3. Reduce V'ia- to its most simple form. 

Ans. V2a. 
Ex. 4. Reduce VSGa'S" to its most simple form. 
Ex. 5, Reduce "^a" to Its most simple form. 
Ex. 6, Reduce V25a'?>V to its most simple form. 

PROBLEM 11. 

(160.) To reduce a rational quantity to the form of a surd. 
The square root of the square of a is obviously a ; that is, 

a= Vd^=J. 
So, also, the cube root of the cube of a is a; 

that is, a=Va'=a'^. 

Hence, to reduce a rational quantity to the form of a surd, 
we have the following 

RULE. 

Raise the quantity to a power of the same name with the given 
root, and then apply the corresponding radical sign. 
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1. Reduce 3 to the ibim of the square root. 

Here 3X3=3'=9; whence 3=v^9. Ans. 
a. Reduce «.t to the form of the square root. 

Ans. VmV, or («V)^. 

3. Reduce 2x' to the form of the cube root. 

Ans. ^/Sx". 

4. Reduce 5+b to the form of the square root. 

5. Reduce —3x to the form of the cube root. 

6. Reduce ~^x^ to the form of the fourth root. 

7. Reduce a'6' to the form of the square root. 

8. Reduce a" to the form of the nth root. 

It will be observed, that this Problem is nearly the reverse of 
the preceding, and, consequently, brings quantities into a less 
simple form ; nevertheless, this form is sometimes better suited 
*o subsequent operations, as will he seen hereafter. 

PROBLEM in. 

(161.) To reduct surds which have dijferent indices to others 
of the same value having a common index. 

Ex. 1. Reduce a^ and a^ to surds having the same radical 
sign. 

From the preceding Article, it is obvious that the square 
root of a is equal to the sixth root of the cube of a ; 
that is, a'—a^^ Va'. 

So, also, a^=a°= Va'. 

Thus, the quantities a^ and «' are reduced to Va' and Vii\ 
which are of the same value, and have the common index G. 

Er. 1. Reduce 3^ and 2^^ to a common index. 

3*^3'=(3')^=27\ 

Hence V27 and ^4 are the quantities required. 
Whence we derive the following; 
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Reduce the fractional exponents to u common denominator ; 
raise each quantity to the power denoted by the numerator of its 
reduced exponent ; and take the root denoted hy the common de- 
nominator. 

Ex. 3. Reduce 2' and ^ to a common index. 

Ans. V4 and V8. 

Ex. 4. Reduce a" and a' to a common index. 
Mx, 5. Reduce «- and h^ to a common index. 
Ex. 6. Reduce 5^ and 1' to a common index. 
Ex. 1. Reduce «" and h"' to a c 



PROBLEM IV. 

To add su?-d quantities together. 

(162.) Two radicals are similar when they have tlie same 
index, and the same quantity under the radical sign. 

Thus, SVa and 5Va are similar radicals. 

So, also, iVb and 10V6 are similar radicals. 

But Va and ^a are not similar radicals ; for, although they 
have the same quantity under the radical sign, they have not 
the same index. 

Ex. 1. Find the sum of 2Va and SVa. 

As these are similar radicals, we may unite their coefficienis 
by the usual rule ; for it is evident that twice the square root ot 
a and three times the square root of n make five times the 
square root of a. Hence the following 

nULE. 

When the radicals are similar, add the coefficients, and annex 
the radical part. 

But if the quantities are dissimilar, and can not be made sim- 
ilar hy the reductiont in the preceding Articles, they can only be 
connected together hy ihe sign (^addition. 

Ex. 3. Add Ve to2^/6. 

Ans. BVli. 
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E.r. 3. Add SVa and -2Va. 

Ex. 4. Add a Vb+c and x Vb+c. 

If the radical parts are originally dijfurent, they must, il' pof 
sible, be made alike by the preceding methods. 

Ex. 5. Add V-21 to ^/4Q. 

Here V27=V 9X3=3V3, 

and V48= V"T6x"3=^ 4 V3 . 

Whence their sum —1 V3. 

E.C. 0. Add together VSOOand VT08. 



Ans. SV4. 
Ans. 43 V;}. 



Ex. 7. Add together 4^147 and 3/75. 

Ex. 8. Add together 3^1 and HV^. 

Here Sv^f =^</U =s \/l''. 

and 3^/rV=3^^TA = V'lTV'I0• 

Whence their sum =| v'lO. 

Ex. 9. Add together ^/73 and v'128. 

Ex. 10. Add together v'lSO and v'405. 

£x. 11. Add together V40 and Vl35. 

Ex. 13. Add together 8V32 and 5V3. 

PROBLEM V. 

To find the difference of surd quantities. 

(163.) It is evident that the subtraction of surd quantities 
may bo performed in the same manner as addition, except that 
the signs in the subtrahend are to be changed according to 
Art. 43. 

Ex. 1. Required to iind the difference between V448 and 
^112. ___ 

Here V448= 764X7=8 VT, 

tmd v'lJ2= 716X7= 477 . 

Whence the difference =477, 

Ex. 3. Find the difference between V192 and V24. 

Here Vl02= V 64X3^473, 

and 724 = 7~8X3=2V3. 

Whence the difference =3 73. 
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Jl^x. 3. Find iho difference between 5v'30 and 3^45. 

Here 5 ■/20=5 \/4X5= 10 -/S, 

and 3V45=3-v'9x5= 9/5. 

Whence the difference = VS. 

Ex. 4. Find the difference between 2^/50 and -^IS. 

Ex. 5. Find the difference between 2^320 and lv'40. 

Ex. 0. Find the difference between VSOa'a; a.. VaOrtV. 

Ex. 7. Find the difference between 2V7aa° and -/iSSa'. 



PROBLEM VI. 

To multiply surd quantities togetlier. 

(164.) Let it be required to multiply Va by Vl. 

The product will be Vab. 

For if we raise each of these quantities to the power ol n, 
we obtain the same result, ab; hence these two expressions 
are equal. We therefore have the following 



When the surds have the same ndti, muJiiply the quanlUi s 
under the sign by each other, and prefic the common radical 
sign. If there are coefficients, theie must be multiplied sepat- 
ntely. 

Ex. 1. Required the product of 3/8 and 3/6. 
Here 3/8, 

multiplied by 2/6, 

gives 6/48=6/16X3=24/3. Ans 

Proof. Square 3/8, and we obtain 9x8=72. 
Square 2y6, and we obtain 4X6=34. 
72 multiplied hy 24=1728. 
Also, 24v'3 squared =670X3=1728. 
Ex. 2. Required the product of 6/8 and 3/5. 

Ans. 30 /lo. 
Ex. 3. Required the product of 75'18 and 6^4. 

Ans. 70*^9 
Ex. 4. Required the product of iv'6 and ^^^^17. 
Ex. 5, Required the product of J Vl8 and 5'5'30. 
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111 the preceding examples, let all liie results be reduced to 
their simplest form. 

If the surds have not the same index, they must first be re- 
duced to a common index, by Arl. 161. 

Ex. 6. Required the product of ^2 and ^3. 

Here ^2=2*:= (2=)^^ V 8, 

and ^3=3^^(3')^= V_9. 

Whence the product = ^^. 

(165.) We have seen, in Art. 50, that powers of the same 
quantity may be multiplied by adding their exponents. The 
same principle may be extended to roots of the same quantity. 

Let it be required to multiply Va by Va, or a^ by a'. 

We have seen, in Art. 161, that a^=J, and J=a^. 

But a^^Jxa'XaK 
and a^^a^Xa'^. 

The product, therefore, is a^Xa''Xa^Xa^Xa^=a''. 

Hence, roots of the same quantity may be multiplied hy add- 
ing their fractional exponents. 

Ex. 1. Multiply 5«^ by 3«^ 

Ans. 15 a*'. 

Ex. 2. Multiply 3a* by 21a^ 

Ex. 3. Multiply Sx^y' by 4x^i/^. 

Ex. 4. Multiply (a+h)" by (a+S)". 

(166.) If the rational quantities, instead of being coefficients 
of the radical quantities, are connected with them by the signs 
+ or — , each term of the multiplier must be multiplied into 
each term of the multiplicand, 

1. Let it be required to multiply 3+ v'5 

by 2- V5 

G^-3^/5 

-3^/5-5 . 

We obtain the product 6— v/5— 5, 

which reduces to 1— VS- 
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2. Multiply 7+2^/6 by 9-5^/0. 

Ans. 3-17v/G. 

3. Multiply 9+2v'10 by 9-2710. 

Ans. 41. 



PROBLEM VII. 
To divide one surd quantity by anotJter. 
(167.) Let it be required to divide ^/a' by V"^ 
The quotient must be a quantity which, mulliplled by the 

divisor, shall produce the dividend; we thus obtain Vo.; for, 

according to Art. 164, Va'X V«— Va' ; 

IS, ey^,- 

Hence the following 



Quantities under the same radical sign may be divided like 
rational quantities, the quotient being affected with the common 
radical sign. If there are coefficients, they must be dieided 
separately. 

If the radicals have not the same index, we must first reduce 
them to a common index. 

EXAMPLES. 

1. It is required to divide 8-^/108 by 2^/6, 
Here -~— =4\/I8=4/9'3<2^12v/2. Ans. 

2. Divide 8V512by4V2. 

Here -^^^=2 V256^2V64 K4=8 V4. Ans. 

3. Divide 6 V54 by 3^2. 

Ans. G. 

4. Divide 4V72 by 2V18. 

5. Divide 4 V'6^ by 2 VSy. 



6. Divide 16{a=6)"' by8(ac)'". 

7. Divide 4Vl2 by 2^^- 
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As ilie radicals in this last example have not the same in- 
dex, they must be reduced to a common index. 
4VlS=4(12f=4{12)^^4{144)i 
2^3 =2{3)' =2(3)^ =2(27)^ 



Hence -^^— ^=2C5V)^=3( V)'=2 V '-/- 

2(27)* 

(168.) We have seen, in Art. 67, that, iti order to divide 
quantities expressed by the same letter, we must subtract the 
exponent of the divisor from the exponent of the dividend. 
The same principle may be extended to fractional exponents. 

Thus, let it be required to divide a' by a\ 
According to the preceding Article, 



a^ «" la' • 



Hence a root is divided by another root of the same Utter oi 
quantity, by subtracting the exponent of the divisor from that 
of the dividend. 

Ex. 1. Divide {ahy by {aby. 

Ans. (aby. 
Ex. 2. Divide a' by a^. 
Ex. 3. Divide a^ by a^. 
Ex. 4. Divide a" by a". 
Ex. 5. Divide 4^/ab by 2%/ aft. 

Ans. 2v'o6. 

PROBLEM VKI. 
(109.) To raise surd quantities to any power. 
Let it be required to find the square of (^. 
The square of a quantity is found by multiplying it by itself 



Hence the square of a^ is equal to «'x«'= 
That is, (rt')''=al 
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Again, let it be required to fiad the cube of a*. 

Tlje cube of a quantity is found by Kiultiplying it by ilseif 
twice. 

Hence tbe cube of a' is equal to c^'X.a^Xa^=a^ \ 
tiiat is, {a?) =a\ 

In the same manner we should find the nth power of a'"=a"'. 
Hence we have the following 

RULQ. 

Radical quantities are involved hy multiplying their fractional 
exponents by the exponent of the required power. 



Ex. 1. Required the fourth power of |a'. 
Ex. 2. Required the cube of fv^. 



A-ns. fys. 



Ex. 3. Required the square of SVS. 
Ex. 4, Required the cube of 17Va]. 
Ex. 5. Required the fourth power of •J-v'G. 

Ans. ^\. 
(170.) ^ the radical quantities are connected with others hy 
the signs + and ~, they must be involved hy a multiplication of 
the seoeral terms. 

Ex. 1. Required the square of 3+ ^5. 
3+ v/5 

3 v^5+5 

The square is 9+6^5+5 

or 14+0^5. Ans. 

Ex. 2. Required the square of S+Sy'S. 

These two examples are comprehended under tbe rule in 
Ai-t, 60, that the square of the sum of two quantities is equal 
to the square of the first, plus twice the product of the first by 
the second, plus the square of the second. 

Ex. 3. Required the cube of ^x+S-/y. 

Ex. 4. Required the fourth power of -/S— VS. 

Ans. 49-30 ^"6. 
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PROBLEM IX. 

To find Ike roots of surd quantities. 

(171.) A root of a quantity is a factor which, multiplied by 
itself a certain number of times, will produce the given quan- 
tity. But we have seen that a radical quantity is involved by 
multiplying its exponent by the exponent of the required pow- 
131-. Hence, 

To find the roots of surd quantities, 

Divide the fractional exponent by the index of the required 

Thus, the square root of «^ is a^ =<z^. 

For, by Art. 169, we obtain the square of a by multiplying 
the exponent ^ by 2 ; 
that is, {ay^a^=a^. 



1. Find the square root of 9{3)^. 

Here {9{3)^)^=9*X3^=3(3)^=3V3. Ans. 

2. Required the cube root of J-v'S. 

Ans. \V2 

3. Required the square root of 10'. 

4. Required the cube root of /yw'. 

5. Required the fourth root of |f a^. 

6. Required the cube root of ~^i^a\ 
'^. Required the cube root of ^Vf . 

.4 res. Vj. 

PROBLEM X. 
To find multipliers which shall cause surds to become rational. 
(17a.) L When the surd is s.monomial. 
The quantity -/a is rendered rational by multiplying it bv 
>/a. 
For v'^X ^a~a'xd-—a. 

1 
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So, also, i' is rendered rational by multiplying it by a^. 

For <^Xa^~d^=a. 

Also, a^ is rendered rational by multiplying it by a^. 

For a^ X (''''= a^= a- 

In general, a" is rendered rational by multiplying it by « " . 

For a"Xa~=<r^=<^'=a. 

Hence we deduce the following 



Multiply the surd iy the same quantity having such an ex 
ponent as, when added to the exponent of the given surd, shall bt 
equal to unity. 

(173.) II. When the surd is a binomial. 

If the binomial contains only the square root, multiply the 
given binomial by the same expression with the sign nf one of its 
terms changed, and it will give a rational prodvcl. 

Ex. I. The expression y/a-\-y/b 

Multiplied by -/a- ^/^ 

-^Vb-b 

Gives a product a ~b, which is rational. 

Ex. 2. Find a multiplier which shall render 5+ v'S ralional 

Given surd, 54-\/3 

Multiplier, 5—^3 

Product, 25—3=22, as required. 

These two examples are comprehended under the Rule id 
Art. 62, the product of the sum and difference of two quantities 
is equal to the difference of their squares. 

Ex. 3. Find a multiplier that shall make vS+n/S rational, 
and determine the product. 

Ex. 4. Find a multiplier that shall make ^'5— Vx rational 
and determine the product. 

Ex. 5. Find a multiplier that shall mjike V«— -Jabc ra 
tional. 
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HI. When the surd is a trinomial, it may be reduced, by 
BQCcessive multiplications, first to a binomial surd, and then to 
u rational quantity. 

JSx. 1. Find multipliers that shall make V5+i/3~-/2 ra- 

Given surd, ^5+,/S—v'2 

First multiplier, ^"5+ ^3+ ^/3 

5+\7l5-\/10 
-\-Vl5+ 3-v'6 

+ v'I0+v/6-2 

First product, a-/i5+ 6 

Second multiplier, ay 15— fi 

eO+lSv'lS 
-12^/15-36 
Second product, fiO— 36=34, a rational quantity. 

Ew. 2. Find multipliers that shall make ■/a+y/b+ y/c ra- 
tional, and determine the product. 

PROBLEM XI. 

(174.) To reduce a fraction containing surds to another hav- 
ing a rational numerator or denominator. 



Multiply both numerator and denominator by a factor which 
will render either of them rational, as the case may require. 

Ex. 1. If both terms of the fraction — r be multiplied by 
■Ja, it will become ■ — -t> in which the numerator is rational. 

Or if both terms be multiplied by ^b, it will become —r~< in 
which tlie denominator is rational. 

Ex. 2. Reduce the fraction — - to one that shall have a ra- 
tiona] denominator. 

Ans. ~-^7— 
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Mx. 3, Recljce — ■■■ --■■■ ■ to a fi-a(:tion liiiviug £i rational ue- 
iiominator. 



Ex. 4. Reduce ;7- — - to a fraction having a rational de- 



nominator. 

4 
Ex. 6. Reduce --" ■- ; ■--- , , ■ to an expression having a 

rational denominator. 

Ans. 2+v/2-V(>. 

Ex. 7. Reduce v'S+v^S to a fraction having a rational 
numerator. 

{175.} The utility of the preceding transformations may be 
illustrated by computing the numerical value of a fractional 
surd. 

Ex. I. Suppose it is required to find the square root of ^ ; 

that is, it is required to find the value of the fraction — ;-. 

If we make the denominator rational, we shah have — =— , in 

which it is only necessary to extract the square root of the 
numerator, and the value of the fraction is found to be 0.6546. 

Ex. a. Itisrequired to find the valueofthe fraction -yrrrr — 5' 



value of which is 3.1003. 



Ans. 0.5305. 
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, Required the value of the expression 
V9 

Ans. 0.70^6. 
. Required the value of the expression ■ ^ . 

Ans. 5.7278. 



TROELEM XII. 
(17G.) Tofi-ee an equation from radical quantities. 
This may generally be done by successive involutions. For 
this purpose, we first free the equation from fractions. If there 
is but one radical expression, we bring that to stand alone on 
one side of the equation, and involve the whole equation to a 
power denoted by the index of the radical. 
Ex. I. Free the equation 

a+ V2ax+x' , 
a 
from radical quantities. 
Clearing of fractions, and transposing a, we obtain 

V2ax+x'=ab — a. 
The square of this equation is 

2ax+x'=a'b''—1ia'b+a'', 
which is free from radical quantities. 
Ex. 2. Free the equation 

„ 2g' 

from radical quantities. 

If the equation contains two radical expressions, combined 
with other terms which are rational, it will generally be best 
to bring one of the radicals to stand alone on one side of the 
equation before involution. One of the radicals will thus be 
made to disappear, and, by repeating the operation, the re- 
maining radical may be exterminated. 

Ex. 3. Free the equation 

Va+x+ Vb+y=^c 
from radical quantities. 
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Trarisposing one of llie radicals, we obtain 

Squaring, we liave 

o.->^x^c'-2c^/h+y+b^-y. 
Transposing, bo as to bring '.he radical to stand alone, we 
have 

which may be freed from radicals by squaring a second tirae. 

Sometimes the two radicals may be of such a form that it 
is best to bring both to the same member of the e<juation be- 
fore invoiution. 

When an equation contains several radical quantities, it may 
generally be freed from them by successive involutions, but 
the best mode of procedure can only be determined by trial. 

Ex. 4. Free the equation 

V2^+7+ V3:c-18^ VTx+l 
from radical quantities. 

Arts. 6x''-15x-l26=x'+l2x-h3fi. 

When an equation contains a fraction involving radical 
quantities in both numerator and denominator, it is sometimes 
best to render the denominator rational by Problem XI. 

Ex. 5. Free the equation 

Vx+V^^ ^ an" 
Vx— Vx~-a ^—i 
from radical quantities. 

Multiply both terms of the first fraction by -^x-^ /a:— a, and 
we have 

i-(,t-o) x-d 
or ('Jx^-f^=i)'=^. 

Extracting the square root, we obtain 

an 

^x~a 
Clearing effractions, we have 

which is easily freed from radicals, 
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IKKATIONAL UUANTlTIEa. 

Ex. 6. Free the equation 



from radical quantities. 

Ans. x'^4x+4=3. 
Ex. t. Free the equation 

from radical quantities. 

Ans. 9s== 64.1:4-64. 
jEx. 8, Free the equation 

from radical quantities. 

(177.) The preceding rules for the reduction of radicals, are 
exact so long as we treat of absolute numbers, but require 
some modifications when we consider imaginary expressions, 
such as yT^, V"^, &c. 

Let it be required, for example, to determine the product ol 
yT^a by V"^^. 

By the rule given in Art. 164, 

Now, -/+«''~±a, so that there is apparently a doubt as ic 
the sign with which a ought to be affected in order to answer 
the question. However, the true result is —a, because any 
quantity must be equal to the square of its square root. 

That is, V—aX -J —a is the same as (v'—a)*, and, conse- 
quently, is equal to —a. 

Again, let it be required to determine the product of V— « 
by -T^b. 

By the rule in Art. 164. 

V— aX ■/^3= t/"mX — (* 
= v'+<i& 

The result, however, is not properly ambiguous, and should 
be — 'J ah ; for we have, according to ArU 148, 
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IRRATIONAL aUAN'. 




•J~^= Va. V' 


and 


V^- %/i-. V" 


Hence 





V-«X'v'-S-Vaft(V-l)" 
= Vli&X — I 

In the same manner we shall find for the different powers 
of V — 1 the following results. 

V — 1 = V — 1 , the first power. 
( V — 1)'— — 1, the second power. 

= — V — 1, the third power. 
(V-rr)'=(V^)'X{V^r 

= -ix-i 

= +1, the fourth power. 

Since the four following powers will be found by multiply- 
ing — 1 by the first, the second, the third, and the fourth 
powers, we shall again find for the four next powers 

-Y^~Z:\, -1, -4^, +1; 
so that all the powers of V — 1 will form a repeating cycle of 
these four terms. 

Whenever the student is at a loss to determine the product 
of two imaginary quantities, it is best to resolve each of thera 
into two factors, one the square root of a positive quantity, and 
ihe other V*^, Art. 148. 

EXAMPIjES, 

1. Let it be required to multiply ■/— 9 by V— 4. 
Here we have V— 9=3V — ], 

and ___ ■/^=2V^. 

Therefore, V-9X V-4=:3-»/-lX2 V-l 

= -6. 

2. Multiply 1+V"^ by 1--/^. 



3. Multiply -/IS by_y-2. 

4. MulUply 5+21^"^ by 2- /^. 
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EaCATIONS OF THE SECOND DEGREE. 

(178.) According to Art. 96, quadratic equations, or equa- 
tions of the second degree, are those in which the highest power 
of the unknown quantity is a square. 

Quadratic equations are divided into two classes. 

I. Equations which involve only the square of the unknown 
quantity and known terms. These are called pure quadratics. 
Of this description are the equations 

ax^=l; 33;''+12=150— a:', &c. 
They are sometimes called quadratic equations of two terms, 
because, by transposition and reduction, they can always be 
exhibited under the general form 

0X^ = 1}. 

II. Equations which involve both ihe square and the first 
power of the unknown quantity, together with a known term, 
These are called affected or complete quadratics. Of this de- 
scription are the equations 

5a:" X 3 
ax'+hx=c; x' - 10x^1 ; -^ — 2^4^^' 

They are sometimes called quadratic equations of three 
terms, because, by transposition and reduction, they can a! 
ways be exhibited under the genera! form 
ax'+hx^c. 

PUaE atlAUBATIC EaUATIONS. 

(179.) The equation 
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sily solved. Dividing each member by a, it becomes 



Whence 



-^l- 



If- be a paiticular number, either integral or fractional, we 

can extract its square root either exactly or approximately by 
the rules of arithmetic. 

It is to be remarked, that since the square both of +m and 
—m is +ffi', so, in like manner, the square of + v/— and that 

of — v/- are both +-. Hence the above equation is suscep- 
tible of two solutions, or haa ttoo roots ; that is, there are two 
quantities which, when substituted for x in the original equation, 
will render the two members identical. These are 

+ \/-aiid-y^^. 

For^ substituting each of these values in the original equation 
ax'=b, it becomes 

aX(+y-) =b,oraX-=b; i.e.,h^b, 
and aX(— y-j =b, or aX~=b ; i. e., b=b. 



Find the values of a; which satisfy the equation 

43:^-7^ 3a:" +9. 
Transposing terms, 4^;'— 3:!;''=9+7, 
Reducing, x'=\Q. 

Extracting the square root, 

3:=±v'16=±4. 
Hence the two values of 3; are +4 and —4, and they may 
both be verified by substitution in the original equation. 
Thus, taking the first value, we have 
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4X(+4)''-7=3X(+4)'+9, 
or 4x16-7=3X16+0; 

that is, 57=57. 

Taking the second value of x, we have 

4X(-4)'"7=3X(-4)=+9, 
or 4X16—7=3x16+9, as before. 

From the preceding examples we deduce the following 



Reduce the equation to the form ax'=b ; then divide by the 
coefficient of x", and extract the square root of both members of 

the equation. 

Ex. 3. Given a:'— 17=130-2a;',to find the values of 3:. 

By transposition, 3x^=147 ; 

therefore, 3:'=49, 

and X =±7. 

Ex. 3. Given x^+ab=5x^, to find the values of x. 

By transposition, ab=4x^ ; 

therefore, ± Vab=2x, 

±Vab 



Sa" 



Clearing effractions, we obtain xVa'+x''+a'+x'=2a'. 

By transposition, xVd'-^x'=a'—x^. 

Squaring both sides, «V+a;'=a^— 2a'z'+a:'; 
therefore, 2a'x'=a', 

and 3x''=a' ; 



~Sc+d, to find the values of «. 
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Ex. 7. Given ■7r—^+T^'^'=7r:—^''+-777-' ^o ^^^ the values 
3 12 24 24 



Clearing of fractions and transposing, we find itfeach metn- 
l)er of this equation a binomial factor, which being canceled, 
the equation is easily solved. 

PROBLEMS. 

Prob. 1. What two numbers are those whose sum is to the 
greater as 10 to 7 ; and whose sum, multiplied by the less, pro- 
duces 370 ? 

Let 103;= their sum. 

Then 7a;= the greater number, 

and 331= the less. 

Whence 30z"=270, 

and x^=9 ; 

therefore, 3:= ±3, 

and the numbers are ±31 and ±9, 

Proh. 2. What two numbers are those whose sum is to the 
greater as m to w; and whose sum, multiplied by the less, is 
equal to a ? 



A ^ / ^^ J j_ /a(m—n) 
Ans. ^\/—, ■, and ±\/— ■. 



Prob. 3. What number is that, the third part of whose 
square being subtracted from 20, leaves a remainder equal 
to 8? 

Prob. 4. What number is that, the mth part of whose square 
being subtracted from a, leaves a remainder equal to & ? 

Ans. ±:Vm{a—b) 



Bum of whose squares is 724. 
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Prob. G, Find three numbers in the ratio of m, n, ^mlp, the 
sum of whose squares is equal to a. 
Ans. 

, I am' , I an' , , / o-p^ 

Prob. 7. Divide the number 49 into two such parts, that the 
qnotient of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, as | to ^. 

Ans. 21 and 28. 

Prob. 8. Divide the number a into two such parts, that the 
quotient of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, aa m to n. 

, a^/m , a-Jn 
Ans. and . 

Prob. 9. There are two square grass plats, a side of one of 
which is 10 yards longer than a side of the other, and their 
areas are as 25 to 9. What are the lengths of the sides? 

Prob. 10. There are two squares whose areas are as m to n, 
and a side of one exceeds a side of the other by a. What are 
the lengths of the sides 1 

Ans. ■ and — . 

Prob, 11. Two travelers, A and B, set out to meeteach other, 
A leaving Hartford at the same time that B left New York. 
On meeting, it appeared that A had traveled 18 miles more 
thanB, and that A could have gone B's journey in 15^ hours, 
but B would have been 28 hours in performing A's journey. 
What was the distance between Hartford and New York t 
Ans. 126 miles. 

Prob. 12. Fi-om two places at an unknown distance, two 
bodies, A and B, move toward each other, A going a miles more 
than B. A would have described B's distance in n hours, and 
B would have described A's distance in m hours. \Vhat was 
the distance of the two places from each other? 

y/m—y/n 
Prob. 13. A vintner draws a certain quantity of wine out of 
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a full vessel that holds 256 gallons ; and then, filling the vessei 
with water, draws off the same quantity of liquor as hefore, 
and BO on for four draughts, when there were only 81 gallons 
of pure wine left. How much wine did he draw each time? 
Ans. 64, 48, 36, and 27 gallons. 
Prob. 14. A number a is diminished by the Jith part of it- 
self, this remainder is diminished by the nth part of itself, and 
so on to the fourth remainder, which is equal to b. Required 
the value of w. 

Va 






Va- Vb- 

Trob. 15, Two workmen, A and B, were engaged to work 
for a certain number of days at different rates. At the end of 
the time. A, who had played 4 of those days, received 75 shil- 
Hngs, but E, who had played 7 of those days, received only 
48 shillings. Now had B only played 4 days, and A played 7 
days, they would have received the same sum. For how 
many days were they engaged ? 

Ans. 19 days, 
Prob. 16, A person employed two laborers, allowing tliem 
different wages. At the end of a certain number of days, the 
first, who had played a days, received m shillings, and the 
second, who had played b days, received n shillings. Now if 
the second had played a days, and the other b days, they 
would both have received the same sum. For how many days 
were they engaged i 

COMPLETE (iUADRATIG BfiUATIONS. 

(ISO.) Suppose we have the equation 
a:=-6a;+9^1, 
in 'which it is required to find the value of x. 

Since each member of the equation is a complete square, if 
we extract the square root, we shall obtain a new equation 
involving only the first power of x, which may be easily 
solved. 
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We thus have a;— 3=±1, 

and, by transposition, 

a;=3±I=4, orS. 
In order to verify these values, substitute each of them m 
place of a; in the given equation. Taking the first value, we 
shall "have 

4=— 6X4+i)^l ; 
that is, 16—24+9=1, an identical equation. 

Taking the second value of x, we obtain 

that is, 4—12+9=1, an identical equation. 

Hence we see that a complete quadratic equation is readily 
solved, provided each member of the equation is a perfect 
square. But equations seldom occur under this form. Take, 
for example. 

The preceding method seems to be inapplicaMe, because the 
first member is not a complete square. We may, howevec 
render it a complete square by the addition of 9, which must 
also be added to the second member to preserve the equality. 
The equation thus becomes 

a;'--6a:+9=9-8=l, 
which is the equation first proposed. 

The peculiar difficulty, then, in resolving complete equa- 
tions of the second degree, consists in rendering the first mem- 
ber an exact square. 

(181.) In order to discover a general method of solution, let 
lis take the equation 

ax'+bx=c, 
which is the general form of equations of the second degree. 
We begin by dividing both members by«,the coefficient of a;" 
The equation then becomrs 

b c 

For convenience, let us put p=- and q=-; we shall then 

have 

x'-irpx^q. 
7* 
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We have seen that if we can by any transformation render 
the first member of this equation the perfect square of a bino- 
mial, we can reduce the equation to one of the first degree by- 
extracting the square root. 

Now we know that the square of a binomial, a;+ a, or 3;"+ 
2ax+a'', is composed of the square of the first term, plus twice 
the product of the first term by the second, plus the square of 
the second term. 

Hence, considering x-+px as the first two terms of the 
square of a binomial, and, consequently,^:); as being twice the 
product of the first term of the binomial by the second, it is 

evident that the second term of this binomial must be ^, for 



In order, therefore, that the expression x'+px may be ren- 
t'ered a perfect square, we must add to it the square of this 

second term ^ ; that is, the square of haif the coefficient of the 

first power oix; it thus becomes 

ar+px+-j; 

which is the square of x+^. But since we have added -2" to 

the left-hand member of the equation, in order that the equality 
may not be destroyed, we must add the same quantity to the 
right-hand member also; the equation thus transformed will 
become 

Extracting its square root, we have 

Whence ^=~9^V ?+4'- 

We prefix the double sign ±, because the square both of 
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+ V 9+a' ^^^ ^'^'^ ^^ " V ?"^"r '^ +(5'+"t)' """^ every 
quadratic equation must therefore have two roots. 

(182.) From the preceding discussion we deduce the follow- 
ing general 

lllILE POK THE SOLUTION OF A COMPLETE aOADRATIC EaUATIOM. 

1. Transpose all the known quantities to one side of the equa- 
tion, and all the terms involving the unknoinn quantity to tlie 
other side, and reduce the equation to the form ax°+bx=c. 

9, Divide each side of the equation by the coefficient of x', arid 
add to each member the square of half the coefficient of the first 
power of X. 

3. Extract the square root of both sides, and the equation will 
be reduced to one of the first degree, which may be solved in the 
usual n 



EXAMPLE I. 

Solve the equation x'—Wx= — W. 

Completing the square by adding to each member the square 
of half the coefficient of the second term, we have 
ar"~ 10at+35=35- 16=9. 
Extracting the root, x—5= ±3. 
Hence a:=5±3. 

Thus X has two values, either 8 or 2. To verify them, sub- 
stitute in the original equation, and we shall have 

8'-10x8=-16, i. e., 64-80=-l<l ; 
also, 2'-10X2=-16, i. e., 4-20=:-16, 

both of which are identical equations. 

EXAMPLE 2. 
Solve the equation .T'-l-6a;=— 8. 
Completing the square, 3;°+6x+9=9— 8=1. 
Extracting the root, x +3=±1. 
Hence a: =;— 3±1. 

(a;=-3+l=-2, 
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Proof. (-2)'+6X-2=-8, f. e., 4-12=— 8 ; 
also, (-4}'+6X-4=-8,i. e., 16-24=-8. 

Hence x has two values, both negative. In verifying them, 
it is to be observed, that the square of —2 is +4, and —3 mul- 
tiplied by H-6 gives —19. 

EXAMPLE 3. 

Solve the equation x'+Gx—iT. 

Completing the square, a:" 4- te +9=37+9=36. 
Extracting the root, x +3=±6. 
Hence x ^-3±6=+3,or -ft. 



Solve the equation .t"— 2.t=24. 

Here a: =l±5=+6, or - 



Solve the equation a;'- 8a;=: — 18. 
Completing the square,,r°— 83;+16=16— 18=— 2, 
Hence 3;=4±V— 2. 

Here both values of a: are imaginary. 

EX AMU LB 6. 

Solve the equation .r'— 6a:=— 9. 

Completing the square, .^''— 6a:+9=9— 9=0. 

Extracting the root, x — 3=±0. 

Hence x =3±0. 

Here the two values of a: are equal to each other. 

Ex. 7. Given 2a:' + 8a; -20= 70, to find the values of ar, 

Ans. x—5, or —9. 

Ex. 8. Given 3a:'— 3a:+6=5i, to find the values of a;. 

Ans. x=^, or ^. 

(183.) The Rule given on page 145 for solving a complete 
quadratic equation is applicable to all cases; nevertheless, a 
modification of this method is sometimes preferable. 

The object is to render the first member of the equation a 
perfect square. After the equation has iJeen reduced to the 
form 

ax^+bx=r 
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the square miy be completed by muUiplymg the equation by 
four times the coefficitnt of x", and adding to both sidfs the 
squaie of the coepcient of i 

Thus the above equation multiplied by 4a becomes 

ia'x' +'iabx—4:ac. 
Adding b' to both members, we have 

4a''x''+4aba:+b^=iac+b''. 
Extracting the square root, 

2ax+b=di^V4a,c-\-b\ 
Transposing b and dividing by 2a, 

■^"^~ 2« ' 

which is the same result as would be obtained by the formei 
Rufe ; but by this new method we have avoided the introduc- 
tion of fractions in completing the square. 

When the coefficient of a;' is unity, the above Rule becomes, 
Multiply the equation by four, and add to\each member the 
square of the coefficient of x. 

Either of" these methods of completing the square may be 
practiced at pleasure; butthefirstmethodis to be preferred, ex- 
cept when its application would involve inconvenient fractions. 

Ex. 9. Given ^a:'— ^.-c+aoi— 42|, to find the values of a:. 
Ans. x~7, or — 6J. 

Ear. 10. Given x'—.i;— 40=170, to find the values of a;. 
Ans. x=l5, or —14 

Ex. 11. Given 3x'+2x-9=1Q, to find the values of a;. 

Ex. 12. Given ix''—ix+7f=8, to find the values of ,r. 

Ex. 13. Given at — ^— — - ^ ■■— - ■^2, to find the values 

2a;— 1 9— 2a; 

of a:. 

We must fii-st clear this equation of fractions, which is done 
by multiplying by the denominators ; we thus obtain 

-12a;=+603:'—37a;+19a:'-54a;'+360-803;-6a:''-l- 23^-10 

=40x-8a::'-18. 

Here the two terms containing x' balance each other, and, 
uniting similar terms, we obtain 

83:"-124a:^-368. 
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Dividing by 8, we have 

Completing the square, 

/31\' /3n= 225 

-■-Hil-+(TJ =-'"'+ (t) -To- 

_ . . 31 , 15 

I'lXtractine tfie root, x — -=±— -. 

° 4 4 

31 15 

Hence x=-r^--r='^^h '^^ ^- ■^^^■ 



x+1 x+2 

(IS'I.) The preceding rules wiil enable us to soive not only 
quadratic equations, but all equations which can be reduced to 
the form 

that is, all equations which contain only two powers of the un 
known quantity, and in which one of the exponents is double oj 
the other. 

For if, in the above equation, we assume y=x°, then y =x*'', 
and it becomes 

y-+py^q. 

Solving this according to the rule, we find 

Extracting the nth. root of both sides, 



^^/-|- 



/?+T 



EXAMPLE 1. 

Given3;*~25^'— — 144, to find the values of ar. 
Assuming x''=y, the above becomes 

J/'— 25j/= — 144. 
Whence y— 16, or 9. 

But, since x-=y, ■x=±\'y. 

Therefore, ar^i^ic, or ±^9. 

Thus X has four values, viz., +4, —4, +3, —3. 
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To verify these values: 
1st value, (+4)'-25X(+4)''=-144, 1, e., 256-400^-144. 
2d value, (-4V-25X(-4)''=-144, i. e., 256-400~-144. 
3d value, (+3)'-25X(+3)''=-144, i. e., 81-225=-144. 
4th value, (-3)'-S6X(-3)'=-144, i.e., 81-225=-144. 









EXAMPLE 2. 


Given a:'— 


■7a;= 


=8 


, to find the values of . 


Assuming 


x^= 


=y, ■ 


we have 



Whence 7/~8, or— 1. 

Therefore, x=±V8, or ± V — l,the two last of which roots 
are imaginary. 

EXAMPLE 3. 
Given x'~2x'=48, to find the values of x. 
Assuming x^=y, the above becomes 

Whence y =8, or —6. 

And since x^=i/, therefore a:= Vy. 

Hence two of the roots of the above equation are 2 and— V6. 

This equation has four other roots, which can not be de- 
'esmined by this process. 



Given 1lx—1^x~Q9, to find the values of .t. 
Assuming ■^x=y, this equation becomes 
2j/'-7i/=99. 

Whence y=^> or — ~. 

And since t/x=y, therefore .^;=I/^ 

121 

Whence a:— 81, or — —. 

4 

Although the square root of 81 is generally ambiguous, and 
may be either +9 or —9, still, in verifying the preceding 
values, -yx can not be taken equal to —9, because 81 was ob- 
tained by multiplying +9 by itself. For a like reason, y/x 

can not be taken equal to +—. A similar remark is applica- 
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F.aUATlONS OF 



ale to Exs. 13 and 14 on the next page, and also to Ex. 7, 
page 186. 



Given V3;+12+ Va:+12=6, to find the values of.r. 
Assuming x+lH—y, this equation becomes 

which evidently belongs to the same class as the previous ex- 
amples. Completing the square, we shall have 

i/=2, or -3. 
Raising both sides of the equation to the fourth power. 

i/=16, orSI. 
Therefore, x or (j/— 12)— 4, or 69. 

EXAMPLE 6. 
Given 23:"+ V2a:"+l = ll, to find the values of a,-. 
Adding 1 to each member of the equation, it becomes 

2:c'+l+V3a:'+l = 12. 
Assuming 2x''+l=yf then 

)/+!/*= 12. 
Completing the square, wc find 





y'=3, or-4; 


that is, 


V2a;'+I=3, or -4. 


Therefore, 


2,^'+l=9, or 16, 


and 


x'=4, or — . 


Hence 


x=+2, -2, +\/~, -\, 



It may be remarked, that in equations of this kind it is gen- 
erally unnecessary to substitute a new letter, y, which has been 
done in the preceding examples simply for the sake of per- 
spicuity . 

Ex. 7. Given a;'+4a:"— 12, to find the values of ar, 

Ans. ar^s^va, or ±/^ 
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Ex. 8. Given 3;'— 8^'=513, to find the values oix. 

Ans. 3;=3, or — Vl9. 

Ex. 9. Given x^+x^~'75Q, to find the values of a;. 

Ans. 3r=243, or — V 28^. 
Ex. 10. Given ^x'—\-x'=~-^-^, to find one value of x. 

Ans. x=^'V2. 

Ex. 11. Given 2.r'+3.^^=2, to find the values of a;. 

Ans. x=i, or —8. 
Ex. 12. Given x*-lZx'+i'ix''-48x=9009, to find the values 
ofx. 

This equation may be expressed as follows : 
{x'-6xy+8{x'-6x)=9009. 

Ans. 3:=13, or ~1, or 3± V -&0. 

Ex. 13. Given ix—i^/x=22i, to find the values of a:. 

301 
Ans. x^40, or — — -. 

Ex. 14. Given VlO+a:— VTo+S=2, to find the values of a: 

Ans. a:=6, or -9 

Ex. 15. Given a;°+20a:=— 10=59 to find the values of s;. 

Ans. x~ V3, or V— 23. 

Ea:, 16. Given 3a;'"— 23;"+3=ll, to find the values of 3:. 

Ans. 3;=V2, or V— |-. 

Eic. 17. Given a;'*— a;V3=.r— 1^3, to find the values of .r 

:[^±1 or -^^^^^^ 

Ex. 18. Given V'l +3^--'c'— 3() +a:-.r')=i, to find the values 
oix. 

Ans. -!-±-j /4T, or ^±J. -/TT. 

(185.) We have seen that every equation of the second de- 
gree has tv>o roots, or that there are two quantities which, when 
substituted for x in the original equation, will render the two 
memhers identical. In like manner, we shall find that every 
equation of the third degree has three roots ; an equation of the 
fourth degree haa/owr roots ; and, in general, an equation haa 
as many roots as it has dimensions. 
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Hefore lietermming the degree of an equation, it should be 
freed from fractions, from negative exponents, and from the 
radical signs wliicti affect its unknown quantities. Examples 
4, 5, 13, and 14 are thus found to furnish equations of the sec- 
ond degree, Mfbile examples 6 and 18 furnish equations of the 
fourth degree. 

The above method of solving the equation x"'+px"=^q will 
not always give us all of the roots, and we must have recourse 
to ditferent processes to discover the remaining roots. The 
subject will be resumed in Section XX. 



PROBLEMS rRODUCIKG QUADRATIC EaUAXrONS. 

Prob. 1. It is required to find two numbers, such that their 
difference shall be 8, and their product 240. 

Let X = the least number. 

Then will x+S = the greater. 

And by the question 3:(a:+8)=a;''+8a;=240. 

Therefore, a;=12, the less number, 

a:+8=20, the greater. 

Proof. 20-12=8, the first condition. 

20X 12=240, the second condition. 

Prob. 3, The Receiving Reservoir at Yorkville is a rectan- 
gle, 60 rods longer than it is broad, and its area is 5500 square 
rods. Required its length and breadth ? 

Prob. 3. What two numbers are those whose difference is 
2a, and product h 1 

Ans. «± Va'+fc, and — a± Va'+6. 

Prob. 4. It is required to divide the number 60 into two such 
parts that their product shall be 864, 

Let X = one of the parts. 

Then will 60— a: = the other part. 

And by the question, x(liQ—x)=Q0x—x''=6Q'l. 

The parts are 36 and 24, Ans. 

Prob. 5. In a parcel which contains 52 coins of silver and 
copper, each silver coin ia worth as many cents as there are 
copper coins, and each copper coin ia worth as many cents as 
there are silver coins, and the whole are worth two dollars 
How many are there of each? 
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Prob, 6. What two numbers are those whose sum is 2a, and 
product b? 

Arts. a-\-Va'~-b, and a—Va'—b. 

Prob. 7. There is a number consisting of two digits whose 
sum is 10, and the sum of their squares is 58. Required the 
number. 

Let X = the first digit. 

Then will 10— a; = the second digit. 

And a-'-i-0-0-xy=^x''-flOx+lOO=58. 

That is, a;''-10a;=-21, 

3:=-10a;+35=4, 

3;=5±2=7, or 3. 

Hence the number is 73, or 37. 

The two values of x are the required digits whose sum is 
10. It will be observed that we put x to represent the first 
digit, whereas we find it may equal the second as well as the 
first. The reason is, that we have here imposed a condition 
which does not enter into the equation. If x represent either 
of the required digits, then 10— a; will represent the other, and 
hence the values of x found by solving the equation should 
give both digits. Beginners are very apt thus, in the state- 
ment of a problem, to impose conditions which do not appear 
in the equation. 

The preceding example, and all others of the same ckss, 
may be solved without completing the square. Thus, 

Let X represent the half difference of the two digits. 

Then, according to the principle on page 67, 
5+fl; will represent the greater of the two digits, 
5-x '■ the less " 

The square of 5+x is 35+10x+ x'', 
" 5-x 25-10a;+ x\ 

The sum is 50 +23;',which, according to the 

problem, =5S. 

Hence 23:"= 8, 

and a;— ±2. 

Therefore, S+x =7, the greater digit, 

5— ,r =3, the less digit. 
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Prob. 8. Find two numbers such tliat the product of theii 
sum and difference may be 5, and the product of the sum of 
their squares and the difTei-ence of their squares may be 65. 

Prob. 9. Find two numbers such that the product of theif 
sum and difference may be a, and the product of the sum of 
their squares and the difference of their squares may be ma. 
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Prob. 10, A laborer dug two trenches, whose united length 
was 26 yards, for 356 shillings, and the digging of each of 
them cost as many shillings per yard as there were yards in 
its length. What was the length of each ? 

Ans. 10, or 16 yards. 

Prob. 11, What two numbers are those whose sum is S«, 
and the sum of their squares is 25 ? 

Ans. a+ Vb—a', and a— Vb—a'. 

Prob. 13. A farmer bought a number of sheep for 80 dollars, 
and if he had bought four more for the same money, he would 
have paid one dollar less for each. How many did he buy 1 

Let X represent the number of sheep. 

Then will — be the price of each. 

And ■- " ■■ : wouid be the price of each, if he had bought four 
more for the same money. 
But by the question we have 
80__ 80 

Solving this equation, we obtain 

j;=I6. Ans. 

Prob. 13. A person bought a number of articles for a dol- 
lars. If he had bought 2b more for the same money, he would 
liave paid c dollars less for each. How many did he buy t 

, , , /2ab+b'c 
Am. — &±\/ . 

Prob. 14. It is required to find three numbers such that the 
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product of the first and second may be 15, the product of the 
first and third 21, and the sum of the squares of the second and 
third 74. 

Ans. 3, 5, and 7. 

Prob. 15. It is required to find three numbers such that the 
product of the first and second may be a, the product of the 
first and third b, and the sum of the squares of the second and 
third c. 



Ans.\/ ; a\/ - , ,„ ; l'\/—rrTi- 



f+b" V a'W 
Prob. 16. The sum of two numbers is 16, and the sum of 
their cubea 1072. What are those numbers 1 

Ans. 7 and 9. 

Prob. 17. The sum of two numbers is 2a, and the sum of 
their cubes is 26. What are the numbers ? 



Ans. «+\/-^ and a-\/— 



Prob. 18. Two magnets, whose powers of attraction are as 
4 to 9, are placed at a distance of 20 inches from each other. 
It is required to find, on the line which joins their centers, the 
point where a needle would be equally attracted by both, ad- 
mitting that the intensity of magnetic attraction varies inverse- 
ly as the square of the distance. 

, i 8 inches from the weakest magnet, 

c or —40 inches from the weakest magnet. 

Prob. 19. Two magnets, whose powers are as m to n, are 
placed at a distance of a feet from each other. It is required 
to find, on the line which joins their centers, the point which is 
equally attracted by both. 

The distance from the maanet m is r — — ■ 

I ° ^m±\/n 

The distance from the 



Prob. 20. A set out from C toward D, and traveled 6 miles 
an hour After he had gone 45 miles, B set out from D to- 
ward C, and went every hour ^V "f the entire distance ; and 
after he had traveled as many hours as he went miles in one 
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iiour, he met A. Required the distance between the places G 
and D. 

Ans. Either 100 miles, or 180 miies. 
Prob, 21. A set out from C toward D, and traveled a miles 
per honr. After he had gone b miles, B set out from D toward 
C, and went every hour ^th of the entire distance ; and after 
he had traveled as many hours as he went miles in one hour, 
he met A. Required the distance between the places C and D. 



Ans. 



.{•^Wi^TA 



Prob. 22. By selling my horse for 24 dollars, I lose as much 
per eenf. as the horso coat me. What was the first cost of 

the horse ? 

Ans. 40, or 60 dollars. 

aUADRATlC EaUATIONS CONTAINING TWO UNKNOWN aUAN- 

(186.) An equation containing two unknown quantities it, 
said to be of the second degree when it involves terms in which 
the sum of the exponents of the unknown quantities is equal to 2, 
but never exceeds 2. Thus, 

3x^ -4x-hf==25, 
and '7xy—4x+y =40, 

are equations of the second degree. 

The solution of two equations of the second degree contain- 
ing two unknown quantities, generally involves the solution of 
an equation of the fourth degree containing one unknown quan- 
tity. Hence the principles hitherto established are not suffi- 
cient to enable us to solve all equations of this description. 
Yet there are particular cases in which they may be reduced 
either to pure or affected quadratics, and the roots determined 
in the ordinary inanner. 

(187.) When one of the equations is a simple equation, it is 
generally best to find an expression for the value of one of the 
unknown quantities from the simple equation, and substitute 
this value in the place of its equal in the other equation. The 
resulting equation will he of the second degree, and may be 
solved by the ordinary rules. 
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Ex. 1. Given a:'+3xy— j/'— 23 ) to find the values of x 

X -\-2y = 7 ) and y. 
From the second equation, we find 
.T=7-2y. 
Whence x''=49—28t/+4y\ 

And, substituting this value in the first equation, we have 

49— 28y+4y+ 2 1^—0^—^=23, 
a common quadratic equation, which may be solved in the 
usual manner. 

Ans. x^3, and y—2. 
Ex. 2. Given 2x'-\- xy~5i/'=20 ) to find the values of x 
33: — 3i/ ^ 1 J and y. 

Ans. x=5, y=3. 

Ex. 3. Given —^=xij ^^ ^^^ ^^^ ^^,^^^ ^^^ ^^^ ^_ 

9y-9x=lS ) 

Ans. x—2, ]/=4. 

(188.) When the same algebraic expression is involved to 

different powers, it is sometimes best to regard this expression 

as the unknown quantity. 

Ex. 4. Given x''+2xy~\-i/ +ac=120—2y ; to find the val- 

xy—1/' =9 ) uesofaiandv- 

Here the first equation may be put under the form 

{x+yy+2{x+y)=120, 

where x+y may be regarded as a single quantity, and, by 

completing the square, we shall find its value to be 

either 10, or -12. 

Proceeding now as in the last Article, we shaJi find 

x~6, or 9, or — 9zpV5, 

)/=4, or 1, or ■— Si^S. 

Ex. 5. Given 'ixy=9G-x'y' L „ , ,, , - 

, _ ! to find the values oi x and w, 

3^4-y=G ) •' 

Here we may regard xy as the unknown quantity, and wo 
shall find its value from the first equation to be 
either 8, or —12. 

Proceeding again as in the former Article, we shall find 
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0:^2, or 4, ov 3±v'21, 

y=4, or2, or 3::|::\/21. 

^ „. a;' 4a; 85 1 

Ex. 6. Given -,+ —=— T . , .. , . , 

y y 9 > to find the values oi x and y. 

x—y^2 ) 
Here - may be treated as the unknown quantity, and we 
shall find its value to be 

5 n 

either ~, or — ~, 

From which we find 



1^189.) When the sum of the dimensions of the unknown 
quantities is the same in every term of the two equations, it is 
sometimes best to substitute for one.of the unknown quantities 
the product of the other by a third unknown quantity. 
Ex. 7. Given a^'+xy =56 ? . - , ,, , . 

xy +2^=60 1 *° ''"'^ ^^ "^'""^ "^'^ ''"'' ^" 
Here, if we assume x=vy, we shall have 
v'y''+vy''=56, 
vy'+2y''=60. 
From the first of these equations, 
, 5« 

, 60 
and trom the second, y = ■ ; 



From which, after completing the square, ■ 



Substituting eitlier of these values in one of the preceding 
expressions for y", we shall obtain the values of y ; and since 
x=vy, we may easily obtain the values of x. 

:±H, or ±4^2, 
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£:x. 8. Given 2x'+3xy+ y^—20 ) to find the values of x 

5x^ +4i/''=41 ) and y. 
If we assume x=vy, we shall find 
_1 13 
""3'**^' 2"' 
whence, as before, we shall obtain 







Ans. 


[i=±l, or 
)/=±3, or 


±13 

±3 

1T\ 


Ex. 9. 


Given x" 
xy 


+1!,=, 


j to find the values of 


If we assume 1= 


=iiy, V 


re shall imd 










1 U 

" 4' "■ 3 ' 




whence, 


as before, 












Am. 


[1=^:7, or 
< 


±11 



J^y=±4,or— . 

(190.) When the unknown quantities in each equation are 
similarly involved, it is sometimes best to substitute for the 
unknown quantities the sura and difFetence of two other quan- 
tities, or the sum and product of two other quantities. 

Ex. 10. Given — +^=I8 ) - , , , r . 

y X Mo find the values ol x ana y. 

X +y =12) 



Then, by adding these two equations together, we shall have 
.t;+j/^32=13, or 2—6; 
that is, x=&-\-v, and i/=6— u. 

But, from the first equation, we find 
x''\-f---\^xy. 
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Substituting tfic preceding values of :;; and y in tlils equa- 
tion, and reducing, we obtiiin 

Whence «-zt2. 

Therefore, x—4., or 8, 

and »/=S, or 4. 

Ex. II. Given x'+f=^sm ),.,,., , ,■ . 

^ -. ! to lina tlie values oi x and y. 

! x=i, or 5. 
Ans. \ 

{ i/~5, or 3, 



PROBLEMS. 

1. Divide the number 100 into two such parts, tha.t tiie auni 
of their square roots may be 14. 

Ans. 04 and 36. 

2. Divide the number a into two such parts, that the sum 
of tiieir square roots may be h. 

Ans. -±~-/2a— ft". 

3. The sum of two numbers is 8, and the sum of their fourth 
rowers is 706. What are the numbers ? 

Ans. 3 and 5. 

4. The sum of two numbers is 2a, and the sum of their 
fourth powers is 2b. What are the numbers ? 

Ans. a±V-3tt'+-/e«'+S. 

5. The sum of two numbers is 6, and the sum of their fifth 
powers is 1056. What are the numbers ? 

-■Ins. 2 and 4. 
G. The sum of two numbers is 2a, and the sum of their Mh 
powers is h. What are the numbers ? 



An,. a±\/V~+~-a: 
* * 10« 5 
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7. What two numbers are those whose product is ISO ; and 
if the greater be increased by S and the less by 5, the product 
of the two numbers thus obtained shall he 300 1 

Ans. 12 and 10, or 16 and 7.5. 

8. What two numbers are those whose product is a ; and 
if the greater be increased by b and the less by c, the product 
of the two numbers thus obtained shall be rf? 



m /m' ab m /m' ah 



O, Find two numbers such that their sum, their product, 
and the difference of their squares may be ail equal to one an- 
other. 

3 5,1 5 

Am. a+Vjand^ + V^, 

that is, 2.618, and 1.618, nearly. 

10. Divide the number 100 into two such parts, that their 
product may be equal to the difference of their squares. 

Ans. 38.197, and 61.803. 

11. Divide the number a into two such parts, that their prod- 
uct may be equal to the difference of their squares. 

3a±«v'5 , —a-^TLUs/^ 
Ans. — — r;— and ■ ?-■ 



DISCUSSION OF THE GENERAL EQUATION OF THG SECOND 
DEGaBB. 

(191.) We have seen. Art. 181, that every equation of the 
second degree may be reduced to the form 

■where p and q represent known quantities, either positive or 
negative, integral or fractional. 
The value of a; in this equation is 



either x^-^ + \/ q-{-^, 

— f-\/'/+^. 



L 
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And, since these values necessarily result from the general 
fquation, we infer, 



PROPERTY I. 

Every equation of the second degree has two roots, and only 

A root of an equation is such a number as, being substituted 
for the unknown quantity, will satisfy the equation. 

This principle has been often exemplified in the preceding 
pages. Two values have uniformly been found for x, although 
both values may not be applicable to the problem which fur- 
nishes the equation. This property will be found demon- 
strated in a general manner in Art. S94. 

(193.) If we multiply 

-+f-\/«+f"=o, 

by -«+|+\/?+|-=«. 

we shall obtain x''+px--q=0, 

which was the equation originally proposed. 
Hence, 

PROPERTY II. 

livery equation of Ike second degree, whose roots are a and h, 
may be resolved into the two factors x— a and x— b. 
Ex. 1. Thus the equation 

may be resolved into the factors | _ o— n' 
where 8 and 2 are the roots of the given equation. 

It is also obvions that if a is a root of an equation of the sec- 
ond degree, this equation must be divisible by x~a. Thus 
the preceding equation is divisible by a:— 8, giving the quotient 



Ex. 2. The roots of the equation 
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are —2 and —4. Resolve it into its factors. 
Ex. 3, The roots of the equation 

are +3 and —9. Resolve it into its factors. 
ISx. 4. The roots of the equation 

are +G and —4. Resolve it into its factors. 

(193.) If we add together the two values of x in the ge.'v- 
eral equation of the second degree, the radical parts havinjf 
opposite signs disappear, and we obtain 

2 2 ^ 
Hence, 

PROPERTY III. 

The algebraic sum of the two 7'ools is equal to the coefficient 
of the second term of the equation, taken with a conti-ary sign. 
Thus, in Ex, 1, page 145, 

lefficieni 



the two roots are 


8 and 2, whose sum is^+lO, the 


of 3; taken with a . 


contrary sign. 


In the equation 






x'+6x=~8, 


the two roots are 


—2 and —4. 


In the equation 






3;'-l-16.T=-60, 


the two roots are 


-6 and -10. 



If the two roots are equal numerically, but have opposite 
signs, their sum is zero, and the second term of the equation 
vanishes. Thus the two roots of the equation 3;'=16, are +4 
and —4, whose sum is zero. This equation may be written 

(194.) If wo multiply together the two values of a: (observ- 
ing that the product of the sum and difference of two quan 
titles is equal to the difference of their squares), we obtain 
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PROPERTY IV. 

The product of the two roots is equal lo the second member oj 
the equation, taken with a contrary sign. 
Thus, in the equation 

the product of the two roots 8 and 3 is +16, which is equal to 
the second member of the equation taken with a contrary sign. 
So, also, ill the equation 

■whose two roots are +3 and —9, their product is —37. 

The two last properties enable us readily to form an equa- 
tion when its roots are known. 

Ex. 1, Let it be required to form the equation whose roots 
are 2 and 8. 

According to Property III, the coefficient of the second 
term of the equation must be —10; and, from Property IV. 
the second member ^f the equation must be —16, Hence the 
equation is 

3:'>-10x=-m. 

Ex. 2. Form the equation whose roots are 3 and 5. 

Ex. 3. Form the equation whoso roots are —4 and —7. 

Ex. 4. Form the equation whose roots are 5 and —9. 

Ex. 5. Form the equation whose roots are —6 and +11. 



aSAL AND IMAGINARY VALUES OP THE UNKNOWN aUANTITY. 

(196.) The values oi x in the general equation of the second 
degree are 



'iWr 



Values of the unknown quantity which are not imaginm 
are. for the sake of distinction, called real. 
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Since ^, being a square, is positive for all real values ol' f, 

it follows that the expression q^~ can only be rendered neg- 
ative by the sign of q. 

When q is positive, or when q is negative and numerically 

less than —-, then will g'+y be positive, and, consequently, 

xl q-\-~ will be Tsal, This happens in nearly all the preced- 
ing examples. 

When q is negative, and numerically greater than — , then 

g+^ will be negative, and, consequently, sj q-^^ will be im- 
aginary. This happens in Ex. 5, pago 146. 



Wk.n ^q+i^ u real 

1. When, in the equation :if+px=q, p is negative, and ^ 

is numerically greater than \/ ?H—ji ?'"*'' values of x will be 
real and positive. 

This happens in the equation 

whose two roots are 4 and 5?. 
Also in the equation 

,T'-{0a-=^-16, 
whose two roots are 8 and 3. 

3. When p is positive, and ^ is numerically greater than 

V 9'^ a' ^"'^ lia/wes of x will be real avd nega/ive. 
This happens in the equation 
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whose two roots are —2 and —4. 
Also in the equation 

.■(.■' + 16i-=-60, 
whose two roots are —6 nnd —10. 

3. When ~ is numerically less than -v/ q+-T, both values of 
X will be Teal, the one positive and the other negative. 
This happens in the equation 

whose roots are 4-3 and ~9. 
Also in the equation 

.-r — 2,T=:24, 

whose roots are +6 and —4. 

CASE II. 
(196.) When yj q-\-~ is imaginary. 

In this case, both values i^x are imaginary. 
This happens in the equation 

whose roots are 4^:: V —2. 

We will now prove that in this case the conditions ot tne 
question are incompatible with each other, and therefore the 
■values of x ought to be imaginary. The demonstration de- 
pends upon the following principle : 

The greatest product which can he obtained by dividing a 
number into two parts and multiplying them together, is the 
square of half that number. 

Let^ = the given number, 
and d = the difference of the parts. 

Then, from page 67, ^+n = t''^ greater part, 
L = the less pan. 
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;md ~ — -J = the product of the parts. 

Now, since p is a given quantity, it is plain that this expres- 
sion will be the greatest possible when d=(i ; that is, — is the 

greatest product, which is the square of — , half the given 

number. 

For example, let 12 be the number to be divided. 
We have 12=1 + 11; and 11X1 = 11. 

12^2+10; and 10X9=20. 
12=S+ S; and 9X3=37. 
12=4+ 8; and 8x4=32. 
12=5+ 7; and 7X5=35. 
12=6+ 6; and 6X6=36. 
We here see that the smaller the difference of the two parts, 
the greater is their product ; and this product is greatest when 
the two parts are equal. 
Now, in the equation 

x'—px^—q, 
p is the sum of the two roots, and q is their product. There- 
fore 5 can never be greater than — , 

If, then, any problem furnishes an equation in which q is 
negative, and greater than — , we infer that the conditions of 
the question are incompatible with each other. 
Thus, in the example 

iB=-6.-i;=-10, 

^=9, which is numerically less than q. The equation re- 
quires us to divide the number 6 into two parts whose product 
shall be 10, which is an impossibility ; and, accordingly, in 
solving the equation, we obtain imaginary values for cs. 

Hence an imaginary root indicates an absurdity in thepro' 
posed question which furnished the equation. 

Suppose it is required to divide 8 into two such parts that 
their product shall be IS. 
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Let X = one of the parts, 

and 8~-x = the other. 

Then, by the conditions, 

.73(8-:^) = 18. 

Whence a^^—aT^ — 18. 

This equation, solved by the usual method, gives 
x=4± V—2, art imaginary expression. 

Hence we infer that it is impossihh to find two numbers 
whose sum is 8, and pi-oduct 18. This is obvious from the 
Proposition above demonstrated, from which it appears that 
16 is the greatest product which can be obtained by dividing 
s into two parts, and multiplying them together. 

(197.) When q is negative, and numerically equal to — , tne 
radical part of both values of a: becomes zero, and both values 
of a: reduce to — — . The two roots are then said to he equal. 

Thus, in the equation 

x'—Gx~ — 9, 
the two roots are 3 and 3. 

We say that in this case the equation has two roots, because 
it is the product of the two factors, a:— 3=0, and a;— 3=0. 

DISCUSSION OF PARTICULAB PROBLEMS. 

(198.) In discussing particular problems which involve equa- 
tions of the second degree, we meet with all the different cases 
which are presented by equations of the first degree, and some 
peculiarities besides. We may therefore have, 

1. Positive values oix. 

3. Negative values. 

3. Values of the form of -j. 

4. Values of the form of -r-, 

5. Values of the form of—. 

All these difFevent oases are presented by Problem 1!) 

Hosicdb,. Google 



CliCKSSION OP PARTICUI./VIL I'ttUlir.KMa. ibD 

page 155, when we make diiFerent suppositions upon the values 
of «, m, and n ; but we need not dwell upon them here. 

The peculiarities exhibited by equations of tlie second de- 
gree are, 

6. Double values of a:. 

7. Imaginary values. 

We will consider the last tv/o cases. 

(199.) Double values of the unknown quantUy. 

We have seen that every equation of the second degree has 
two roots. Sometimes both of these values are applicable to 
the problem which furnishes the equation. Thus, in Problem 
20, page IfiS, we obtain either 100 or 180 miles for the dis- 
tance between the pkces C and D. 

C E D 

I I J 

Let E represent the situation of A when B sets out on his 
journey. Then, if we suppose CD equals 100 miles, ED will 
equal 55 miles, of which A will travel 30 miles {being G miles 
iin hour for 5 hours), and B will travel 25 miles (being 5 miles 
an hour for 5 hours). 

If we suppose CD equals ISO miles, ED will equal 135 miles, 
of which A will travel 54 miles (being 6 miles an hour for 9 
hours), and B will travel 81 miles (being 9 miles an hour for 
9 hours). 

This problem, therefore, admits of two positive answers, 
both equally applicable to the question. 

Problem 22, page 156, is of the same kind; and another 
will be found on page 193. 

In Problem 18, page 155, one of the values of x is positive, 
and the other negative. 

C A C B 



Let the weakest magnet be placed at A, and the strongest 
at B ; then C will represent the situation of a needle equally 
attracted by both magnets. According to the first value, the 
distance AC=8 inches, and CB=12. Now at the distance of 
8 inches, the attraction of the weakest magnet will be repre- 

4 
seated by ^ ; and at the distance of 12 inches, the attraction 
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of the oilier magnet will be represented by r-^, and thesi two 
powers are equal ; fni 

8" ■"IS'' 
But there is aiiolher point, C, which equally satisfies the 
conditions of the question ; and this point is 40 inches to ihe 
left of A, and therefore 60 inches to the left of B ; for 

"40-~60''' 

(200.) Imaginary values of the unknown quantity. 

We have seen that an imaginary root indicates an absurdity 
in the proposed question which furnished the equation. 

In several of the preceding problems, the values of x be 
come imaginary in particular cases. 

When wiil the values of x in Problem 6, page 153, be im 
aginary 1 

Ayis. When &>«' 

What is the absurdity involved in this supposition? 

Ans, It is absurd to suppose that the product of two num 
bers can be greater than the square of half their sum. 

When will the values ofx in Problem IJ, page 154, be imag- 
inary ? 

Ans. When a'->h; or (2m)'>46. 

What is the absurdity of this supposition ? 

Atis. The square of the sum of two numbers can not be 
greater than twice the sum of their squares. 

When will the values of .-k in Problem 17, page 155, be im- 
aginary ? 

Ans. When«^>&; or {2«)=>8& 

What is the absurdity of this supposition? 

Ans. The cube of the sum of two numbers can not be. 
greater than four times the sum of their cubes. 

When will the values of x in Problem 4, page 140, be im- 
aginary, and what is the absurdity of this supposition '( 
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SECTION XIII. 



RATIO AND PROPORTION. 

(aoi.) Numbers may be compared in two ways ; either by 
means of tiieir difference, or by their quotient. We may in- 
quire how much one quantity ia greater than another ; or, how 
many times the one contains the other. One is called Arith- 
metical, and the other Geometrical Ratio. 

The difference between two numbers is called their Arith- 
metical Ratio. Thus, the arithmetical ratio of 9 to 7 is 9—7, 
or 2; and if a and b designate two numbers, their arithmetical 
ratio is represented by a—b. 

Numbers are more generally compared by means of quo- 
tients ; that is, by inquiring how many times one number con- 
tains another. Tlie quotient of one number divided by another 
is cEilied their Geometrical Ratio. The term Ratio, when used 
without any qualification, is always understood to signify a 
geometrical ratio, and we shall confine our attention to ratios 
of this description. 

(a02,) By the 7-atio of two numbers, then, we mean the quo- 
tient which arises from dividing one of these numbers by the 
other. 

, , 12 

Thus, the ratio of 13 to 4 is represented by — , or 3. 

The ratio of 5 to 3 is ^, or 2.:>. 

The ratio of 1 to 3 is -, or .333, &c. 

We here perceive that the value of a ratio can not always 
be expressed exactly in decimals ; but, by taking a sufficient 

Ho.i.db,.CoogIc 



172 RATIO AWii riioi'onTioN. 

number of terms, we can approach as nearly as we please to 
the true value. 

If « and h designate two numbers, the ratio of (Z to & is the 
quotient arising from dividing a by h, and may be represented 

by writing them a:b, or j. The first term, a, is called the 

antecedent of the ratio ; the last term, b, is called the consequent 
of the ratio. 

Hence it appears that the theory of ratios is included in the 
theory of fractions, and a ratio may be considered as a fraction 
whose numerator is the antecedent, and whose denominator is the 
consequent. 

(203.) When the antecedent of a ratio is greater than the 
consequent, the ratio is called a ratio of greater inequality ; as, 

-, — . When the antecedent is less than the consequent, it is 



dent and consequent are equal, it is called a ratio of equality ; 
as, -, -. It is plain that a ratio of equality may always be 
represented by unity. 

(204.) When the corresponding terms of two or more sim- 
ple ratios are multiplied together, the ratios are said to be 

compounded. Thus, the ratio of;-, compounded with the ratio 

of -, becomes 7-,. 
d bd 

When a ratio is compounded with itself, the result is called 
2 . 4 
a duplicate ratio. Thus, the duplicate ratio of ~ is -; and the 

duplicate ratio of -7 is y;. 

A ratio compounded of three equal ratios is called a tripli- 
cate ratio. Thus, the triplicate ratio of- is — ; and the tripli- 
cate ratio of Y is ri- 

The ratio of the square roots of two quantities is called a 
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subduplicate ratio. Thus, the subduplicate ratio of tt is ^ ; an"! 

the subduplicate ratio of t- is -— j-. 

The ratio of the cube roots of two quantities is called a suh- 

Irlpiicate ratio. Thus, the subtriplicate ratio of — is - ; and 

a. ^a 
the subtriphcate ratio of j is -jrr- 

(205.) If the terms of a ratio are both multiplied, or both di' 
vided hy the same quantity, the value of the i-atio remains un- 



The ratio of a to & is represented by the fraction t, and IDo 

value of a fraction is not changed if we multiply or divide both 
numerator and denominator by the same quantity. Thus, 



(300.) Ratios are compared with each other by reducing 
the fractions which represent them to a common denominator. 

In order to ascertain whether the ratio of 2 to 7 is greater 
or less than that of 3 to 8, we represent these ratios by the 

fractions - and -, and reduce them to a common denominator. 

7 8 

They thus become 

16 , 21 

and. since the latter of these is the greatest, we infer that the 
ratio of 2 to 7 is less than the ratio of 3 to 8, 

(207.) A ratio oi greater inequality is diminished, and a ratio 
of less inequality is increased, by adding the same quantity to 
both terms. 

3 3-M 4 

Th„, i>^r'"K' 

HoiBdb, Google 



2 2+1 3 

To prove the proposition generally, iet j represent iiny ra- 
tio, and let x be added to each of its terms. The two ratios 
will then be 

a , a+x 

Y and -j— — , 

which, reduced to a common denominator, become 
ab+ax ah+hx 
blb+^' b(b+xy 

Nowif fl>fi,that is, if ^is a ratio of greater inequality, then, 
since ax is greater than bx, the first of these fractions is great- 
er than the second, and therefore y is diminished by tlie addi- 
tion of the same quantity to each of its terms. 

But if a<6, that is, if r is a ratio of less inequality, then, 
since ax is less than bx, the first of the above fractions is less 
than the second, and therefore t is increased by the addition 
of the same quantity to each of its terms. 

(208.) If, in a series of ratios, the consequent of each is the 
antecedent of the following ratio, then the ratio of the first aw 
lecedent to the last consequent is equal to that which is com- 
pounded of all the intervening ratios. 

Let the proposed ratios be 

a b c d e 

V ? 5' ? 7 

Compounding them by Art. 204, we obtain 

bcd^' 
which, being divided by bcde, reduces to 

/■ 

HoiBdb, Google 



KATIO ANC 



PROPORTION. 

(209.) Proportion is an equality of ratios. 

Thus, if a, b, c, d are four quantities, such that a, when di- 
vided by i, gives the same quotient as c when divided by d, 
then a, b, c, d are called proportionals, and we say that a is to 
h as c is to rf ,- and this is expressed by wnting them thus : 

a:h'.:c'.d, 
or o.:b=c;d, 



So, also, 3, 4, 9, 13 are proportionals ; that is, 
3:4::9: 12 
3 9 
i"l2- 
In ordinary language, the terms ratio and proportion are 
confounded with each other. Thus, two quantities are said to 
be in the proportion of 3 to 5, instead of the ratio of 3 to 5, 
A ratio subsists between two quantities, a proportion only be- 
tween four. Ratio is the quotient arising from dividing one 
quantity by another ; two equal ratios form a proportion. 
(210.) In the proportion 

a-.b::c:d, 
a, li, c, d are called the tei-ms of the proportion. The first and 
last terms are called the extremes, the second and third the 
means. The first term is called the first antecedent, the second 
term the first consequent, the third term the. second antecedent, 
and the fourth term the second consequent. 

The word term, wlien applied to a proportion, is used in a 
slightly different sense from that explained in Art. 27. The 
terms of a proportion may be polynomials,* Thus, 
a+h:c-^d::e+f:g+h. 
(211.) When the second and third terms of a proportion are 
identical, this quantity is called a mean proportional between 
the other two. Thus, if we have three quantities, a, h, c, such 
that 

a:h::b:c, 
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then b is called a mean proportional between a and c, and c is 
called a third proportional to a and h. 

If, in a series of proportional magnitudes, each consequent is 
identical with the nest antecedent, these quantities are said to 
be in continued proportion. Thus, if we have a, h, c, d, e, f 
such that 

a:h::h:c::c:d-.:d:ei:e:f, 
a_h_c__d_e_ 
°^ b~c~d~'e~f 

the quantities a, b, c, d, e,/ are m continued proportion. 

(212.) If four quantities are proportional, the product of Ins 
extremes is equal to the product of the means. 

Let a :b :; c: d. 

Then will ad=hc. 

For, since the four quantities are proportional, 

Multiplying each of these equals by hd, the expression be^ 
comes 

abd bed 

or ad=bc. 

Thus, if 3 : 4 ; 1 !) L 12, 

then 3X12=4X9. 

(213.) Conversely, if the product of two quantities is equal 
to the product of two others, the first two quantities may be 
made the extremes, and the other two the means of a proportion. 



Let 


ad^bc. 


Then will 


aih'::c:d. 


For, since 


ad^bc, 


dividing each of these equals by Id, the expression becomes 




r~i'"lrV 


that is. 


a:h:: c: d, or c : di: a :b. 


Thus, if 


3X12-4X9, 


then 


3:4::9 : 12, 


or 


!) : 12 : : 3 : 4. 
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(214.) The preceding propoaition ia called tlie test of propo!-- 
tions, and any change may be made in the form of a propor- 
tion which is consistent with the apphcation of thia test. In 
order, then, to decide whether four quantities are proportional, 
we must compare the product of the extremes with the product 
of the meana. 

Thus, to determine whether 6, 6, 7, 8 are proportional, we 
multiply 5 by 8, and obtain 40. Multiplying 6 by 7, we ob- 
tain 42. As these two producta are not equal, we conclude 
that the numbers 5, 6, 7, 8 are not proportional. 

AgaiB, take the numbers 5, 6, 10, 13. The product of 5 by 
12 is 60, and the product of 6 by 10 is also 60. Hence these 
numbers are proportional ; that is, 

5:6:: 10: 13. 

(215.) If three quantities are in continued proportion, tne 
product of the extremes is equal to the square of the mean. 

If a:b::b:c. 

Then, by Art. 312, ac=bb, which is equal to h'. 

Couveraely, if the product of two quantities is equal to the 
square of a third, the last quantity is a mean proportional be- 
tween the other two. 

Thus, let ac=¥. 

Dividing these equals by ic, we obtain 



Thus, if 4:6::6:9, 

then 4X9=6". 

And conversely, if 4X9=6', 
then 6 is a mean proportional between 4 and 9. 

liSAMPLES. 

1. Given the first three terms of a proportion, 24, 15, and 
40, to find the fourth term. 

3. Given the first three terms of a proportion, 3a6', ■ia'b', 
and 9a'b, to find the fourth term. 

3. Given the last three fermg of a proportion. 4n''t', 3a'ft% 
and Sa'ft, to find the first term. 
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4. Given the first, second, and fourth terms of a proportion, 
5j!', Ix'y', and ^\x^y, to find the third term. 

5. Given the fiirst, third, aod fourth terms of a proportion, 
a+b, a'—V, and (a—b)", to find the second term. 

(216.) Ratios that are equal to the same ratio are equal to 
each other. 

Let a:b:. 

and c -.d:: 

For, since 

And since 
we i.ave 



[ then wiil a : 



Therefore, X~> 

and hence a:h::c:d. 

(217.) If four quantities are proportional, they will be pio- 
portional hy alternation; iha.i\s, the first will have the same ratio 
to the third that the second has to the fourth. 



Let 



d. 



ad=bc. 



then will 

For since 
by Art. SI 2, 
and since 
hy Art. 313, a:c::b:d. 

(21S.) If four quantities are proportional, they will be pro- 
portional by inversion ; that is, the second will have to the first, 
the same ratio that the fourth has to iV third. 



Let 
then will 

For since 
by Art. 212, 



d; 



d. 



ad— be, 

or be— ad. 

Therefore, by Art. 213, b:a::d:c. 

(219.) If four quantities are proportional, they will be pio 
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portional by composition ; that is, the sum, of the first and sec- 
ond will have to the second the same ratio that the sum of the 
third and fourth has to the fourth. 



Let 
then wiil o 

For since 

we have r— -;■ 

b d 

Add unity to each of these equals, and we have 
a c a+b c+d 

b d b d 

tliat is, a+1) :h:; c+d : d. 

(230.) If four quantities are proportional, they will be pio- 
portional by division; that is, the difference of the first and sec- 
ond will have to the second the same ratio that the difference of 
the third and fourth has to the fourth. 

Let a:b::c:d; 

then will a—h:h : : c—d:d. 

For since a:b::c:d, 

we have t="1- 

b d 

Subtract unity from each of these equals, and we hav« 
a c a-b c-d 

b d b d 

that is, a—b •.b::c—d:d. 

(231.) If four quantities are proportional, they will be pro- 
portional by conversion ; that is, the first will have to the dif- 
ference of the first and second the same ratio that the third has 
to the difference of the third and fourth. 



Let 


a-.i-.-.c-.di 


thou will 


a:a~h::c:c-d. 


For since 


a:h::c:d, 


by inversion. 


h:a::d:c; 


wlience 


b_d 


Subtract each 


of these equals fiora unity, and wo have 
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a c' a c ' 

that is, a—b -.a:: c-d; c, 

or inversely, a : a—b :: c : c—d. 

(222.) If four quantities are proportionaf, the sum oftkejirsi 
and second will have to their difference the same ratio that the 
sum of the third and fourth has to their difference. 

Let a : b 11 c : d; 

then will a-i-b : a—h : : c+d : c~d. 

For since a;h ■.; c: A, 

by composition, a\-b -.h :: c+d : d, 

and by alternation, «+& ; c+d ::b:d. 

Also, since a:l :: c ■ d, 

by division, a—b ib :: c—d : d, 

and by alternation, a—h : c—d -.ib : d. 

Hence, by equality of ratios, 

a+b : a-b : c-hd : c-d. 

(223.) If four quantities are proportional, like powers or rootx 
of these quantities will also be proportional. 

Let a:b::c:d; 

then will n" :b" :: c" : d". 

For since a -.b %: c : d, 

we have 7=-i- 

b a 

Uzusing each of these equals to the nlh power, we obtam 

that is, a" -.b" :: c" : d", 

where n may be either a whole number or a fraction. 

(224.) If there is any number of proportional quantities all 
having the same ratio, the first will have to the second the same 
ratio that the sum of all the antecedents has to the sum of all the 



Let a, b, c, d, e,/be any number of proportional quantities 
such that 

a:b::c:d::e:f 
then will a -.b :; a+c+e : b+d+f, 
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For since a:b :: c : d, 

we have ad— he; 

and since a -.h :: e:f, 

we have af—be. 

To these equals add ab=ba, 
and we obtain a{b+d+f)—b(a+c-i-e). 

Hence, by Art. 213, a:b:: a+c+e : b+d+f. 

(235.) If three quantities are in continued proportion, i/te 
first will have to the third the duplicate ratio of that which it 
has to the second. 

Let a :b •.:b : c. 

Then a : c :: a' : b\ 

For since a : b :: b i c, 

by Art. 212, ac=b\ 

Multiplying each of these equals by «, we obtain 
a'c^ah' ; 
that is, a''Xc=aXb\ 

Resolving this equation into a proportion by Art. 213, we 



(226.) If four quantities are in continued proportion, the first 
will have to the fourth the triplicate ratio of that which it has to 
the second. 



I continued proportion, t 



Multiplying these equais by ab, we obtain 
a\bdc)=b\aic), 
•V a^Xd^b'Xa, 

Hence, by Art. 213, a : d ■ : a' : b\ 
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Let a, b, c, d be 
that 


four quantities i 




a:l>::i:c:: 


then will 


a:i::a' : 


For since 


a-.l-.-.c: 


we liave 


ai=ic; 


and since 


a:b::b: 


we have 


ac=b\ 



t: 


: c 


d, 


/■■ 


■g 


h. 


¥■■ 


■.eg 


■.ill. 


i: 


; c 


d, 


ad 


=hc 




}■■ 


■S 


h. 


«;!= 


'fg- 
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(227.) If thei'e are two sets of proportional quantities, the 
products of the corresponding terms will be proportional. 

Let 
and 

Then will 

For, since 
by Art. 212, 

And since 
by Art. 212, 

Multiplying these equals together, we have 
aexdh^bfxcg. 
Hence, by Art. 213, ae: bf :: eg : dk. 

(228.) Three quantities are said to be in harmonical propor- 
tion when the first is to the third as the difference between the 
first and second is to the difference between the second and third. 

Thus, 2, 3, 6 are in harmonical proportion ; for 
3:6:: 3-3 : 6-3. 

Let a, b, c be in harmonical proportion ; then 
a : c :: a—b : b~c. 

Multiplying the extremes and means, and reducing, we have 



Hence, to find a third harmonical proportional to two quan- 
tities, divide the product of the first and second by twice the 
first diminished by the second. 

Ex. 1. Find a third harmonical proportional to 3 and 5. 

Ex, 2. Find a third harmonical proportional to 6 and 8. 

(229.) Four quantities are stad to be in harmonical propor- 
tion when the first is to the fourth as the difference between the 
first and second is to the difference between the third and fourth. 

Thus, 2, 3, 4, 8 are in harmonical proportion ; for 
3:8:: 3-2 : 8-4. 

Let «, b, c, d be in harmonical proportion ; then 
a : d:- a~b ; c—d. 

Multiplying the extremes and means, and reducing, we 
have 
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Hence, to find ii fourth harmonical proportional io three 
quantities, divide the product of the first and third by twice 
the first diminished by the second. 

Ex. 1. Find a fourth harmonical proportional to 4, 5, and 6. 

Ex. 2. Find a fourtli harmonical proportional to 5, 8, and 10. 

(230.) Proportions are often expressed in an abridged form. 
Thus, if A and B represent tv/o sums oi' money put out for 
one year at the same rate of interest, then 

A : B : : interest of A : interest of B. 

Tills is briefly expressed by saying tlrat the interest varies 
as the priacipal. A peculiar character a> is used to denote 
this relation. Thus, we write 

the interest a> the principal. 

One quantity varies directly as another, when both increase 
or diminish together in the same ratio. Thus, in the above 
example, A varies directly as the interest of A. In such a case 
either quantity is equal to the other multiplied by some con- 
stant number. Thus, if the interest varies as the principal, 
then the interest equals the principal multiplied by a constant 
quantity, which is the rate of interest. 

If A®B, then A=?7!B. 

If the space (S) described by a fulling body varies as the 
square of the time (T), then 

III representing some constant quantity, 

(231.) One quantity may vary directly as the product of 
aeveral others. Thus, if a body moves with uniform velocity 
the space described is measured by the product of the time 
by the velocity. If we put S to represent the space described, 
T the time of motion, and V the uniform velocity, then we 
shall have 

SodTxV. 

Also the area of a rectangle varies as the product of its 
length and breadth. 

The weight of a stick of timber varies as its length X its 
breadth X its depth X its density, 
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If tile density is given, then the weight varies as Uiu IciiyUi 
X the breadth X the depth. 

If the depth also is given, then the weight varies as the length 
X the breadth. 

If the breadth is given, then the weight varies as the length. 

Finally, if the length also is given, then the weight is equal 
to a constant quantity. 

(232.) One quantity varies inversely as another when one 
increases in the same ratio that the other diminishes. Thus, 
the altitude of a triangle whose area is given, varies inversely 

If the product of two quantities is constant, then one varies 
inversely as the other. 

In uniform motion, the space is measured by the product of 
the time by the velocity ; that is, 

S=TxV. 

Whence T=|. 

If the space be supposed to remain constant, then 

that is, the time required to ti-avel a given distance varies in- 
versely as the velocity. Suppose the distance is 360 miles; 
then, 

if tlie velocity is 12 miles per hour, the time will be 30 hours : 
20 " " 18 " 

" 24 " " 15 " 

that is, if the velocity is doubled, the time is halved. Tiie one 
varies inversely as the other. 

Conversely, if one quantity varies inversely as another, the 
product of the two quantities is constant. 

Thus, il' T 00 r^, 

then the space (S) is a conslant quantity. 

(233.) One quantity may vary directly as a second, and in- 
versely as a third. Thus, according to the Newtonian law of 
gravitation, the attraction (G) of any heavenly body varies 
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directly as the quantity of matter (Q), and inversely as the 
square of the distance (D). 

That is, G a. ^. 

(234.) Application of the preceding principles. 

Ex. 1. Given x+y : a: : : 5 : 3, ) 

. > to find the values of x and w. 
xy=Q, ) * 

Since a^+t/ : 3; : : 5 : 3. 

By division, jIj-;. 220, y:x::2:3. 

Therefore, ^y=^x, and y=-^' 

Substituting this value of y in the second equation, we obtain 
9,t' 



Therefore, a:=±3, 

and y=±2. 

Ex. 2. Given x+y : x —y : : 3 : 1, / to find the values of x 
x'~y'=56, 1 and y. 

From the first equation, by Art. 222, we obtain 
2x:2y::4:2; 
whence, x : y : : 2 : 1, 

and x=2y. 

Substituting this value of x in the second equation, we ob- 
tain 

y=2, X — 'l. 

Ex. 3. Given x+y : x—y ; : 64 : 1, ) to find the values of x 
xy=Q'S, ) and y. 
: x~y : : 8 : 1. 
: 2j/ : : 9 : 7 ; 
: y : : 9 : 7. 

X ^. 

Substituting this value of x in the second equation, we ob- 
tain 



By Art. 223. x-\-y 

By Art. 223, 2a; 

whence x 

Therefore, 
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Ex. 4. Given x'—r/' : x—y : : 61 : 1, Mo find the values of 

a;y=330, ) X and y. 
Since a:'-?/' : x'-Ux^y-^Zxy'-f : : 61 : 1. 

By division. Art. 220, 2xyX (x—y) : x—y : : 60 : 1. 

Hence 900 : x^j : : 60 : 1, 

and I6:;^::1:I. 

Therefore, x—y~±A. 

Also, sint^ x-—2xy+y'=lQ. 

And 43:^=1280. 

By addition, x'-\'2xy-\-y''=l2QQ, 

Extracting the root, x-\-y=^m. 
Hence ^^=±20, or ±16, 

)/=±10, or ±30. 
Ex. 5. Given x'—y' : x'y—xy'' : : 7 : 8, J to find the values 
x-{-y=Q, ) of 3! and ^. 
Ans. .r=4, or 2 ; y=2, or 4. 

Ex. 6. Given Vy — 'Ja—x— -Jy—x, ) to find the 

•\ly—x-\- -Ja—x : -/a—x ; : 5 : 2, i values of 
X and y. 

4« 5a 

Ans. x=-~ ; v=-r. 

b " 4 

Ex. 7. Given .i;+v'=^ -.x-^x ::3v'a;+6 : ^^x,\o find the 
values oi X. 

Ans. x-=^'3, or 4. 
Eq:. 8. What number is that to which, if 1, 5, and 13 be sev- 
erally added, the first sum shall be to the second as the second 
to the third I 

Ans. 3. 
Ex. 9. What number is that to which, if a, h, and c be sev- 
erally added, tlie first sum shall be to the second as the second 
to the third ? 

h^—ac 

Ans. — rnrr"' 

«— 3o+c 
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Ex. 10. What two numbers are those whose difference, sum, 
and product are aa the numbers 2, 3, and 5 respectively "i 

Ans. 2 and 10. 

Ex. 11. What two numbers are those whose difference, sum, 
^nd product are as the numbers m, n, and p ? 



Ans. — ; — , and 



2p 



Ex. 12. Find two numbers, the greater of which shall be to 
the less as their sum to 42, and as their difference to G. 

Ans. 33 and 34. 

Ex. 13. Find two numbers, the greater of which shall be t(> 
the less as their sum to a, and thoir diffevence to h. 

Ans. -77- — n, and —^~-. 
2{a—b) 3 

Ex. 14. There are two numbers which are in the ratio of 3 
to 2, the difference of whose fourth powers is to the sum of 
their cubes aa 26 to 7. Required the numbers. 

Ans. 6 and 4. 

Ex. 15. What two numbers are in the ratio of m to n, the 
difference of whose fourth powers is to the sum of their cubes 
as ^ to g 7 

Ans. -^X— i 1, and — X-^ -,. 
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SECTION XIV. 



PROGRESSIONS. 

ARITHMETICAL PROGIUSSSION. 

(235.) An Arithmetical Progression is a series of quantities 
which increase or decrease by l/te continued addition or subtrac- 
tion of tite same quantity. 
Thus, the numbers 

1, 3, 5, 7, 9, 11, &c., 
which are obtained by the addition of 2 to each successive 
terra, form what is called an increasing Arithmetical Progres- 
eion ; .and the numbers 

20, 17, 14, 11,8, 5, &;c., 
which are obtained by the subtraction of 3 from each success- 
ive term, form what is called a decreasing Arithmetical Pro- 
gress! oq. 

(230.) I'd find the last term of an Arithmetical Progression. 
If a represent the first term of an arithmetical progression, 
and d the common difference, the successive terms of an in- 
creasing series wili be 

a, a+d, a+2d, a+3d, a+4d, &c. 
The successive terms of a decreasing series will be 

a, a—d, a— 2d, a— 3d, a^4d, tfec. 
Since the coefE-cient of d in the second term is 1, in the third 
term 2, in the fourth term 3, and so on, the wth term of the 
series will be 

a±(n-l)d, 
which may be called the last term when the number of lerms 
<s n. Hence, 
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The last tei-m of an arithmetical progression is equal to the 
first, ± i!ie product of the common difference into the number of 
\erms less one. 

In what follows we shall coDsider the progreasion an tncreas- 
IV g one, since aU the results which we obtain can be immediate- 
ly Eipplied to a decreasing series by cbfinging the sign of '^. 

If wc put / to represent the last term of the series!,, we sh!\ll 
ncRordingly have 

l=a-\-{n-i)d. 

This equation contains four variable quantities, any one ol 
which may be computed when the other three are known, 

(237.) To find the sum of n terms of the series. 

Take any series, and under it set ihii !iame terms m an in- 
verted order, thus : 

Let the series be 1, G, S, 7, i!, 11, 13, 1&, 

the same series inverted is 15,13,11, 9, 7, 5, 3, 1. 

The sums are, 16,16^ 16,T6,"l^rr6ri6,"T6. 

The sums of the two series must be double the sum of a sin- 
gle series, and is equal to the sum of the extremes repeated as 
many times as there are terms. 

Ill order to generalise this method, let S represent the sum 
of the series, 

Then S=a+a+rf+a+85+«+3t;+. ..........+/. 

If we write the same series in an inverted order, thus: 

S=/+7^-}-P2rf+/=35+ +«, 

;ind add the two series together, term by term, we obtain 

'i^=l+^+H^+J+^+l^+ +H^. 

Represent the number of terms in the series by n ; then 

Hence S-'-^l 

Therefore, 

The sum of an Arithmetical Progression is equal to half the 
sum of the two extremes, multiplied by the number of terms. 

It also appears from the above, that the sum of the extremes 
is equal to the .mm of any other two terms eqvally distant from 
th? extremes. 
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(238,) The two fundamental ectualioiis 
l=a+in--l)d, 



fiontain five variable quantities, 

a, I, d, n, S, 
of which any tiiree being givea, the other two may be found. 
Accordingly, 20 different cases may arise, all of which are 
solved by combining the formulte above given. These cases 
are exhibited in the foliowLng table, and should be verified by 
the student : 









Formula). 


I 


a,d,n 
a,d,Q 

d, n, S 


I 


i=a+(»-l)4 


3 
4 


;=-Wd=V8r2S+(o-s.,i)-, 


5 

s 

7 
S 


a,d,n 
a,d,l 

a,n,l 
d,n,l 


S 


S=i»|2<,+(«^l)<i!, 


9 
10 
11 
IS 


a, n, I 

a,1, S 
n,l, S 


d 


, 2S-8on 


18 
14 


d, n, I 

d,n,B 
d,l, S 
«, /, S 


a 




15 
16 
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17 


o,,.., 
a,d, I 

<,,d,S 

a,l, S 


„ 


\JEf... 


18 
19 




30 


2;+i±i/(2;+^'-8^ 

" 2<i 



(23y.) £3;. I. Required the sum of 60 terms of an arithmetical 
progression whose first term is 5, and common difference 10, 
Ans, 18000. 
This example affords an application of Formula 5. 
Mx. 9. Required the number of terms of a progression whose 
sum is 443, whose first term is 2, and common difference 3. 

Ans. 17. 
This example is solved by Formula 16. 
Mx. 3. Required the first term of a progression whose sum 
is 99, whose last term is 19, and common difference 2. 

Ans. 3. 
"Ex. 4. The sum of a progression is 1455, the first term .5, and 
the last term 82. What is the common difference ? 

Es, 5. A body falls IG feet during the first second, and in 
each succeeding second 32 feet more than in the one imme- 
diately preceding. If it continue falling for 20 seconds, how 
many feet will it pass over in the last second, and how many 
in Ihe whole time t 

Ans. 624 feet in the last second, and 6400 feet in the whole 
time. 

Ex. 6.*Required the sum of 101 terms of the series 
1, 3, 5, 7, 3, &c. 

Ans. 10201. 
Ex. 7. Find the mlh term of the series 
1, 3, 5, 7, 9, &G. 

Ans. 2n—l; 



9* 
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I9S PROGREBSIONS. 

that is, the last term of this series is one less than twice the num 
her of terms. 
Ex. 8. Find the sum of n terms of the series 
1, 3, 5, 7, 9, &.C. 

Ans. iV'i 
that is, the sum of the terms of this series is equal to the square 
of t!ie number of terms. 

Thus, 1+3 = 4=8^ 

1+3+5 = 9=3'. 

1+3+5+7 =18^4'. 
1+3+5+7+9^25=5'. 
Ex. 9. Find tho sum of the natural series of numbers 
1, 9, 3, 4, 5, &C., 
up to n terms. 



Ex. 10. Find the sum of the even numbers 
3, 4, 6, 8, &c., 
up to n terms. 

Ans. n{n+l). 

Ex. II. One hundred stones being placed on the ground in 
a straight hne, at the distance of two yards from each other, 
how far will a person travel who shall bring them one by one 
to a basket which is placed two yards from the first stone ? 
Ans. 30200 yards. 

Ex. 12. Find m arithmetical means between two given num- 
bers. 

In order to solve this problem, we must first find the com- 
mon difference. The whole number of terms consists of 'the 
two extremes and all the intermediate terms. If, then, m rep- 
resent the number of means, nj+2 will be the whole number 
of terms. 

Substituting m+2 for n, in Formula 9, page 190, we have 

(f— — j-j-= tho common diSerence, 

whence the required means are easily obtained by addition. 
E.S. 13. Find fi aiithmetica! meaus between 1 and 50. 
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Ex. 14. Find three numbers in arithmetical progression, the 
sum of whose squares shall be 1333, and the square of the 
meyn greater than the pi'odnnl of ihe two extremes by 10. 
Ans. 16, 20, and 24, 

In examples of this kind, it is generally, best to represent the 
series in such a manner that the common difference may dis- 
appear in taking the sum of the termfi. Thus a progression 
of three terms may be represented by 
a~d,a,a+d; 
one of four terms by a—Sd, a—d, n+d, a+3d, &c. 

Ex. 15. Find three numbers in arithmetical progression, tho 
sum of whose squares shall be a, and the square of the mean 
greater than the product of the two extremes by h. 

/a- 2b , /a-2b , /a-2b 

^ns. y— 3 vb; \/—§—' ^^'^ V ~^~"'"^^' 

Ex. 16. Find four numbers in arithmetical progression 
whose sum is 28, and continued product 586, 

Ans. 1, 5, 9, 13. 

Ex. 17, A sets out for a certain place, and travels 1 mile 
the first day, 2 the second, 3 the third, and so on. In five days 
afterward B sets out, and travels 13 miles a day. How long 
will A travel before he is overtaken by B ? 

Ans. 8 or 15 days. 

This is another example of an equation of the second de- 
gree, in which the two roots are both positive. The following 
diagram exhibits the daily progress of each traveler. The di- 
visions above the horizontal line represent the distances trav- 
eled each day by A ; those below the line the distances trav- 
eled by B. 



A.123 4 5 



-I 



E. 123456789 10 

It is readily seen from the figure that A is in advance of B 

until the end of his 8th day, when B overtakes and passes him. 

After the 12th day, A gains upon B, and passes him on the 

15th day, after which he is continually gaining upon B, and 

could not be again overtaken, 

Ex. 18. A goes 1 mile the first dav, S the second, and so m. 



! starts a days later, and travels b milcH per day. H.ow long 
vill A travel before he is overtaken by B ? 

2b-l±: VMj-iy—Sab , 
Ans. — -— — -^—~ days. 



86 ■ 

For instance, in the preceding example, if B had started one 
day later, he could never have overtaken A, 

Ex. Id. A traveler set out from a certain place and went 1 
mile the first day, 3 the second, 5 the third, and so on. After 
he had been gone three days, a second traveler sets out, und 
goes 12 miles the first day, 13 the second, and so on. la how 
many days will the second overtake the first ? 

Ans. In 3 or 9 days. 
Let the student illustrate this example by a diagram like the 
preceding. 

QEOMBTItlCAL PROGaESSION. 

(240.) A Geometrical Progression is a series of quantities, 
each of which is equal to the product of that which precedes it hy 
a constant number. 

Thus, the series 

3, 4, 8, 16, 32, &c., 
and 81, 27, 9, 3, &c., 

are geomotrica! progressions. In the former, each number is 
derived from the precedbg by multiplying it by 2, and the 
series forms an increasing geometrical progression. In the 
latter, each number is derived from the preceding by multiply- 
ing it by \, and the series forms a decreasing geometrical pi'o- 
greasion. 

In each of these cases, the common multiplier is called the 
common ratio. 

(241.) To find the last term of a geometrical progression. 

Let a represent the fii'st term of the progression, and r the 

common ratio ; then the successive terms of the series will he 

a, ar, ar", ar', ar', &c. 

The exponent of r in the second term is 1, in the third term 
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IS 2, in the fourth term 3, and so on ; hence the reth term of the 
series will be 

If, therefore, we put I for the last term, and n the number of 
terms of the series, we shall have 

That is, 

The last term of a geometrical progression is equal to the 
product of the first term by that power of the ratio whose expo- 
nent is one less than tlie number of terms, 

(242.) To find the sum of all the terms of a geometrical pro- 
gression. 

If we take any geometrioal seriea, and multiply each of its 

terms by the ratio, a new series will be formed, of which ev- 
ery term except the last will have its corresponding term in 
the first series. Thus, take the series 

1, 3, 4, 8, 16, 32, 
the sum of which we will represent by S, so that 
8=1+8+4+8+16+33. 
Multiplying each term by 2, we obtain 

38=2+4+8+16+32+64. 

The terms of the two series are identical, except ih^ first 

term of the first series and the last term of the second series. 

If, then, we subtract one of these equations from the other, all 

the remaining terms will disappear, and we shall have 

3S-S=64-1. 

In order to generalize this method, let a, ar, ar'', &c., rejv 

resent any geometrical seriea, and S its sum ; then 

S=ffl+«r+<;r'+nrM- +ar"~^-\-ai^\ 

Multiplying this equation by r, we have 

rS=«r+ar'+(ir'+a/-*+ +ar''"'+«r". 

Subtracting the first equation from the second, we obtain 
rS-S=«)--«. 

Hence b= ,^, ■ ; 

or, substituting the value of I already found, we shall have 
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Hence, to lind the sum of the terms oi li geometrical pro- 
gression. 

Multiply t/ie last term hy the ratio, subtract the first term, and 
divide the remainder by the ratio less one. 

If the series is a decreasing one, and r consequently repre- 
sents a fraction, it is convenient to change the signs of both 
numerator and denoininator in this expression, which then be- 



(343.) In the two fundamenfal equations 



there are five variable quantities, 

a, I, r, n, S, 
of which any three being given, the other two may be found. 
Accordingly, as in ai'ithmetical progression, 20 different cases 
may arise, all of which are readily solved, with the exception 
of those in which n is the quantity sought. The value of n 
can only be found by the solution of an exponential equation. 
See Art. 352. These diiferent cases are all exhibited in the 
following table for convenient reference. 



No. 1 OIVBD, 1 Jl^quired. 


Focmulie. 


1 

2 
3 
4 


a, r, S 
r,n,S 


I 


l^ar-'-\ 

^ «+(r~l)S 

m-l)'-^=a{^-ar\ 
(r-l)S/-"-' 


r"-\ ■ 


."1 
6 
7 
8 


a,n,l. 
r, n,l 


S 


-■i'l~-i/a ' 
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9 
10 
11 
12 


a, n,l 

<!, 11, S 

a, I, S 
n,l, S 
r, n,l 

r,n,S 
.-, I, S 

», ;, s 


r 


*-oi™i.li^, 

«r--rS=(i-S. 
(S-0/-"-S)-"-'=^/. 


13 

14 

10 


. 


(,-l)S 

" r"-i ' 
— fr-('-i)s, 

a(S-a)—=!(S-;)-'. 


17 

18 
19 
20 


o, 1-. ( 
a, r, S 

0,;, S 

r, I, S 


M 


fog-, r 
%-[<" + {'-l)S]-%.a 
tog. r 
hg.l-hg.a 


■' %.(S-o)-%.(S-() '■ 
%.;-(0S-.p>-(r-l)S] 



BXAMPLGg. 

Ex. 1, Required the sum of the series 
1, 3. 9, 27, &;c., 
continued to 12 terms. 



This example is solved by Formula 5, 
Ex. 3. Required the sum of the series 
1, S, 4, 8, 16, &c., 
continued to 14 terms. 



Ans. 16383. 
> 3, and the number 



Ex. 3. Given the first term 3, the r 
of terms 10, to find the last terra. 

Ans. 39366. 

S37. 4. Given the first term 1, the last term 512, and the sum 
of Ihe terms 1023, to find the ratio. 
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Ex. G. Given the last term 2048, the number oC terms i-.', 
and the ratio 2, to find the first term. 

Ex. G. A person being asked to dispose of his horse, said he 
would sell him on condition of receiving one cent for the fir&i 
nail in his shoes, two cents for the second, and so on, doubling 
the price of every nail to 32, the number of nails in his four 
shoes. What would the horse cost at that rate t 

Ans. $42,949,672.95. 

(244.) To find any number of geometrical means betioeen two 
given numbers. 

In order to solve this problem, it is necessary to know the 
ratio. If m represent the number oi means, m+2 will be the 
whole number of terms. Substituting m+2 for n in Formula 9 
Art. 343, we obtain 



^"v4 



That is, to find the. ratio, divide the last term by the first term, 
and extract the root denoted by the number of means plus one. 

When the ratio is known, the required means are obtained 
by continued multiplication, 

Ex. 1. Find three geometvicaL means between 2 and 162, 

Ex. 2. Find two geometrical means between 4 and 25G. 

(245.) Of decreasing progressions having an infinite number 
of terms. 

The formula 



which represents the sum of n terms of a decre; 
may be put under the form 



1-r ]-?■" 
In a decreasing progression, since *■ is a proper fraction, »■" 
is less than unity, and the larger the number n, the smaller will 
be the quantity r". If, therefore, we take a very large num- 
ber of terms of the series, the quantity r", and, consequently 

the term -, will be very small ; and if we take w ereatei 
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than any assignable number, tben - — ~ will be less tban any 
assignable number. We shall therefore have 



Hence the sura of an infinite series decreasing in geometrical 
progression is found by the following 



Divide the first term by unity diminished by the ratio. 
Ex. 1. Find the sum of the infinite series 

14-^4-J-4-i4-, &c. 
Here «=!, r=}. 

Therefore, S=-2--.=-__^3. 

Ex. 2. Find the sum of the infinite series 

Ans. |. 
JSx. 3. Find the sum of the infinite series 

Ex. 'i. Find the ratio of an infinite progression, whose firsl 
term is 1, and the sum of the series 5, 

Ans. }. 
Ex. 5. Find the first term of an infinite progression, whose 
ratio is J^, and the sum -|. 

Ans. I 
Ex. 6. Find the first term of an infinite progression, of which 
the ratio ia — , and the sum -. 

PROBLEMS. 

(246.) Prob, 1. Of four numbers in geometrical progression, 
the sum of the first and second is 15, and the sum of the third 
and fourth is 60, Required the numbers. 

Let X, xy, xif, xy°, be the numbers. 

Therefore, x-^xy —15, 

and xy''-\-xy''=&0. 
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Multiplying Ihe first equation by if, 

Therefore, j/°=4, 

iuid y =±2. 

Also, x±%x=l5. 

Therefore, x=5, or -15. 

Taking the first value of x, and the correspondliig value of 
y, we obtain the series 

5,-10,20,40; 
which numbers may be easily -verified. 

Taking the second value of a^, and the oorresponding value 
5f y, Tvo obtain the sei"les 

-15, +30, -60, +120; 
which numbers also perfectly satisfy the problem understood 
algebraically. If, however, it is required that the terms of the 
progression be positioe, the last value oix would be inapplica- 
ble to the problem, though satisfying the algebraic equation. 

Several of the following problems also have two solutions, 
if we admit negative values. 

Prob. 2. There are three numbers in geometrical progres- 
sion whose sum is 210, and the last exceeds the first by 90 
What are the numbers 1 

Ans. 30, 00, and 120. 

Prob. 3. There are three numbers in geometrical progres- 
sion whose continued product is 64, and the sum of their cubes 
is 584. Required the numbers, 

Ans. 2, 4, and 8. 

Prob. 4. There arc four numbers in geometrical progres- 
sion, the second of which is less than the fonrth by 24 ; and the 
sum of the extremes is to the sum of the means as 7 to 3. Re- 
quired the numbers. 

Ans. 1, 3, 9, and 27. 

Prob. 5, Of four numbers in geometrical progression, the 
difference between the first and second is 4, and the difierenca 
between the third and fourth is 36. What are the numbers 1 
Ans. 2, 6, 18, and 64. 

Prob. 0. Of four numbers in geometrical progression, the 
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1 of the first iinrl third is «, the sum of the second and foiirtf 
. What are the numbers 1 

■ a'+!)'' o'+h" «'+/('' a^+¥' 



Ans. 



HARMONICAL PROGHESSION. 

(247.) A series of quantities is said to be in liarmonical pi-u- 
gression when, of any three consecutive terms, the first is to the 
third as the difference of the first and second is to the difference 
of the second and third. 
Thus the numbers 

60, 30, 20, 15, 13, 10, 
are in harmonlcal progression ; for 

SO : 20 : : 60—30 : 30-20 
30 : 15 :: 30-30 : 20-15 
20 : IS :: 30-15 : 15-12 
IS : 10:: 15-12 : 12-10. 
So, also, the numbers 

1, i, i, h h h &c., 
I'orm an harmonica! progression. 

(24S.) The reciprocals of a series of terms in harmonical pro- 
gression form an arithmetical progression. 
Thus, the reciprocals of 60, 30, 20, &c., are 

which are respectively equal to 

^-, .=_, ^_, ^_, ^1^, _«_, 
being an arithmetical progression whose common difference 
is is- 

If six musical strings of equal weight and tension have their 
lengths in the ratio of the numbers 

i, i, h' ?' i' ¥' 
ihe second will sound the octave of the first ; the third will 
isound the twelfth ; the fourth will sound the double octave ; 
the fifth will sound the eighteenth ; and the sixth will sound 
the third octave of the first. Hence the origin of the term 
'larmonical or musical proportion. 
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Let a, b, c be three quantities in harmonical progression j 
then 

a :c:: a-b : b-c ; 



That is, an harmonical mean between two quantities i 
to twice their product divided by their sum. 
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GREATEST COMMON DIVISOR.— CONTIN- 
UED FRACTIONS.— PERMUTATIONS AND 
COMBINATIONS. 

(249.) The greatest common divisor of two or more qoati- 
tilies is the greatest factor whicli is common to each of the 
ijuantilies. 

THEOREM, 



The. greatest common divisor of two quantities is tlte same 
inth the greatest common divisor of the least quantity, and their 
•emainder after division. 

To prove this principle, let the greatest of the two quantities 
)e represented by A, and the least by B. Divide A by B ; 
et the entire part of the quotient be represented by Q, and the 
■emainder by R. Then, since the dividend must be equal to 
he product of the divisor by the quotient + the remainder, we 
hall have 

A=QE+R. 

Now every number which will divide B will divide QB; 
nd every number which will divide R and QB will divide 
l+QB or A. That is, every number which is a common di- 
isor ofE and R is a common divisor of A and B. 

Again, every number which will divide A and B will divide 
i. and QB ; it will also divide A-QB or R. That is, every 
umber which is a common divisor of A and B is also a com- 
lon divisor of B and R. Hence the greatest common divisor 
f A and B must be the same as the greatest common divisor 
fBandR. 
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(250.) To find, then, the greatest common divisor of two 
quantities, we divide tiie greater by tiie less ; and the remain- 
der, which is necessarily less than either of the given quanti- 
ties, is by the last Article divisible by the greatest common di- 
visor. 

Dividing the preceding divisor by the last remainder, a still 
smaller remainder will be found, which is divisible by the 
greatest common divisor ; and by continuing this process with 
each remainder and the preceding divisor, quantities smaller 
and smaller are found, which are all divisible by the greatest 
common diviaor, until at length the greatest common divisor 
must be obtained. Hence the follov/ing 



Divide the greater quantity iy the less, and the preceding di- 
visor by the last remainder, till nothing remains ; the last divi- 
sor will be the greatest common divisor. 

When the remainders decrease to unity, the given quanti- 
ties have no common divisor greater than unity, and are said 
to be incomm,ensurable, or prime to each other. 

Kx. 1 . What is the greatest common divisor of 373 and 846 1 
3721846 
346JT~ 
246J126, first Remainder. 
126] T" 
196|120, second Remainder. 
120 |l~ 
120J 6, third Remainder. 
iSo|"^ 

Here we have continued the operation of division until we 
obtain for a remainder; the last divisor (6) is the greatest 
common divisor. Thus, 246 and 372 being each divided by 
6, give 41 and 62, and these quotients are prime with respecl 
to each other ; that is, have no common divisor greater thar. 
unity. 
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f'jX. 2 What is the greatest common divisor of 
336 and 720 ? 

Ans. 48. 

Mc. 3. What is the greatest common divisor of 
yi8 and 533? 

Ans. IS. 

(351.) In applying this rule to polynomials, some modifica- 
tion may become necessary. It may happen that the first term 
of the dividend is not divisible by the first term of the divisor. 
This may arise from the presence of a factor in the divisor 
which is not found in the dividend, and may therefore be sup- 
pressed. For, since the greatest common divisor of two quan- 
tities is only the product of their com^non factors, it can not be 
affected by a factor of the one quantity which is not found in 
the other. 

We may therefore suppress in the first polynomial all the 
factors common to each of its terms. We do the same with 
the second polynomial, and if the suppressed factors have a 
common divisor, we reserve it as forming part of the common 
divisor sought. 

But if, after tliis reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is not 
divisible by the first term of the arranged divisor, we may mul- 
tiply the dividend by any monomial factor which will render its 
first term divisible by the first term of the divisor. 

This will not affect the greatest common divisor, because 
we introduce into the dividend a factor which belongs onlp to 
the first term of the divisor ; for by supposition, all the factors 
common to each of its terms have been suppressed. 



Ex. 1. Required the greatest common divisor of 

^'■+3:' anda:^-!. 
The operation will here stand as follows : 

x'—x j.-c 

x'+x, first Ilemainder. 
Suppressing :c, we have x'+l. 
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x^+x'lx^—l 
~x''-l 

Whence x''+l is the greatest common divisor. To verii; 
this result, divide x^+x' by x'+l, and we obtain .?;'; dividi 
a:'— I by x'+l, and we obtain x'—l. 

Ex. 2. Required the greatest common divisor of 
x^—b^x and x'+2bx+b'. 

Suppressing the factor a: in the first polynomial, we proceei 
as follows : 

x'+2b:c + h'\x' — h'' 

x" -bj l 

2bx-i-2b', first Remainder. 
Suppressing the factor 2b, 

x'-b' \ x+b 
x''+bx\x—b 

-bx-b" 
Whence x+b is the greatest common divisor. 
Ex. 3. Required the greatest common divisor of 
4a=— 2«'— 3«+l and Sa}—2a—\. 

Ans. a~\. 
Ex. 4. Find the greatest common divisor of 
x'—a' and x'—a'. 

Ex. 5. Find the greatest common divisor of 
a''—3ab+2b'' and a'—ab—2b\ 

Ans. a~2b. 
Ex. 6. Find the greatest common divisor of 
a'~x^ and a^—a'x—ax'+x". 

Anx. a'-x' 
■ Ex. 7. Find the greatest common divisor of 

a'-a^b+Sab'-Sb' and a'-^ab+ib'. 

Ans. a-b 
Ex. 8. Find the greatest common divisor of 

ar-Sab+ac+'^b'-'ibc and a^-b''+2bi:-c'\ 
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CONTINUEO FHACTi 



CONTINUED PRACTIONS, 



(253.) Prom the operation on pago 204, we i 
- . 246 . ,1 

fraction ^ is equal to rriFB" 

Also, the traction — - is equal to Y^^-^r^^ - 
Again, the fraction —^ is equal to j-- 



which is called a continued fraction. 

A continued fraction is one whose numerator is unity, and lis 
denominator an integer plus a fraction whose numerator is like- 
wise unity, and its denominator an integer plus a fraction, and 

The genera! form of a continued fraction is 



b+l 

c+l 

d+1 

e+1, &c. 
(253.) Any fraction may be transformed into a continued 
fraction by the method of finding the greatest common divisor 
of the numerator and denominator. 



Ans. I 

3+1 



I 'hi. 
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Ex. 2. Transform ^rr: into a coiitinued ihiction. 



Ans. 1 

3+T 
1+1 

3+1 

I+tV. 



" 704 ■' 

Ex. d. Transform -t^ into a coitinued fraction. 
421 

(254.) The value of a continued fraction, when composed 

a finite number of terms, is easily found. 

Ex. 1. Find the value of the continued fraction 



2+1 
3+J. 
sginning with the last fraction, we ha' 



Hence 


3+i 13* 


Therefore, 


1 30 
^'3+i 13" 


And 


~ 13 



3+1 

Ex. 2. Find the value of the continued fraction 



4+1. 
Ex. 3. r'ind the value oi' the continued iraction 
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1 

3+1 
3+1 

2+1 

3+1. 
(255.) When a fraction has been transformed into a con- 
tinued fraction, its approximate value may be found by taking 
a few of the first terms of the continued fraction. 

114 

Thus, an approximate value of --r is I, which is the first 

term of its continued fraction. 

22 
By taking two terms, we obtain — , which is a nearer ap- 

pi^oximation ; and three terms would give a still more accurate 
value. 

5.S2 
Ex. I. Find approximate values of the fraction tt^. 

1 4 33 



Ex. 2. Find approximate values of the fraction -^. 

119 
Ex. 3. Find approximate values of the fraction -^. 

(■256.) By this method we are enabled to discover the ap- 
proximate value of a fraction expressed in large numbers ; and 
this principle has some important applications, particularly in 
Astronomy. 

Ex. 4. The ratio of the circumference of a circle to its 
diameter is 3.1415926. Find approximate values for this 
ratio, 

22 333 355 

AnS. -y, y^. Yj^, 

Ex. 5. In 87969 years, the Earth makes 277287 conjunc- 
tions with Mercury, Find approximate values for the frac- 

87969 
tion-^-^. 

16 7 13 33 

Ans. 



S' 19' 22' 41' 104' 
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210 PEKMUTATIONS AND COWBIKATIONS. 

Ex. 6. In 57551 years, the Earth makes 36000 coojunctioiia 

57551 
■with Venus. Find approximate values for the fraction „ -— r-. 

8 935 

^"'- 5'147- 
Ex. 7. In 395306 years, the Moon makes 3652493 synod- 
ical revolutions. Find an approximate value of the fraction 
29530 6 
3653432' 

A 1^ 

^''^- 235- 



(257.) The different orders in vphich quantities may be ; 
ranged are called their Permutations. Thus, 



the permutations of the three letters a, b, c, taken all 
together, are . "1 ^, 



The permutations of the same letters taken two and] h, 
two, are | ''i 



The permutations of the same letters taken singly, or ^ . ' 
one by one, are ) ' 

(258.) To find the number of permutations ofn letters, taken 
m and m together. 

Let ' a,h,c,d.....k,he the n letters. 

The number of permutations of n letters taken singly, or one 
by one, is evidently equa! to the number of letters, or to n. 

The number of permutations of n letters taken two and two 
is n(n—l). For if we reserve one of the letters, as a, there 
will remain n~l letters. 
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PBRMUTATIONB AND COMBINATIONS. Mil 

b, C, d A. 

Writing a before each of these letters, we shall have 

ab, ac, ad ak ; 

that is, we obtain n—1 permutations of the n letters taken two 
and two, in which a stands first. Proceeding in the same 
manner with &, we shall find n— I permutations of the n letters 
taken two and two, in which & stands first ; and so for each 
of the n letters. Hence the whole number of permutations 
will be 

B(«-l). 
The number of permutations of n letters taken three and 
three together is 

n{n~\) (7i-3). 
For if we reserve one of the letters, as a, there will remain 
n—1 letters. Now we have found the number of permuta- 
tions of n letters taken two and two to be n{n—X). Hence 
the permutations of w— 1 letters taken two and two must be 
{n-\){n^2).. 
Writing a before each of these permutations, we shall have 
(n—1) (n— 2) permutations of the n letters taken three and 
three, in which a stands first. Proceeding in the same manner 
with b, we shall find (w— 1) (n— S) permutations of the n let- 
ters taken three and three, in which h stands first; and so for 
each of the n letters. Hence the whole number of permuta- 
tions will be 

«(«-!) (»-2). 
In like manner, w e can prove that the number of permuta- 
tions of n letters taken four and four is 

n(n~i) («-2) (/i-3). 
When the letteis are taken two and two, Iho last factor in 
the formula representing the number of permutations is n—1. 
When the letters aie taken three and three, the last factor is 
n~-% When the letters are taken four and four, the last 
factor is 7i~3. 

Hence, when the letters are taken m and m together, the last 
factor will be n~{m—l) or n— m+I; and the number of per- 
mutations of n letters taken m and m together will accoiding- 
iy be 

n{n-l) (n-2) (>i-3) {n~m+l). 
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212 PEKMOTATIOXe AND COMBINATIOJifS. 

EXAMPLES. 

Ex. 1. Required the number of permutations of the 8 letters 
a, h, c, d, e,f,g, k, taken 5 and 5 together. 

Here n=8, m~5, n-~m+l=4, 

and the above formula becomes 

8.7.6.5.4=6720, Ans. 

Ex. 2. Required the number of permutations of the 36 let- 
ters of the alphabet, taken 4 and 4 together. 

Ans. 358800. 

Ex, 3. Required the number of permutations of 13 letters, 
taken and 6 together. 

Ins. 665280. 

(259.) If we suppose that each permutation comprehends all 
the n letters ; that is, ii m=n, the preceding formula becomes 

n(n-\) (71-2) 2X1; 

or, inverting the order of the factors, 

1.2.3.4 {n~\)n; 

which expresses the number of permutations of n letters taken 
ail together. 

Ex. 1. Required the number of changes which can be rung 
upon 8 bells. 

According to the preceding formula, we have 

1.2.3.4.5.6.7.8=40320, Ans. 

Ex. 3. How many permutations may be formed from the 
letters of the word Roma ? 

Ex. 3. What is the number of permutations which may be 
formed from the letters composing the word " virtue ?" 

Ex. 4. What is the number of different arrangements which 
can be made of 12 persons at a di nner- table ? 

Ans. 479001600. 

(260.) The combinations of any number of quantities signify 
the different collections which may be foriiied of these quanti- 
ties, without regard to the order of their arrangement. 

Thus, the three letters a, h, c, taken all together, form but 
one combination, ahc. 

Taken two and two, they form three combinations, 
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l>El!MU'I'ATroNS ANO COMBlNATIONa. 913 

(261.) To find the numj>er of combinations of n Utters, taken 
m and m together. 

The number of combinations of n letters taken separately, or 
one by one, is evidently n. 

The number of combinations of n letters taken two and two, 

For the number of permutations of n letters taken two and 
two is !i(7t^l) ; and there are two permutations (ah, ha) cor- 
responding to one combination of two letters. Therefore the 
number of combinations will be found by dividing the number 
of permutations by 2. 

The number of combinations of n letters taken three and 
, . n(n~l) (m-2) 
t/tree together, is ■ — '~t^~^ ■ 

For the number of permutations of n letters taken three and 
three; is n{n—l) («— 3) ; and there are 1.3.3 permutations for 
one combination of three letters. Therefore the number of 
combinations will be found by dividing, the number of permu- 
tations by 1.3.3. 

In the same manner, we shall find the number of combina- 
tions of n letters, taken m and m together, to be 

n{n-l){n-2) {n-m+l) 

1.3.3 m 

Ex 1. Required the number of combinations of six letters 
taken three and three together. 

Here m=6, m=Z, n-m-\-l=4., 

and the formula becomes 

6.5.4 

Ex. 3. Required the number of combinations of 8 letters 
taken 4 and 4. 

Ans. 70. 
Ex. 3. Required the number of combinations of 10 letters 
taken 6 and 6. 

Ans. 210. 
The following table, which is computed by the preceding for- 
mula, shows the number of combinatirns of 1, 2, 3, 4, fee let- 
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214 PERMUTATIONS AND COMEINATIO>fti. 

ters taken singly, or two and two, three and three, &.c. An 
important application of these principles will be seen in the next 
Section. 
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SECTION SVI. 



INVOLUTION OF BINOMIALS. 

(262.) We have shown, in Art. 142, how to obtain any 
power of a binomial by actual multiplication. We now pro- 
pose to develop a theorem by which this labor ma.y be greatly 



Taking the binomial a-tb, ita successive powers found by 
actual multiplication are as follows : 
(a+hy=a +b, 
ia+by=a'+2ab+h\ 
{a+by^a'+Sa'b+aab' +b' 
{a+by==a'+4a%+6a''h' +4a6= +b\ 
{a+by=a'+5a'b+10a'b^+Wa'b'+5a¥ +h\ 
la+by=a''+ea'b+l5a'b''+20a'b'+15d'b'+Gab'-+b'. 
The powers of a—b, found in the same manner, are as fol- 
lows: 

{a-hy=a -b, 
{a-by=a'-2ab -^b\ 
la~by=a'~3a''b+3ab' -b\ 
la-by=a'-4a°b+ea'b'' -iab" +b', 
la-by~a'-5a'b+\0a'b'-10aW+5aV -¥, 
la-by=a'—Qa%+l5a'b''~-20a'b'+15a'¥~Gab'+b\ 
On comparing the powers of a-\-b with those of a—b, we 
perceive that they only differ in the signs of certain terms. In 
the powers of a-^b, all the terms are positive. In the powers 
of a—b, the terms containing the odd powers of b have the 
sign—, while the even powers retain the sign +. The reason 
of this is obvious ; for, since ~b is the only negative term of 
the root, the terms of the power can only be rendered nega- 
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tive by b. A tevm which contains the factor —b an even 
number of times, will therefore be positive ; if it contain it an 
odd number of times, it must be negative. Hence it appears 
that it is only necessary to seek for a method of obtaining the 
powers ot a+b ; for these will become the powers of a^b by 
simply changing the signs of the alternate terms. 

(203.) If we consider the exponents of the preceding pow- 
ers, we shall find that they follow a very simple law. Thus, 
, , , { of a are 3, 1,0, 

In the square, the exponents . . j „ , „ , „ 

^ ^ ( of are 0, 1,2. 

I of a are 3, 2, 1, 0, 
( of ?>are 0, 1,2,3. 
f of« are 4, 3,2, 1, 0, 
/ of b are 0, 1, 3, 3, 4. 

&c., &c., &c. 

In the first term of each power, a is raised to tlie required 
P'lwer of the binomial ; and in the following terms, the expo- 
liynts of a continually decrease by unity to 0; while the ex- 
ponents of b increase by unity from up to the required power 
of the binomial. It is obvious that this will always be the case, 
to whatever extent the involution may be carried. Also, the 
sum of the exponents of a and b in any term is equal to the ex- 
ponent of the power required. Thus, in the second power, the 
sum of the exponents of a and b in each term is 3 ; in the third 
power it is 3 ; in the fourth power, 4, &c. 

We hence infer, that for the seventh power the terms, with- 
out the coefficients, must be 

a\ a'b, a^b\ a'b', a'b', ffb\ ab\ F ; 
and for the 7jth power, 

a", a~~% a^V, a"-^b^ a'b"-^, ab"~', b\ 

(204.) It remains to determine the coefficients which belong 
to these terms ; and in order to discover the law of their forma- 
tion, let us take the coefficients already found by themselves. 

The coefficients of the 1 st power are 1 1 

3d 



4th 



13 3 1 

14 6 4 1 

1 6 10 10 5 1 

1 6 15 30 IS 1 



...Google 



!NVOLUT!0\ OF UINOMrAI,?!. 317 

The numbers in this fable are identical with those in the ta- 
ble of combinations on page 914. For example, the coefficients 
of the fifth power denote the number of combinations of five 
letters taken one and one, two and two, &c. ; the coefficients 
of the sixth power denote the number of combinations of six 
letters taken one and one, two and two, 61c. The reason of 
this will appear if we observe the law of the product of several 
binomial factors, x+a, x+b, x-i~c, x+d, &c. 

Multiplying x + a 
by X -\- b, 

we obtain x'-\-(a+b)x+ab=lst product. 

Multiplying by a: + c, 
we obtain x''+{a+b -\- c)x^ + {ab + ac + bc)x + abc = 3d 

product. 

Multiplying hj x -\- d, 
we obtain x'-i-{a+b+c+d)x'+{ab+ac+ad + bc + bd-i- 

cd)x'' + (abc+abd+acd+bcd)x+abcd=3d product. 

We observe that in each of these products the coefficient of 
X in the first term is unity ; the coefficient of the second term is 
the sum of the second terms of the binomial factors ; the coefficient 
of the third term is the sum of all their products taken two and 
two ; the coefficient of the fourth term is the sum of all their 
products taken three and three, &c. 

It is easily seen that if we multiply the last product by a 
new factor, x-^e, the same law of the coefficients will be pre- 
served. Hence the law is general. 

If now, in the preceding binomial factors, we suppose a, b, 
c. d, &c., to be all equal to each other, the product 

(_x+a) (x+h) (a;+c) (cc+d) 

becomes (x+a)". 

The coefficient of the second term of the product, or a+h+ 

c+d becomes a+a+a+<t ; that is, a taken as 

many times aa there are letters a, b, c, d, and is, consequently, 
equal to na. 

The coefficient of the third term, or ab+ac, &c., reduces to 

a'+a^+d" , or a' repeated as many times as there are 

different combinations of n letters taken two and two ; that is, 

by Art. 2Q1, 10 ^~ -rf\ 
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The coeiEcient of the fourth term reduces to a' repeated as 
many times as there are different combinations of n letters 

taken three and three ; that is, — ■ — a', and so on. 

Thus we find that the nth power of ,^■+« may be expressed 
as follows : 

(.+„)-=.-+„^,-'+^':^'A--+''"-""-^'aV-+... 

+7i a'" "'«+«", 
which is called the Binomial Formula, and is generally as- 
cribed to Sir Isaac Newton. So important was it regarded, 
that it was engraved on his monument in Westminster Abbey 
as one of his greatest discoveries. 

On comparing the different terms of this development, we 
perceive that any coefficient may be derived from the preced- 
ing one by the following rule : If the coefficient of any term be 
multiplied by the exponent of s. in that term, and divided hy the 
exponent of a increased by one, it will give the coefficient of the 



Thus, the fifth power oix+a is 

x'+Qax'+lOaV+lOa'x^ + ^a'x+aK 

If the coefficient 5 of the second term be multiplied by 4, 

the exponent of x in that term, and divided by 2, which is the 

exponent of a increased by one, we obtain 10, the coefficient 

of the third term. 

So, also, if 10, the coefficient of the fourth term, be multi- 
plied by 2, the exponent of x, and divided by 4, the exponent 
of a increased by one, we obtain 5, the coefficient of the fifth 
terna ; and so of the others. 

The coefficients of the sixth power will also be found as fol- 
lows: 

6X5 15X4 20X3 I52<2 SXl 
' ' 2 ' S~' 4 ' ~~' 6 ' 
that is, 1,6, 15, 20, 15, 6, 1. 

The coefficients of the seventh power will be 

1 7 1^ ?1^ 35X4 35X3 21X2 7X1 
' ' 2 ' 3 ' 4 '" 5 ' ti'7' 
that is, 1, 7, 21, 35, 35, 21, 7, 1. 
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Therefore, tlie seventh power o(x+a is 

It is sometimes preferable to retain the factors of the coeffi- 
cients distinct from each other, as follows ; 

, 7 „ 7.6 7.6.5 , , 7.6.5.4 

i^+a) =x +-«. +— «^ +^^«^ +X^Ja-^ + 

7.6.5.4 .3 , , 7.6.6.4.3.2 ^ 7.6.5.4.3.2 .1 , 
1.3.3.4^** ■'" ''^1.3.3.4.5,6'* ^"^1.2.3.4.5.67?" " 
The factor 1 is retained for the sake of symmetry, and to 
exhibit more clearly the law of the coefficients. 
(265.) The following, therefore, is the 

BINOMIAt THEOREM. 

In any power of a binomial x-fa, the exponent of x begins m 
the first term, with the exponent of the power, and in the follow- 
ing terms continually decreases by one. The exponent of a com- 
mences with one in the second term of the power, and continually 



The coefficient of tlie first term is one ; that of the second is 
the exponent of the power ; and if the coefficient of any term he 
multiplied by tlie exponent of x in that term, and divided by the 
exponent of a increased by one, it will give the coefficient of the 
succeeding term. 

(266.) The number of terms in the power is always greatei 
by unity than the exponent of the power. Thus, the numbei 
of terms in («+&)* is 4+1, or 5 ; in {a+b)' is 6 + 1, or 7. 

Also, if we examine the table in Art. 364, it will be per- 
ceived that, after we pass the middle term, the same coeffi- 
cients are repeated in the inverse order. Thus, the coeffi- 
cients of 

(a+by are 1, 5, 10, 10, 5, 1 ; 

of {a+by are 1, 6, 15, SO, 15, 6, 1. 

Hence it is only necessary to compute the coefficients for 
half the terms ; we then repeat the same numbers in the in- 
verse order. 

(267.) The sum of the coefficients for each power is equal to the 
number 3 raised to the same power. For, let 3^=1 and a=l 
then each term without the coefficients reduces to unity, ano 
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the value of the power is simply the sum of the coefTicients. 
Also, in this case, (x+a)" becomes (1 + 1)", or 2". Thus the 
coefficients of the 



first power an 


i 1 + 1^2=2'; 


second " 


1+2+1=4=2^ 


third 


1+3+3+1=8=2^ 


fourth " 


1+4+6+4+1 = 16=2 


&c., 


&c., &c. 



DiXAMFLES, 

Ex. 1. Raise x+a to the 9th power. 
The terms without the coefficients are 

And the coefficients are 

9X8 36X7 84X6 126x5 126x4 84X3 36X3 9X1 

^'^'3' 3' 4' 5' C'7'S'9' 
that is, 

1,9, 36, 84, 120, 126, 84, 36, 9, 1, 

Prefixing the coefficients, we obtain 
(3;+a)==a;°+9«iK'+36(iiV+84aV+1266!V+126aV+84a"a;"+ 
+36oV+9a'3:+fl'. 

It should be remembered that, according to Art. 268, it is 
only necessary to compute the coefficients of half the terms in- 
dependently. 

Ex. 2. What is the 6th power of a:— «? 

(268.) If the terms of the given binomial are aifected with 
coefficients or exponents, they must be raised to the required 
powers, according to the principles already established for the 
involution of monomials. 

Ex. 3. Raise 2x+5a' to the fourth power. 

For convenience, let us substitute b for 2x, and c for 5a'. 

Then (6+c)'=&'+4/)V+66V+4ic=+c\ 

Restoring the values of b and c. 

The first term will be (23:)* =16a:\ 

The second term " 4(3a:)'X 5a' =4.8.53:V. 

The third term " 6(2a:)''x(5ay=6.4.25a:V. 

The fourth terra " 4(2x) x{5aT=4.2.1353;<7'. 

The iifth term " (5a")'=625«'. 
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Tliereforo, 

{2x+6a'y==l&c'+lGGxW+GOOx''a'+1000xa°+G25a\ 
Ex. 4. What is the fourth power of 2x°+4y' ? 
Ex. 5. What is tho seventh power o{2a—Sb? 

Ans. 138a'- ISiia'b+eOiSa'b"- 15120u'6'+22680«=fi' 
- 20412«'?)'+ 10206afe' - 2 1 876'. 
Ex. 6. What is the sixth power of a=+3«6 ? 

Ans. a"+18a^'b+13^a"b''+5i0a"h'-\-l2l5a"'b'+ 
+ 1458a'&°+729a'6°. 
Ex. 7. Wliat is the fifth power of ^c'-iyh ? 
(269.) By means of the Binomial Theorem we can raise any 
polynomial to any power. 

For example, let it be required to raise a+b+c to the third 
power. 

For convenience, we put b+c=m; we then have 

Substituting for m ils equal, b+c, we obtain 

{a+b+cy=a'+3a\b+c)+3a{b+cy+(b+cy. 
We must now develop the powers of the binomial b+c, and 
perform the multiph cations which are here indicated. We 
thus obtain 

{a+b+cy=a'+3a'b+3al)^ +b\ 

+3m'c+6(x6c+3&'c, 
+ 9ac^+3hc\ 
+c\ 
Ex. 2. Raise x+a+b to the fifth power. 
{270:} When one of the terms of a binomial is unity, tha 
powers assume a simpler form, since every power of I is 1, 
Thus, the fourth power of a+b, which is 
a*+4a''b + Qf/¥-i-iab' + b\ 
when we make a=l, becomes 

l+ib+eb''+4:b''+b\ 

So,aIso,(l+«)"=H-"a+^^^a=+^^^^^-^«=+,&c. 

Every binomial of the form (x+ay may be reduced to the 

form ofa^-f l+-j . For 
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Tierefoi-o, (i+<.)-=r(l+|)". 

This expression for the value of {x-^a)" is equivalent to that 
on page 218, as may be easily shown by multiplying x" into 
each term within the pai-enthesis. For some purposes this is 
regarded as the simplest form. 

(271.) In tho development of the binomial {x-\-a)", wo have 
hitherto supposed n to be a positive integer. The Binomial 
Theorem is, however, applicable, whatever be the nature of 
the quantity n, whether it be positive or negative, integral or 
fractional. . When n is a positive integer, the series consists 
of n+l terms. In every other case, the series never termin- 
ates; that is, the development of {x-\-a)° furnishes an infinite 
series. 

Ex. 1. It is required to convert —j or («+&)"' into an in- 
finite series. 

According to Art. 265, the terms without the coefficients are 
a.-', a-^b, a-^b\ a-'b', a-^b', a-^b% a^b', &;c. 

The coefficient of the first term is 1. 

The coefficient of the second term is —1, the exponent of 
the power. 

The coefficient of the third term is — — = + 1. 



" 


fourth 


" 


fifth 


« 


sixth 


We thus obtain 





—--, = (a+b)-'==a-'-ar^b+a-^b'~a-'b'+a-'b'--a^W+,&.c., 
a+b ^ ' 

wliere the law of the series is obvious ; the coefficients are all 

unity, and the signs are alternately positive and negative. 
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We might have obtained the same result by the ordinary 
method of division. The operation is as follows: 
I \a+b 



Hence, 

1 1 h b' ¥ ^ , . , , 

— T= ;H — ;- — J. ^c., which may be written 

a+b a «" a' a' 

a~'—a~''b+u~'b''—a~''b''+, &c., the same as before found ; 

and it is obvious, from inspecting the operation of division, that 

the series will never terminate. 

Ex. 2. It is required to convert ..; or (a+h)-^ into an 

infinite series. 

I 2b Sb' 4b' 56' 
Ans. — jH — r rH — r— » &«■ ; 

or, a-''-2a-^b+3a-'b'—ia-^l>'+5a~^b\ &.c. 
Here the coefficients increase regularly by 1, and the signs 
are alternately positive and negative. We might have ob- 
tained the same result by division, as in the former example. 

Ex. 3. Expand into a series -^ or (a~~b)~'. 

Here the coefficients furnished by the Rule are 
+ 1, -1, +1, -1, &c. 

But the factor b being negative, all its odd powers are nega- 
tive. Hence the second term contains two negative factors, 
so that its resulting sign is +. The same remark applies to 
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the fourth and sixth terms, &c., making the terms of the seriea 
all positive. 

Ex. 4. Expand into a series . -j - y , or {a—h)~K 

Ex. 5. Expand into a series (a+h)-^. 

Ans. ar'-2a''b+eci-^¥-10cr'h''+15a-''b'-, &.c. 
Ex. 6. Expand into a series (a—b)~'. 

Ans. ar'+4a-^b+lOa-^b''+20a--'b'+35a-%-'+, &c. 
(272.) We have now considered the powers of a binomial 
when the exponent is an integer, either positive or negative. 
It remains to consider the case when the exponent is s. fraction. 



Ex. 1. Expand Va+b or {a+by into an infinite series. 
The terms without the coefficients are 

J, a~^b, a'h', «"%', a~h\ &c. 
The exponents of a decrease by unity, while those of b ii 
■;rease by unity. 
The coefficient of the first term is 1. 

" second " 




" fourth " 

fifth " 
The series, therefore, is 

The factors which form the coefficients are kept distinct, in 
order to show more clearly the law of the series. The numer- 
ators of the coefficients contain the series of odd numbers, 1, 3, 
5, 7, &c,, while the denominators contain the even numbers, 
2, 4, C, 8, 10, &c. 

The above series expresses the square root of a+b. We 
shall obtain the same result if we extract the square root bj 
the usual method. See Art. 299. 
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Mx. 2. It is required to convert (a'+x)'^ into an infinite 
Berios. 

a-'x g-W Sg-^x' 3.5.g-''x' S.5.7a-'x^ 

Ans. g+— 2T'^~2AS~'2AJT'^2AMaO ~' ^'^'^ 

X x' Sx' 3,53;' 3,5,7rc' 

*''"' ^'^^ ~ 2.4a' """2.4.6(1'" 2.4. S.Sfl' "'"2.4.6.8. 1 0^~ ' ' 

where the law of the series is evident. 

Ex. 3. It is required to convert (a—xY into an infinite 
series. 

Ex. 4. It is required to convert {a+by into an infinite 

4- ( , , ^ 2ft^ 2 

ATlt fl \ \A — — 

■ ( 3a 3.6a' 3.6.9a" 3.6.9.12a' 

Ex. 5. Expand [a— If into an infinite series. 

i( h ^___ 3.7P 3.7. Hi' ) 

«' I ^~4^~4,8a= 4.8.13a=~4.8.I2.16a' ' "' I ' 

Ex. 6. Expand {a-\-xf into an infinite series. 
Ex. 7. Expand (1— i)^ into an infinite series. 

1 1.4 , 1.4.9 , 1.4.9.14 ^ 

■^''^- ^-5^-Kio^ -sToTB^ ^5.10.15.20^ -• '^"- 

£?3^ 8. Expand («'— 6')^ into an infinite series. 

/ V" 2b' 2.56' \ 

\ 3a 3,6a' 3.6.9a / 

(273.) The binomial theorem is also applicable to cases in 
which the value of the exponent m is a negative fraction. 

EXAMPLES. 



Ex. 1. Expand into a series i or {a+h) =. 

{g+by 

The terms without the coefficients are 

a~^, a^b, a~h\ a~h\ a~^b% a^'^b', &c. 

The coefficient of the first term is 1. 



second " 
P 
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-ix-i 1.;^ 




fourth ' 


a 3.4' 

~X-i_ 1.3.5 
3 3.4.6 




fifth 


-57sX-5 1.3.5.7 




4 S.'l.ti.S 


Hence we obtain 






{a+b)-i=eH-~a- 


■'+i'-'' 


, 1-3.5 _2^, , 1.3.5.7 _a„ 
2.4.6'^ =^ +2.4.9.8'^ ^^ 


&c. 







^:c. 2. Expand into an infinite series (a+^) ^. 

_i 1 ^' 1.4 _i „ 1.4.7 -" . 1.4.7.10 _ 



' 3.a •' 3.6.9 ■ 3.6.9.12 
&c. 

Ex. 3. Expand (l+a;) " into an infinite series. 

X ex' 6.n.T= 6.11.16a;' 



5 5.10 5.10.15 5.10.15.20 

Ex. 4. Expand (a'—x) ^ into an infinite series. 

1.x, l.ar' . 1.3.5a;' , 1.3.5.7a;* , 



■ a 3«' 3.4fl° 2.4.6(ii'. 2.4.6.Sa' ' 

Ex. 5. Expand into an infinite series. 

Vb'+c' 

(274.) The binomial theorem may be employed to determine 
the roots of sm'd numbers. 

EXAMPLES. 

Ex. 1. It is required to find the square root of 2. 

The development of («+6)- has been given in Ex. 1, page 
224. If we make a=l and 6=1, then (a+6)^ becomes (H-1)- 
or v'2; and the terms of the development become 
1 1 1.3 1.3.5 1.3.5.7 



2.4 2.4.6 2.4.6.8^2.4.6.8.10 ' 
which therefore expresses the square root of 2. The sum of 
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this series is 1.41421. As, however, the series converges very 
slowly, it would require a large number of terms to give the 
root with tolerable accuracy. The following example affords 
a better illustration of the utility of the method. 
Ex. 2. Required the square root of 101. 

101^=100 (l + ji^y Therefore Vim = lo(l+— V. 

Put fl=l and h=--r-~ in tlic development of (a+hy on page 

994, and we shall have 
,- — / 1 1 1.3 1.3.5 . X 

This series converges so rapidly that the first two terms 
give a result correct to three decimal places, and five terras 
give a result correct fo ten decimal places. 

Thus, the value of the first term is 1.00000000000 

" second " + .00500000000 

third " - .00001250000 

" fourth " + .00000006250 

fifth *' — .00000000039 



Their sum is 1.0049875621 1 . 

And multiplying by 10, we have 

v'"ToT=10.049875G211. 

Ex.3. It is required to convert VO,or its equal (8 + 1)", into 
an infinite aeries, and find its value. 
Ans. 

1 _i_ , _.5 ^ s.a.ii 

^'^3;2^~3.C.2' 3.6.9.3' 3.6.9.13.3'° 3.6.9.13.15.2" ' "■' 
=2.08008. 
Ex, 4. It is required to extract the cube root of 31. 
V3r= V27+4= V37 (l +^y, 

_• i 4 2.4^ 3.5.4^ a.5.8.4' 1 

"^ I ' "^3.27 3.6.27" '^3.6.9.27' 3.6.9.12.37' ' \ ' 

=3.14138. 
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EVOLUTION OF POLYNOMIALS. 

(375.) Method of extracting the square root of a polynomial. 

In order to discover a rule for extracting the square root, let 
us consider the square of a-\-b, which is a'+2ab-\-b'. If we 
write the terms of the square in such a manner that the pow- 
ers of one of the letters, as a, may go on continually decreas- 
ing, the first term will be the square of the first term of the 
root ; and since in the present case the first term of the square 
is a", the first term of the root must be a. 

Having found the first term of the root, we must considei 
the rest of the square, namely, aaii+i", to see how we can de- 
rive from it the second terra of the root. Now this remainder, 
^ab+b", may be put under the form (2«+6)6; whence it ap- 
pears that we shall find the second term of the root if we di- 
vide the remainder by ^a+h. The first part of this divisor, 
2a, is double of the first term already determined ; the second 
part, b, is yet unknown, and it is necessary at present to leave 
ts place empty. Nevertheless, we may commence the divis- 
on, employing only the term 2a ; but as soon as the quotient 
is found, which, in the present case, is b, we must put it in the 
vacant place, and thus render the divisor complete. 

The whole process, therefore, may be represented as foN 

a'+2ah-\-b''\a+b = the root. 

2ab+¥\^a+b — the divisor. 
2ab-\-b'\ 
Hence we. derive the following 
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HOLE FOR, BXTRACTJNG TOB SaUAKB BOOT OS A POLYHOMIAL. 

Arrange the terms according to the powers of some one letter; 
lake the square root of the first term for the first term of the re- 
quired root, and subtract its square from the given polynomial. 

Divide the first term of the remainder by double the root al- 
ready found, and annex the result both to the root and the divi- 
sor. Multiply the divisor thus increased by the last term of the 
root, and subtract the product from the last remainder. Pro- 
ceed in the same manner to find the additional terms of the root, 

Ex. 1. Required the square root o(a'^—2a'x+3a''x'—2a3:'^+x'. 
a' — 2a'x + 3a''x'' — 2ax'+x' \ a' — ax-i-x^ = the root. 



—2a'x+3a''i 
—2a'x+ a'x^ 



c — the first divisor. 



2a''x''—2az'+x']2a^—2ax-i-3:^ = the second divisor. 
2a'x' — 2(tE"+a;' 



For verification, multiply the root a^—ax+x'' by itself, and 
we shall obtain the original polynomial. 

Ex. 2. Required the square root of a^+2ab+2ac+b''+2hc+c'. 

Ex. 3. Required the square root of lOz'— 10a;'— 12a;°+5a;'+ 
9x'—2x+l. 

Ex. 4. Required the square root of 8ax'+4a'x'+ix'+ IQb^x^ 
+16b*+l(kib'x. 

Ans. 2x'-{-2ax+4b'. 

Ex. 5. Extract the square root of lSa'b''+a^—6a''b—20a'b' 
+b'+l5a'b'-6ab''. 

Ex. 6. Extract the square root of 8ab'+a*—4a'b+4b'. 

(276.) Method of extracting the square root of numbers. 

The preceding rule is applicable to the extraction of the 
square root of numbers. For every number may be regarded 
as an Algebraic polynomial, or as composed of a certain num- 
ber of units, tens, hundreds, &c. Thus, 

529 is equivalent to 600+20+9. 

Also, 841 " 800+40+1. 

If, then, 841 is the square of a number composed of tens 
and units, it must contain the square of the tens, plus twice the 
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product of the tens by the units, plus the square of the untls. 
Bui these three terms are blended together in 841, and hence 
the peculiar difficulty in determining its root. The following 
principles will, however, enable ua to separate these terms, 
and thus detect the root. 

(377.) I. For every tV)o figures of ths square there will he one 
figure in the root, and also one for any odd figure. 

Thus, the square of 1 is 1, 

10 is lOU, 
100 is 10000, 
1000 is 1000000, 
&c., &c. 

The smallest number consisting of two figures is 10, and its 
square is the smallest number of three figures. The smallest 
number of three figures is 100, and its square is the smallest 
number of five figures, and so on. Therefore, the square root 
of every number composed of one or two figures will contain 
one figure ; the square root of every number composed of three 
or four figures will contain two figures ; of a number from five 
to six figures will contain three figures ; and from 2m— 1 to 2m 
figures must contain !i figures. 

Hence, if we divide the number into periods of two figures, 
proceeding fi-om right to left, tlie number of figures in the root 
will be equal to the number of periods. 

(278.) II. The first figure of the root will be the square root 
of the greatest square number contained in the first period on 
the left. 

For the square of tens can give no figure in the first right 
hand period ; the square of hundreds can give no figure in the 
first two periods on the right ; and the square of the highest 
figure in the root can give no figure except in the first period 
on the left. 

Ex. 1. Suppose we wish to find the square root of 539. 

The square of 33 or 30+3 is SC +2.90.3+ 3", 
or 400+120+9. 

Here the three classes of terms are exhibited distinct from 
each other, and we might extract the root by the rule.of ^r(, 
275. But observe that in the number 529, since the square oi 
the tens can not give a figure in the place of units or tens, it 
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must be contained in the first period 5. Now this period con- 
tains not only the square of the tens, but also a part of the 
product of the tens by the units. The greatest square contain- 
ed in 5 is 4, whose root is 2 ; hence 2 must be the numbej- of 
tens, whose square is 400 ; and if we subtract this from 539, 
the remainder 129 contains twice the product of the tens by 
the units, plus the square of the units. If, then, we divide this 
remainder by twice the tens, we shall obtain the units, or pos- 
sibly a number somewhat too large. This quotient figure can 
never be too small, but it may be too large, because the re- 
mainder 129, besides twice the product of the tens by the units, 
contains the square of the units. We therefore complete the 
divisor by annexing the quotient 3 to the right of the 4, and 
then multiplying by 3. we evidently obtain the double product 
of the tens by the units, plus the square of the units. The en- 
tire operation may then be represented as follows : 

5-39|23=the root 

4 
431139 

129. 
(279.) Hence, ibr the extraction of the square root of num- 
bers we derive the following 



1. Separate t/is given number into periods of two figures each, 
beginning at the right hand. 

2. Find the greatest square contained in the left-hand period ; 
its root is the first figure of the required root. Subtract the 
square from the first period, and to the remainder bring down 
the second period for a dividend. 

3. Double the root already found for a divisor, and find hota 
many times it is contained in the dividend, exclusive of its right- 
hand figure ; annex the result both to the root and the divisor. 

4. Multiply the divisor thus increased by the last figure of the 
root ; subtract the productfrom the dividend, and to the remainder 
bring down the next period for a new dividend. 

5. Double the whole root now found for a new divisor, and con- 
tinue the operation, as before, until the periods are all brought 
down. 
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Ex. 2. Find the square root of 186624. 
The operation is as follows : 

18-66-24|432 




Hlx. 3. Find tlie square root of 21086464. 
Ex. 4. Find the square root of 88078335. 
(280.) We have seen that the root of a fraction is equal to 
he root of its numerator divided by the root of ita denominator. 

,539 . 23 

3 the square 

t ^f . 

10000 ' 

That is, the square root of a decimal fraction may be found in 
the same manner as a whole number, if we divide it into periods 
commencing with the decimal point. 

Ex. 5. Find the square root of 58.814338. 

Ex. 6. Find the square root of 9.878449. 

Hence, also, if the square root of a number can not be found 
exactly, we may, by annexing ciphers, obtain the root ap- 
proximately in decimal fractions. 

Ex. 7. Find the square root of 2. 

Ans. 1.4142136 nearly, 

Ex. 8. Find the square root of 3, 

Ex. 9. Find the square root of 10. 

The most expeditious method of extracting roots is usualK 
by means of logarithms. See page 308. 

(281.) Method eff extracting the cube root of a polynomial. 

We already know that the cube of a+Zi is a'+Sa'J+Safi'+i^ 

If, then, the cuhe were given, and we were required to find 
its root, it might be done by the following method i 

When the terms are arranged according to the powers of 
one letter, we at once know, from the Jirst term a^ that a must 
be one term of the root. If, then, we subtract Us cube from 
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3 polynomial, we obtain the remainder Sa'd+Sab' 
4•&^ which must furnish the second term of the root. 
Now this remainder may be put under the form 
{3a'+8ah+b')Xb; 
whence it appears that we shall find the second term of the 
root, if we divide the remainder by Sa'+Sah+U'. But as this 
second term is supposed to be unknown, the divisor can not he 
completed. Nevertheless, we know the first term 3a', that is, 
thrice the square of the first term already found, and by means 
of this we can iind the other part b, and then complete the di- 
visor before we perform the division. For this purpose, we 
must add to 3a' thrice the product of the two terms, or 3ab, 
and the square of the second term of the root, or h'. Hence 
we derive the folloxving 

RULE FOR EXTRACTING THE C0BB ROOT OS A POLYNOMIAL, 

(282.) Arrange the terms according to the powers of someone 
letter, take the cube root of the first term, and subtract the cvhe 
from the given polynomial. 

Divide the first term of tfte remainder by three times the square 
of the root already found, the quotient will be the second term of 
the root. 

Complete the divisor by adding to it three times the product of 
the two terms of the root, and ike square of the second term. 

Multiply the divisor thus increased by the last term of the root, 
and subtract the product from the last remainder. Proceed in 
the same manner to find the additional terms of the root. 

Ex. 1. Extract the cube root of a"+12a''+48a+64. 
G'+I2a=+48a+64 ]_rt+'I = the root. 



12a'+48a-}-64 3«'+12«+16 = th6 divisor. 
12o'+48(z+64 



Having found the first term of the root a, and subtracted its 
cube, we divide the first term of the remainder, 12a% by three 
times the square of a, that is, 8«", and we obtain 4 for the sec- 
ond term of the root. We then complete the divisor by add- 
ing to it three times the product of the two terms of the root, 
which is 12a, together with the stpjare of the last term, 4, 
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which is 16. Multiplying, then, the complete divisor by 4, 
and subtracting the product from the last remainder, nothing 
is left. Hence the required cube root is a+4. 

This result may be easily verified by multiplication. 

Ex, 2. Extract the cube root of a°—Ga^+16a'—20a''+15a' 
— 6a+l. 
a'~6a''+lSia'~20a'-i-15a-~-6a + l |<i'— 2rt+J = the root. 



-6a'+12a'- Sa' 



— 6a°+4(('' = the first div 



3«'-i3(i=+15n''-8M+l 



-13a'+15a°— Ou+l = 
the second divisor. 



We may dispense with forming the complete divisor accord- 
ing to the rule, if, each time that we find a new term of the 
root, we raise the entire root to the third power, and subtract 
the cube from the given polynomial. 

Ex. 3. Required the cube root of 6a;°— 40a:'+ai'+9ija:— 64. 

Ex. 4. Required the cube root of 18z'+363:'+24x+8+32x' 

Ex. 5. Required the cube root of 3&'+6°— 5?)'— 1+36. 
(383.) Method of extracting ike cube root of numbers. 
The preceding rule is applicable to the extraction of the 
cube root of numbers ; but a difficulty in applying it arises 
from the fact that the terms of the power are all blended to- 
gether in the given number. They may, however, be separated 
by attending to the following principles : 

I. For every three figures of the cube there will be one figure 
in the root, and also one for any additional figure or figures. 
Thus, the cube of 1 is 1, 

" 10 is 1000, 

" 100 is 1000000, 

" 1000 is 1000000000, 

&c., &c. 

Hence we see that the cube root of a number consisting ol' 
from 1 to 8 figures will contam oiie figure ; of a number from 
4 to 6 figures will contain two figures ; from 7 to 9 figures will 
contain three; and from 3w— 2 to 3m figures must contain n 
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figures. Hence, if we divide the number into periods of three 
figures, proceeding from right to left, the number of figures in 
the root will be equal to the number of periods. 

II. The first figure of the root will he the cube root of the great- 
est cube number contained in the first period on the left. 

Ex. 1. Suppose we wish to find the cube root of 12167. 

The cube of 23 or 20+3 is 20"+3.20'.3+3.20.3'+3', 
or 8000-1-3600+540+27, 

Here the fom- classes of terms are exhibited distinct from 
each other, and the rule of Art. 282 might be easily applied. 
But observe that in the number 13197, since the cube of the 
tens can not give a figure in the first three places, it must be 
contained in the first period 19. The greatest cubo contained 
in this is 8, the root of which is 2. Hence 2 must be the num- 
ber of tens whose cube is 8000 ; and the remainder 4167 con- 
tains three times theproduct of the square of ike tens by the units, 
plus three times the product of the tens by the square of the units, 
plus the cube of the units. 

If, then, we divide this remainder by three times the square 
of the tens, we shall obtain the units, or possibly a number too 
largo, because the divisor is too small. We therefore com- 
plete the divisor by adding to it three times the product of the 
tens by the units, plus the square of the units. The entire 
operation is then as follows : 

12-lfi7l33=the root. 



90' X 3 =1200 
90 X3X3 = 



4 167 



complete divisor =i; 
(384.) Hence, for the extraction of the cube root of numbers, 
we derive the following 

1 . Separate the given number into periods of three figures 
•mch, beginning at the right hand, 

2. Find the greatest cube contained in the left-hand period ; 
its root is tlie first figure of the required root. Subtract the cube 
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from the first period, and to the remainder bring down the sec- 
ond period for a dividend. 

S. Take three hundred times the square of the root already 
found for a trial divisor; find how many times it is contained 
in the dividend, and place the quotient for a second figure of the 
root. 

4. Complete the divisor by adding to it thirty times the prod- 
uct of the two figures of the root, and the square of the second 
figure. 

5. Multiply the divisor thus increased by the last figure of 
the root; subtract the product from the dividend, and to tlie re- 
mainder bring down the next period for a new dividend. 

6. Take three hundred times the square of the whole root now 
found for a new trial divisor, and continue the operation as be- 
fore until all the periods are brought down. 

It will be observed that three times the square of the tens, 
when their local value is regarded, is the same as three hun- 
dred times the square of this digit, not regarding its local 
vaJue. 

Ex. 2. Find the cube root of 90796875. 

Ex. 3. Find the cube root of 2509911379. 

Ex. 4. Find the cube root of 8955625841 19. 

The same method is applicable to the exti-action of the cube 
root of fractions, and also of imperfect powers. 

Ex. 5. Find the cube root of 604.422798375. 

Ex. 6. Find the cube root of 4, 

Ex. 7. Find the cube root of 1 L 

(285.) Method of extracting any root of a polynomial. 

We already know that the ?ith power of a-\-b is «"-i-Ka"""'5+ 
other terms. The first term of the root is, therefore, the wth 
root of the first term of the polynomial. Also, the second term 
of the root may be found by dividing the second term of the 
polynomial by nd'~' ; that is, the first term of the root raised 
to the nest inferior power, and multiplied by the exponent of 
the given power. Hence we deduce the following 

RULE FOR EXTRACiraG ANY ROOT OF A POLYNOMIAL. 
Arratigethe terms according to the powers of one of the letters, 
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and luka tlie nth root of Die first termfor the first term of the re- 
quired root. 

Subtract its power from the given polyiiomial, and divide the 
first term of the remainder by n times the {n— 1) power of this 
root ; the quotient will he the second term of the root. 

Subtract tlie nth power of the terms already found from the 
given qtiantity, and, using the same divisor, proceed in like man- 
ner to find the remaining terms of the root. 

Ex. I, Required the fourth root of I6fli'— 96M'a:-l-216«V— 

16a*~96a'.-);4-3]eaV-216a3;'+81j:'|2a-aT ~ the root. 

\Ga' "^ 

— 96a'3:|32a= — the divisor. 
16«'-96a'a;+2I6aV— 216«a:'-f81a:'. 

Here we fake the fourth root of \Qa\ which is 2a, for the 
first term of the required root ; subtract its fourth power, and 
bring down the first term of the remainder — 96aV. For a 
divisor, we raise the first term of the root to the third power, 
and muhiply it by 4, making 32a'. Dividing, we obtain — 3^; 
for the second term of the root. The quantity 2a~Sx being 
raised to the fourth power, is found to be equal to the proposed 
polynomial, 

Ex. 2. Required the fifth root of Sfl.r' +32,t'- 80.x-* -40a;' + 
iOs:-!. 

Ans. 2x~f. 

Ex. 3. Required the fourth root of 3363:'+8I,r'— 216.-c'~ 
56.?;' + 1 6- 2243:' + Six. 

Ans. 3x=— 3a;--2. 

(286.) Method of extracting any root of ^lumbers. 

It is easy to apply the preceding Rule to the extraction of 
any root of numbers. For a reason similar to that given for 
the square and cube roots, we must first divide the number into 
periods of m figures each. Then the first figure of the root 
will be the nth root of the greatest wth power contained in the 
first period on the left. If we subtract its power from the 
given number, and divide the remainder by n times the {n — I) 
power of the first figure, regarding its local vaiue, the quotient 
will be the second figure of the root, or, possibly, something 
too large. The result may be verified by raising the whole 
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root now found fo the nih power ; and if there are other figures, 
they may be found in the same manner, 
Ex. 1. Find the fifth root of 33554433. 

335-j4432|32 

5.3'=405 | 925 



^335 54432. 

Ex. 2. Find the fifth root of 4984909307. 

Ex. 3. Find the fifth root of 10. 

(387.) When the index of the root to be extracted is a mul- 
tiple of two or more numbers, we may obtain the root required 
by the successive exti-aefioii of simpler roots, Art. 159. 

For example, we may obtain tho fourth root by extracting 
the square root twice successively ; for the square root of a* is 
a', and the square root of «' is a. 

The eighth root may be obtained by extracting the square 
root three times successively ; for the square root of a^ is a', 
that of a' is «', and that of a" is a. 

In the same manner, the sixteenth root may be obtained by 
extracting the square root four times successively, and so on. 

The sixth root may be found by extracting the square root, 
and afterward the cube root ; for the square root of «" is a\ 
and the cube root of «' ia a. We may also take, first, the cube 
root, which gives a', aud jifterward the square root, which 
gives a, as before. It is, however, best to extract the roots of 
the lowest degree firat, because the operation is less laborious. 

In general, the mnth root of a number is equal to the \ith root 
of the mth root of this number. Thiit is. 

For, rnising each member of this equation to the »th power 
we have 

Ex. I. Find the fourth root of 6B"6'+«'—4fl'*—4a&'+6'. 
Ex. 2. Find the sixth root oi6a''b+l5a'h'+a'+20aV+l5a'b' 

Ex. 3. Find the eighth root of lQ2'ix'y+l'792xY+2^&x'+ 
11203;y+17923;y+4483;y+y'+lI2a:y+I6a;!/'. 
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EXTRACTION OF TIIK SaUARB ROOT OP A aUANTITY OP THE PORM 

(288.) Binomials of" this class require particular attention, 
because they frequently occur in the solution of equations of 
the fourth degree, such as are treated of in Art. 184. Thus 
the equation 

gives us .'b'=7±4v'3. 

Hence, in order to find the value of a;, we must extract the 
square root of the binomial 7^4^/3. 

In order to show that the square root of such an expression 
inay sometimes be extracted, take the binomial 

and find its square. 

(3rtv'3)?=:4ifc4v'3 + 3 = 7±4v'3. 

Therefore, the square root of 7±4v'3 is 2±v'3. 

The square root of an expression of the form a± ^/b may, 
therefore, sometimes be extracted, and it is required to deter- 
mine a general method for this purpose whenever it is prac- 
ticable. 

THEOREM I. 

(289.) The sum or difference of two surds can not he equal to 
I, rational quantity. 

For, if possible, let ■^a±^h=c, where c denotes a rational 
quantity, and ,/a, ./b denote surd quantities. 

By transposing -yb and squaring both sides, we obtain a— 
i.^^^2c^b+b; whence, by transposition and division, we have 

The second member of the equation contains only rational 
quantities, while ^b was supposed to be irrational; that ia, 
we find an irrational quantity equal to a rational one, which 
is absurd. Hence the sum or difference of two surds can not 
be equal to a rational quantity, 
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THEOREM II. 

In every equation of llieform 

tlie rational parts on the opposite sides are equal to each other, 
and also the irrational parts. 

For if a; is not equal to a, let it be equal to a±z 

Then a±z± ^y=a± -^b ; 

or %=^ 'jh— -jy; 

that is, a rational quantity is equal to the difference of two 
surds, wliich, by the last Tlieorem, is impossible. Therefore, 

x~a, and, consequently, ^/^/=^/^^. 

THEOREM III. 

Ij V«+V6 is equal to x-\- ^y, 

I hen will Va— -Jh be equal to x—^y. 

For, by involution, a-^ ^/h=x^-V2x^y+y. 

But, by the last Theorem, a=x'+y, 
iind .^i=2x^fy. 

Subtracting, we obtain a— ^b^x^—2x^y-\-y. 

Therefore, by evolution, ^/a— Vb=x~- -yy. 

(390.) To find an expression for the square root o/ai^/b. 

Let us assume Va+T/b=p+q (1), 

where p and q may be both radicals, or one rational and thf* 
other a radical, but j?" and g' are required to be rational. 

Then, by the last Theorem, 

■^a—Vb^p-q (2). 

Multiplying these equations together, we obtain 

Va''—b=p'—q' (3), a rational quantity. 

Hence we see that, in order that ^0+ Vb may be expressed 
by the sum of two radicals, or one rational term and the other 
a radical, t/ie expression a'— b must be a perfect square. 

Let, then, (f—h be a perfect square, and put Va'—b^c; 
equation (3) will thus become 

p'-q'^c. 
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Squaring equations (1) and (2), we obtain 

f-^q''--2pq=a—^/b. 
Adding these two equations, we obtain 
p-'\-q''=a. 



But we have already found 


Hence 
and 


2p'=a+c, 
2<f=a—c. 


From whicJi we 


obfmn 




p-WW- 


and 


1-^W^- 



Therefore, 

V^H^i,. ory+,= ±(v'-2i°HV°i-0 

(391 .) Hence, to extract the square root of a binomial of the 
form «± \/b, we have the following 



From the squai-e of the rational part (a'), take the square of 
ike irrational part (b) ; extract the square root of the remainder 
and, calling that root c, the required root will be 



/a+c^ la- 

the square n 
'&=:2V3; tb 
r the above : 

/4+2 , /Z 



Kx. 1. Required the square root of 4+2^3- 
Here «=4, and v"?*— 2-^3; therefore, «'-fc=c'=16-12=4; 
or c~2. Hence, by the above formula, the required root will 



Verification. 

The square of v'^-M is 3+2v'3H-l:^4+2v'3. 
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Ex. 2. Required the square root of 11+672. 

Here a~U, and v'''~-6\/2; therefore, 6=36X2=72; and 
a'—b=iQ=c'. Hence c=7, and we Jlnd the square root of 
11+6^/2 is V9+-/2, or 0+^2. Ans. 

Ex. S. Required the square root of 11 — av'SO. 

Ans. t/6— v/S 

Ex. 4. Required the square root of 2+\/3. 

Ans. v'5+^/^■ 

(292.) This method is apphcable even when the binomial 
contains imaginary quantities. 

Ex. 6. Required the square root of 1+4-/— 3. 
Here (1=1, and v'^=4 V — 3; hence (1=— 48, and «"— ?i— 49; 
therefore, c=7. The required square root is v/4+ ^—3=2 + 
V"^. Ans. 
Ex. 6. Required the square root of —-3-+^ V— 3. 

Ans. i+|V— 3. 
^a:. 7. Required the square root of 2 V — 1. 
Here we put «=0; hence c=3, and the required root ia 
1 -4- V"^, 
which may be easily veriiied. 

Ex. 8. Required the value of the expression 

V6+2v'5- V6-2\/5. 
^a;. 9. Required the value of the expression 
•\/4+3/^^+->/4-3 V-20. 
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INFINITE SERIES. 

(283.) An infinite series is an infinite number of terms, each 
of which is derived from the preceding term or terms accord- 
ing to some law. 

As I+^+J+I+tV+'&c., 

"!■ ^-i-^i--si + ^T~' &<=. 

These are examples of geometrical progressions, in the first 
of wliich the ratio is |, and in the second it is — i. 

Infinite series may arise from the common operations of di- 
vision, the extraction of roots, and other processes of calcula- 
tion, as will be seen hereafter. 

A converging series is one in which the sum of any number 
of its terms is finite, as in the examples just given. 

A diverging series is one in which the sum of its terms is not 
finite ; as, 

H--2+;-!H-4-|-5H~0+'7, &c. 

An ascending series is one in which the exponents of the un- 
known quantity continually increase ; as, 

ax-\-bx'+cx'+dx*'{-ex''+, &c. 

A descending series is one in which the exponents of the un- 
known quantity continually decrease ; as, 

ax-'+hx-^+cx-'+dx-*+ex-+, &c. 



(294.) Any series being giveri', to find itn several orders of 
iferevres. 
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1. Take the first term from the second, the second from the 
third, the third from the fourth, Sfc. ; and the remainders will 
form a new series, called the first order of differences. 

2. Talie the first term of this last series from the second, the 
second from the third, ^. ; and the remainders will form a third 
series, called the second order of diffeeekces. 

3. Proceed in like manner for the third, fourth, ^c, orders 
of differences, and so on till they terminate, or are carried as far 
as may he thought necessary. 

£)x. I. Required the several orders of differences of the 
series of squares, 

1 4 9 16 25 36 4S, &c. 

3 5 7 9 11 13 first differences. 

2 3 2 2 2 second differences, 

third differences. 

Ex. 2. Required the several ordei-s of differences of the 

series of cubes, 

1 8 37 64 135 31C, &c. 

7 19 37 CI 91 first differences. 

12 18 34 30 second differences. 

6 6 third differences. 

fourth differences. 

Ex. 3. Required the several orders of differences of the 

series of fourth powers, 

1, 16, 81, 356, 625, 1296, &c. 
Ex. 4. Required the several orders of differences of the 
aeries of fifth powers, 

1, 32, 243, 1024, 3125, 7776, 16807, cScc. 
Ex. 5. Required the several orders of differences of the 
series of numbers, 

1, 3, 6, 10, 15, 21, &c. 

PROBLEM II. 
(295.) To find the nth term Of the series 
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Take the proposed series, and subtract each term from the 
next succeeding one ; we shall thus obtain for the first order 
of differences, 

h—a, c—b, d—c, e—d, &c. 

Again, subtracting each term of this scries from the next 
succeeding term, we find for the second order of differences, 
c-2b+a, d-2c+b, e—2d+c, &c. 

Subtracting, again, each term of the preceding series from 

ts next succeeding term, we find the third order of differences, 

d—Sc+3h-a, e~3d+3c-b, &c. 

Subtracting again, we find for the fourth order of differences, 
6-4rf+6c-4&-i-a, &C. 

Let D', D", J)'", D"", ifec., represent the first terms of the 
sfiverat orders of differences. 

Tlien. 
D' =h—a; whence 6— «+ D', 

D'' =c-26+ffl; " c=«+9D'+ D", 

D"'=«/-3c+36-fl; " d-=a+3D'+3D"+ D'", 

D""=e-4rf+6c-4i'+a,- " e=«+4D'+6D"+4D"'+D"", 
&c., &c. 

The coefficients of the value of c, the third term of the pro- 
posed series, are 1, 3, 1, which are the coefficients of the sec- 
ond power of a binomial ; the coefficients of the value of d, the 
fourth term, are 1, 3, 3, 1, which arc the coefficients of the 
third power of a binomial, and so on. Hence we infer that 
the coefficients of the nth term of the series are the coefficienta- 
of the (m— 1) power of a binomial. Therefore, the ni\\ term 
of the series will be 

.+(^B-+^^D..+ <'-"<;-f- -gD-+. fc. 

Ex. 1. Required the twelfth term of the series 

2, 6, 13, 20, 30, &c. 
The first order of differences is 4 6 8 10, &c. 
The second order of differences is 2 2 S, &c. 
The third order of differences is 0. 

Here D'=4, D"=2, and D"'=0. Also, a=2,&w\n=\2. 
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Hence a+(«-l)D'+ ^"^^^^g~^^^'' ^a+llD'+55D"= 

2+44+110=156 = the twelfth term. 
Ex. 2. Required the twentieth term of the series 

1, 3, 6, 10, 15, 31, &c. 
Here a=l, D'=3, D"=l, and n=20. 

Therefore, the 20th term =I + 19D' + I7lD"=l+38+I7] 

=210, Ans. 
Ex. 3. Required the thirteenth term of the series 

1, 5, 14, 30, 55, 91, &c. 
Ex. 4. Required the fifteenth term of the series 
1, 4, 3, IC, 35, 30, &c. 

Ans. 225. 
Ex. 5. Required the twentieth term of the aeries 
1, 8, 27, 64, 125, &o. 

PROBLEM 111. 
(396.) Tojind the sum of a terms of the series 

a, b, c, d, e, &c. 
Assume the series 

0, a, «+!>, fl+&+c, a+Ji+c+rf, &c. 
Subtracting each term from the next succeeding, we obtain 
a, h, c, d, e, &-c., 
■which IS the &eiies whose sum it is proposed to find. Hence 
the sum of 71 teims of the proposed series is the (w+l)th term 
of the assumed seiies , and the nth order of differences in the 
first seiies is the (n+l)th order in the other series. If, there- 
fore, in the formula ot the preceding Problem, we substitute 
for a, 
M+1 for n, 
a for D', 
D' for "D", 
&c., 
we shall have 

which is the sum of m terms of the proposed series. 
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INFINITE SERIES, 

Ex, 1. Required the sum of w terras of the series 

1, 3, 3,4, 5, 6, &c. 
Here a=:l, D'^1, D'^^O. 

the sum of n terms, the same as found in Art. S89, 
Ex. 2. Required the sum of w terms of the series 

1', 2', 3', 4% 6', &c. 
Here a^I, D'-3, D"=2. 

Therefore the general formula reduces to 
Sn jn-l) 2n(n-l) (n-2) 
"2 3.3 

2ri'+3vr+v. 



z\n+lY 



Ex. 3. Required the sum of m terms of the series 

1% 2\ 3', 4% 5\ 6', &c. 
Here a=-l, D'=7, D"=13, D"'--6. 

ILx. 4. Required the sum of m terms of the series 
1, 3, 6, 10, 15, &c. 

Ex. 5. Required the sum of k terms of the series 
1, 4, 10, SO, 35, &c. 



PROBLEM IV. 

(397.) A series of equidistant terms, a, b, e, d, e, ^., being 
given, to find any intermediate term by interpolation. 

This is essentially the same as Problem 11. For convenience, 
let us put X to represent the distance of the required term Irom 
the first term of the series a, in which case x=--n—l, and we 
shall have 
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£^x. I. Given the square root of 94, equal to 9.69536 ; 
95, " 9.74679,; 
" 96, " 9.79796, 

to find the square root of 94.35. 

Here the first differences are +.05143, +.05117, 
and the second difference is —.00036; 

that is, D'=+.05143, D"^~.00026. 

Bat g=a+lB'^^%D". 

Hence the square root of 94,35 is 

.9.69536+.01286+.00009, 
or 9.70824. Ans. 

Ex. 3. Given the square root of 160, equal to 12.64911 ; 
162, " 13.72792: 
" " 164, " 13.80fi2f), 

to find the square root of 161. 

Here the interval between the given numbers is 2 ; tiic dis- 
tance of the required term from the first term is 1 ; and, since 
the interval of the given numbers is always to be reckoned as 
unity, we have x=^. 

Also, D'=+.07881, D"=-.O0O48. 

And z=a+lD'~^D". 

Therefore the square root of 161 is 

12.6491 1 +.03041 +.00006, 
or 12.68858. Ans. 

Ex. 3. Given the cube root of 60, equal to 3.914S7 ; 

" " 62, " 3.93789 ; 

64, " 4.00000, 

" 66, " 4.04134, 

to find the cube root of 61. 

Arts. 3.93650. 
Ex. 4. Given the fourth root of 025, equal to 5.000000 ; 
" " 628, " 5.005988; 



631, " 5.011956 
634, " 5.017903, 



to find the fourth root of 627. 

Here .■e=|. Therefore, %=a+|D - 



Ans. 5.1 
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Es:. 5. Given the square root of 70, equal to 8.36060; 

74, " 8.60233; 

" " 78, " 8.83176; 

" 82, " 9.05539, 

lo find the square root of 71. 

Ans. 8.42615. 
(998.) Fractions expanded into infinite series. 
When the dividend is not exactly divisible by the divisor, 
the quotient may be expressed by a fraction. Thus, if it is 

required to divide 1 by 1—a, we obtain the fraction -i . 

We may, however, commence the division according to the 
usual method ; thus, 
1 ll-ffl 



|n-ff+<j'-|-fl'+a'+, &c., — the qootienf. 



Hence -^=l+a+^a''+a'+a'+a^+, &c., to infinity. 

Suppose «— 5, we shall then have 

—— -— T-jY=3, which will be equal to the series 

I+5+i+HrV+. fee. 
Suppose B— jr, we shall then have 

- — =■ ■■ v =f, which will be equal to the series 
I— a 1— g- 

Ex. 2. Resolve t-j~ into an infinite series. 

Ans. 1— «+«'—«'+«'— ffl''4-, &c 
Suppose «— J, we shall then have 
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INFINITE SRRIE3. 



-rr—ff, which will be equal fo the aeries 



We may proceed in the same manner when there 
than two terms in the divisor. 



Ans. 1 +«-«=-«'+«=+, &c. 
Ex. 7, Resolve ■pTT-ij into an infinite series. 

(999.) Infinite series obtained by extracting the square root. 

In An. 272, -i/a+b has been expanded into an infinite series 
by the Binomial Theorem, It was also remarked that the 
same result might have been obtained by extracting the square 
root according to the usual rule, Art. 375. The operation will 
proceed as follows : 

a+b a'-\ ^" — ij-l J— , &c., = the square root of a+h 

\2a^-{ f, first divisor. 



6+— 
4a 



^ i b h' , ,. . 

--r-\2a -^ — 7 T, second divisor. 

*«!_ <.♦ 8a* 
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This result is the same as that obtained in Art. 373. 
Ex. 2. Extract the square root of 1— a:. 

Sx. 3. Extract the square root of «"+&. 
Ex. 4. Extract the square root ofa'—h. 

MffiTHOD OF UNKNOWN COEFFICIENTS, 

(300.) The method of unlinown coefficients is a method of 
developing algebraic expressions into series, by assuming a 
series having unknown coefficients, and afterward finding the 
value of these coefficients. This method is founded on the fol- 
lowing 

THEOREM. 

If an equation of ike form 

'A+}ix+Cx'+Dx'+, &.C., =A'+Wx+G'x'+'D'x'+, &c., 
must be verified by any value given to x, the terms involving the 
same powers in the two members are respectively equal. 

For, since this equation must be verified for every value of 
V, it must be verified when x=0. But, upon this supposition, 
all the terras vanish except two, and we have 

Suppressing these two equal terms, we have 

Bx+Cx'+'Dx'+, &.C., ^'S'x+C'x^+I)'x'+, &c. 
Dividing every term by x, we obtain 

B+Cx+Dx''+, &c., =B'-i-C'x+'D'x'+, &;c. 
Since this equation must be verified for every value of 3;, if 
must be verified when x=0. But, upon this supposition, 
B=B'. 
In the same manner, we can prove that 

c=cs 

D=D', &c. 



into a series arranged according to the powers of x. It is 
plain that this development is possible, for we may divide the 
numerator by the denominator, as explained in Art. 398. 
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Let US, then, assume 

where the coefficients A, B, C, D are supposed to be indepead- 
ent of «, but dependent on the known terms of the fraction. 

In order to obtain the values of these coefficients, let us mul- 
tiply both members of the above equation by the denominator 
I+.r, and we shall have 
l^a:=A+CA+B)^+(B+CK+(C-t-D)a;'+(D+E)ai'+, &c. 
. But, according to the preceding Theorem, the terms involving 
the same powers of x in the two members of the equation must 
be equal to each, other. 

Therefore, A= 1, 

A-[-B = -l; hence B = -9. 

B+C= 0; " C = +2. 

C+D=^ 0; " D=-2. 

D-l-E= 0; " E=:+2. 

&c., &c. 

Substituting these values of the coefficients in the assumed 

series, we obtain 

, &c. 

(302.) The method thus exemplified is expressed in the fol- 
lowing 



Assume a series with unknown coefficients as equal to the pro- 
posed expression ; then, having cleared the equation of fractions, 
or raised it to its proper power, find the value of each of these 
coefficients by equating the corresponding terms of the two ex- 
pressions, or putting such of them as have no corresponding 
terms, equal to zero. 

Ex, 2. Expand the fraction - — , into an infinite series 

Assume . ., ■ , ~ =A+'Bx+Cx'+I>x'-i-'E.3:'+, &c. 
l—'2x+x 

Multiplying by 1— 3a:+a'-", we have 
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l=A+(B-yA>+(C-2B+A)a;'+(D-2C+B).r^+(E-2D-t- 
C)x'+, &c. 
Hence we must have 

A=l 

B-2A=0 V B=aA =2, 

C-2B+ A=0 vC=2B-A=3, 

D-2C+ B=0vD=2C-B=4, 

E-SD+ C=0 ■.■E=2D-C^5, 

&;c., &c. 

Therefore, ^_^^ -~=l+2x+3x'+'Lz°+5x"+, &c. 

Ex. 3. Expand the fraQtion -^ into an infmite senes. 

Ans. l+Sx-i-4x''+lx'-tllx'+lSx^+29x'+,&,C., 
where the coefficient of each term ia equal to the sum of the 
coefficients of the two 



Ex. 4. Expand t— 



T into an infinite s 



Ans. l+x + 5x'+lSx'+ilx*+l2lx''+, &LG 
What is the law of the coefficients in this series ? 

Ex. 5. Expand ■■ _ info an infinite series, 

Ans. l+5x+l5x'+45x'->t'135x'+,&i.c. 
What is the law of the coefficients in this series ? 
Ex. 6. Expand V 1 —X into an infinite series. 

X x'' 3a;' 3.5a;* 3.5.7.-k° 
■ ^~2"~2^~2.4.6~2.4.6.8~"S.4.6.8.10~' '■ 
(303.) The method of unknown coefficients requires that we 
should know beforehand the form of the development with re- 
spect to the powers of x. Generally, we suppose the develop- 
ment to proceed according to the ascending powers of a;, com- 
mencing with x' ; but sometimes this form is inapplicable, in 
which case the result of the operation is sure to indicate it. 
Let it be required, for example, to develop the expression 

■ ; into a series. 

3x—x 

Assume — ;=A+B.'B+Cx''+Da:=+, &c. 
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854 iwriNirii series. 

Clearing oi' fractions, we have 

l=3Aa;+(3B-AK+{3C-BK4-,&c. ; 

whence, according to Art. 800, we conclude 

1=0, 

3A=0, &c. 

Now the first equation, 1=0, is absurd, iind shows tiiat the 

assumed form is not applicable in the present case. But if we 

put the fraction under the form -X^^, and suppose thnl 

It will become, after the reductions are made, 

1=3A+(3B-A)3;+(3C-BK+(3D-0),t;=+. &c., 
which gives the equations 



3A=1 


whence A= ^. 


SB-A=0 


" B= J. 


SC-B=0 


" C=A. 


3D-C=0 


" D=,\. 


I 1/1 


"+"' + "'+ «,/ 


Therefore, ,^_^, ^1^^+ 


8+27+S1+' *"■ 


3+1 


■+S+|j+.*c.; 



that is, the development contains a term affected with a nega- 
tive exponent. 

We ought, then, to have assumed at the outset 

„ ^ ■■=Ax-'+'B+Cx+'Dz''+E3:'+, &c. 
Sx—x" 

The particular series which should he adopted in each case 

may be determined by putting x=0, and observing the nature 

of the result If, in this case, the proposed expression becomes 

equal to a finite quantity, the first term of the series will not 

contain a;. If the expression reduces to zero, the first term 

will contain x ; and if the expression reduces to the form —, 

then the first term of the development must contain x with a 
negative exponent. 
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SECTION XIX. 



GENEKAL THEORY OB' EQUATIONS. 

(304.) It is proposed in this Section to cxlilbit the moat Im- 
portant propositions relating to the theory of equations, to- 
gether with the Theorem of Sturm, by which we are enabled 
to determine the number of real roots of an equation. 

A function of a quantity is any expression involving that 
quantity. Thus, 

ax'-Vh is a function of ,r. 
ay'+cy+d is a function oiy. 
ax'— by' is a function of x and y. 
In a series of terms, two successive signs constitute a per- 
manence when the signs are alike, and a variation when they 
are unhke. Thus, in the polynomial 
a+b~c+d, 
the signs of the first two terms constitute a permanence ; the 
signs of the second and third constitute a valuation ; and those 
of the third and fourth also a variation. 

(305.) A cubic equation is one in which the highest power 
of the unknown quantity is of the third degree ; as, for ex- 
ample, 

x'—^x'-^Sx-l^—Q. 
All equations of the third degree, with one unknown quan- 
tity, may be reduced to the form 

x=-\-ax^-\-bx-\-c-=0. 

A biquadratic equation is one in which the highest power of 

the unknown quantity is of the fourth degree ; as, for example, 

x'-Qx'+'lx''+5x~4.=0. 

13 
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Every equation of the fourth degree, with one unknown 
quantity, may be reduced to the form 

x' + ax'+bx'+cx + d=0. 
The general form of an equation of the fifth degree is 

and the general form of an equation of the mth degree, with 
one unknown quantity, is 

x-'+A3f^'+B3f^+Csf"-=+ +Ta:+y=0 {?n). 

This equation will be frequently referred to hereafler by the 
name of tlie general equation of the mih degree, or simply by the 
letter (m). 

It is obvious, that if we could solve this equation, we should 
have the solution of every equation which coviid be proposed. 
Unfortunately, no general solution has ever been discovered i 
yet many important properties are known, which enable us to 
solve any numerical equation which can ever occur. 

PROPOSITION I. 

(306.) If a is a root of the general equation of the mth degree, 
the equation will he exactly divisible by x— a. 

For if a is one value of x, the equation must be verified when 
we substitute a in the place of a;. Hence we must have 
a'"+A«"-'+Bffl"'-'+Ca"-M- +To;+V=0 (1). 

Subtracting equation (1) from equation (m), we obtain 
(^-~«")+A(a:'^'-a"-')+B(3:"-'-a°^) + . . . +T(3;-a)==0 (2). 

But, by Art, 76, each of the expressions (x"— a"), (a:""'— a"~'), 
&c,, is divisible by x—a, and therefore equation (2) is also di- 
visible by x—a. Now equation (m) is but another form for 
equation (2) ; for if we take the value of V, as found from 
equation (1), and substitute it for V in equation (m), it will give 
us equation (2) ; therefore, equation {m) is divisible by x—a. 

Conversely, if equation (m) is divisible by x~a, then a is a 
root of the equation. 

It will be noticed that this property is but a generalization 
of what has been proved of equations of the second degree, in 
Art. 102. 

Ex. 1. Prove that 1 is a root of the equation 
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This equation is divisible by a:— 1, and gives x'— 5a:H-0— 
Ex. 2, Pi'ove that 3 is a root of the equation 

This equation is divisible by a:— 2, and gives a:'+3.r+3— 0. 
Ex. 3. Prove that 3 is a root of the equation 

a:'-lla:'+36a;~36=0. 
Ex. 4. Prove that 4 is a root of the equation 

Ex. 5. Prove that —1 is a root of the eqimtion 

a^'— 38a;H2103:'+o38x+289=0. 
Ex. 6. Prove that —5 is a root of the equation 

Ex. 7. Prove that 3 is a root of the equation 

x''+x'—l4x'-—14x'+49x'+49x'—3&x—SQ=0. 

PROPOSITION II. 
(307.) Every equation of the rath degree containing hut one 
unknown quantity, has m roots and no more. 

For, suppose « to be a root of the general equation of the 
mth degree. By the last Proposition, this equation is divisible 
hy x~a; and if we actually perform the division, the equation 
will be reduced to one of the next inferior degree. 

If we represent the coefficients of the different powers of x 
by A', B', &c., the quotient will be 

x'^'+A'x"'-^+B'x'"-'+ +T'x+V'=0. 

This equation must also have a root, which we will repre- 
sent by b ; and dividing by x~h, the equation will be reduced 
to one of the next inferior degree, and so on. 

We may continue this series of operations (j?i—1) times, when 
we shall arrive at a simple equation which has only one root. 
Hence the proposed equation will have m roots, 

a,b,c,d, I; 

and its successive divisors, or the factors of which it is com- 
posed, will be 

x—a, x—h, x—c, x—d, x—l, 

being equal in number to the units contained in m, the highest 
exponent of the equation. 
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We have seen that when one root of an equation is known, 
the equation is readily reduced to one of the next inferior de- 
gree ; and if we can depress any equation to a quadratic, its 
roots can be determined by metliods already explained. 

Ex. 1. One root of the equation 

z''+Sx'-16x+12=0 
is 1. Find the remaining roots. 

Ex. 2. Two roots of the equation 

are 1 and 3. Find the remaining roots. 
£!x. 3. Two roots of the equation 

a;'— I2j:"+483:'— 6Si: + 16=0 

are 3 and 5. Find the remaining roots. 

Arts. 2±V3. 
Ex. 4. Two roots of the equation 

4x'~14x'~5x'+Slx+6==0 
are 2 and 3. Find the remaining roots. 

A.S. ^^^. 
4 
Ex. 5. Two roots of the equation 

are 2 and —2. Find the remaining i-oots. 

Ans. 3±v'5. 
(308.) It should be observed that this Proposition only proves 
that an equation of the »ith degree may be continually depress- 
ed by division, and fmally exhausted after m operations. The 
divisors are not necessarily unequal. Any number, and indeed 
all of them, may le equal. When we say that an equation of 
the with degree has m roots, we mean that the polynomial can 
be decomposed into m binomial factors, equal or unequal, each 
containing one root. Thus, the equation 

can be resolved into the factors 

{x~2) {x-2) {x~2)=0; or (3;-3)==0; 
whence it appears that the three roots of this equation are 
2, 3, 2. 
But, in general, the several roots of an equation differ from 
each other numerically. 
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The equation 

has apparently but one root, viz., 2; but by the method of the 
preceding article we can discover two other roots. Dividing 
a;'— 8 by .6—2, we obtain 

Solving this equation, v^e find 

Thus, the three roots of the equation x^—8 are 

These last two values may be verifieci by multiplication as 
follows ; 

-I- V-3 
1+ V"^ 
+ v'^-3 



^14- V- 


-3 


1- V- 
- V- 


-3 
-3-3 


~2-2V- 
-1+ V~ 


-3^th 
-3 


2+2V- 
-2V- 


-3 

-3+6 



3-2V-3 

^ +2 -Z^+e 

8=the cube. S—the cube. 

If the last term of an equation vanishes, as in the example 
x'+2x'+3x''+6x=0, 
the equation is divisible by x~0, and, consequently, is one 
of its roots. 

If the last two terms vanish, then two of its roots are equal 
10 0. 

PROPOSITION III. 
To discover the lam of the coefficients of every equation. 



(309.) In order to discover the Jaw of the coefficients, let us 
form the equation whose roots are 

a,b,c,d, l. 

This equation will contain the factors (x—a), {x~h), (x—c), 
&c. ; that is, we shall have 

(i-a) (i-t) (i-c) (^-i) (,r-0=O. 
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THEOEY OF RatTATlONS, 



If V 

have 



I perform the multiplication aa in Art. 264, we si 
. .. -{ahc l)~0. 



^-a 


r"-'+ai 


I"- <tic 


-b 


+ ac 


-aid 


— c 


+ad 


— a.cd 


~d 


+ fc 


-hcd 


&c 


+ M 
+ cd 


&c. 



fi of any equation it 



Hence we perceive, 

1. The coefficient of the . 
to the sum of all tlie roots with their signs changed. 

2. The coefficient of the third term is equal to the sum 
products of all the roots taken two and two. 

3. The coefficient of the fourth term is equal to the sum 
products of all the roots taken ih 



of the 



e and three, with their 



of the 



The last term is the product of all the roots with their signs 



It will be perceived that these properties include those of 
quadratic equations mentioned on pages 163 and IC4. 

If the roots are all negative, the signs of all the terms of the 
equation will be positive, because the factors of which the 
equation is composed are all positive. 

If the roots are all positive, the signs of the terms will be al- 
ternately + and — . 

Ex. 1. Form the equation whose roots are 1, 2, and 3. 

For this purpose, we must multiply together the factors 
x—l, x—2, x—S, and we obtain 

x'—6x^+llx~6=0. 

This example conforms to the rules above given for the co- 
efficients. Thus, the coefficient of the second term is equal to 
the sum of all the roots (1+2+3) with their signs changed. 

The coefficient of the third terra is the sum of tiio products 
of the roots taken two and two ; thus, 

1X2+1X3+2X3=11. 

The last term is the product of all the roots (lXiiX3) with 
their signs changed. 
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lix. \i. Form the equation whose roots are 2, 3, 6, and —6. 
Show how these coefficients conform to the laws above 
'Ex. 3. Form the equation whoso roots are 1, 3, 5, —3, —4, 

(310.) Every rational root of an equation is a divisor of the 
last term ; for, since this term is the product of all the roots, it 
must be divisible by each of them. If, then, we wish to find a 
root by trial, we know at ooce what numbers we must employ. 

For eXB-mple, take the equation 

x'-x-e^o. 

If this equation has a rational root, It must be a divisor o! 
ilie last term, 6 ; hence we must try the numbers 1, 2, 3, 6. 
either positive or negative. 

If a:=l, we have 1 — 1 — 6=— C, 

x=2, " 8-2-6= 0, 

a;=3, '' 27-3-0= IS, 

x=6, " 216-6-6=204, 

Hence we see that 3 is one of the roots of the given equa- 
tion, and by the method of Art. 307, we shall find the remain- 
ing roots to be 

PROPOSITION IV. 

(311.) No equation vihose coefficients are all integers, and that 
of the first term unity, can have a root equal to a rational frac- 
tion. 

For, take the general equation of the third degree, 
.THAa;=+B.r+C=0, 

and suppose, if possible, that the fraction -r is one value of x. 

this fraction being reduced to its lowest terms. If we subsli- 
iute this value for x in the given equation, we shall have 

7T+A^+B^+C=0. 

!i Ir h 
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Muiti plying each term by V, and transposing, we obtain 

Now, by supposition, A, B, C, a and h are whole numbers. 
Hence the entire right-hand member of the equation is a whole 
nuniber. 

But by hypothesis, j- is an irreducible fraction ; that is, a 

and h contain no common factor. Consequently, a' and b will 

contain no common factor, that is, t" is a fraction in its lowest 

terms. Hence, if =- were a root of the proposed equation, we 

should have a fraction in its lowest terms equal to a whole 
number, which is absurd. 

The same mode of demonstration is applicable to the general 
equation of the mth degree. 

Thia proposition only asserts that in an equation such as is 
here described, the real roots nmst be integers, or they can not 
be exactly expressed in numbers. They may often be express- 
ed approximately by fractions, as is seen in the examples on 
pages 388-301. A real root which can not be exactly ex- 
1 in numbers is called incommensurable. 



PROPOSITION V. 
(312.) If the signs of the alternate terms in an equation are 
changed, the signs of all the roots will be changed. 

If we take the general equation of the mth degree, and change 
the signs of the alternate terms, we shall have 

sf'~Kai''-'-\''Ex''-'~Gx'- '-]- . =0 (1) ; 

or, changing the sign of every term of the last equation, 

-3:''-)-A3:°— — B3;''^'+Ca;"-'— =0 (3). 

Now, substituting -f« for x in equation (rri) wiil give the 
same result as substituting —a in equation (1), if wj be an even 
number; or, substituting —a in equation (2), if m be an odd 
number. UJ then, a is a root of equation (m), —a will be a root 
of equation (I), and, of course, a root of equation (2), which is 
identical with it. 
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Hence we see that the positive roots may be changed into 
negative roots, and the reverse, by simply changing the signs 
of the alternate terms ; ao that the finding the real roots of any 
equation is reduced to finding positive roots only. 

Ex. 1. The roots of tlie equation 

are I, 3, and —2. Wiiat are the roots of the equation 
a;''+2a;'-5;c-6=0? 
Ex. 2. The roots of the equation 

x''—ex''+llx—6=0 
iire I, 2, and 3. What are tbo roots of the equation 

PROPOSITION VI. 

{313.) If an equation whose coefficients are all real, contains 
imaginary roots, the number of these roots must be evert. 

If an equation whose coeflicients are all real, has a root of 
the form 

a+b^'^1, 
then will a~b^/~^ 

be also a root of the equation. 

For, let a+6V — 1 be substituted for x in the equation, tlie 
result will consist of a series of terms, of which those involving 
only the powers of a, and the even powers of iV — l will be 
real, and those which involve the odd powers of &-/ — 1 will 
be imaginary. If we denote the sum of the real terms by P, 
and the sum of the imaginary terms by QV — 1, then we must 
have 

which relation can only exist when P=0 and Q,=0. 

Again, let «— fiV — 1 be substituted for a: in the proposed 
equation, the only difference in the result will be in the signs 
of the odd powers of &i/ — 1, so that the result will be P— 
Q.-/-!. But we have found that P=0 and Q,~0 ; hence 

P-QV^^^O. 

J2* 
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And,siiicea— &V — 1 substituted for a: gives a result equal to 
zero, it must be a root of the equation. 
Ex. 1. Find the roots of the equation 

Ans. ~2, and 1± V~l- 
Ex, 2. Find the roots of the equation 
x'-x'~'}x+15=0. 

Ans. -3, and 2±V"^. 
Ex. 3. Find the roots of the equation 
5x'+2x~U=0. 

Ans. 3, and — 1± V— 3.4. 
Hence every equation of the third degree whose coefficienta 
are ail real, must have one real root. The same is true of 
every equation of an odd degree. 

PROPOSITION VII. 
(314.) Every equation must have as many variations of sign 
as it has positive roots, and as many permanences of sign as 
there are negative roots. 

To prove this Proposition, it is only necessary to show that 
the multiplication of an equation by a new factor, x—a, cor- 
responding , to a positive root, will introduce at least one varia- 
tion, and that the muhipUcation by a factor x+a will intro- 
duce at least one permanence. 

For an example, take the equation 

;ir'-|-ar'— 10a;-24=0, 

which the signs are +-\ , giving one variation. 

Multiply this equation by x—2=0, as follows : 
x'-i-Sx^-lOx -24 

X -2 

a;*-|-ai:'— lOa;"— 34a; 

-23;°- 6a!°+a0x+48 
x'+ a;'— 16a:^— 4x-l-48=0. 

In this last product the signs are +H h, giving two va- 

nations ; that is, the introduction of a positive root has intro- 
duced one new variation in the signs of the terms. 
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Tu generalize this reasoning, we perceive tliat the signs in 
ihe upper line of the partial products are the same as in the 
given equation ; but those in the lower line are all contrary to 
those of the given equation, and advanced one term tow.ird the 
right. 

Now, if each coeflicienl of the upper line is greater than the 
corresponding one in the lower, the signs of the upper line will 
he the same as in the total product, with the exception of the 
last term. But the last term introduces a new variation, since 
its sign is contrary to that which immediately precedes it; 
that is, the product contains one more variation than the 
original equation. 

When a term in the lower line is larger than the correspond- 
ing one in the upper line, and has the contrary sign, Ihere is a 
change from a permanence to a variation ; for the lower sign 
is always contrary to the preceding upper sign. Hence, when- 
ever we are obliged to descend from the upper to the lower 
line in order to determine the sign of the product, there is a 
variation which is not found in the proposed equation; and as 
all the remaining signs of the lower line are contrary to those 
of the proposed equation, there must be the same changes of 
sign in this line as in the given equation. If we are obliged to 
reascend to the upper line, the result may be either a variation 
or a permanence. But even if it were a permanence, since 
the last sign of the product is in the lower line, it is necessary 
to go once more from the upper line to the lower, than from 
the lower to the upper. Hence each factor, corresponding to 
a positive root, must introduce at least one new variation; so 
that there must be as many variations as there are positive 
roots. 

In the same manner, we may prove that the multiplication 
by a factor x+d, corresponding to a negative root, must intro- 
duce at least one new pei-manence ; so that there must he as 
many permanences as there are negative roots. 
Ex. 1. The roots of the equation 

are 1, 2, 3, —1, and —2. There are also three variations of 
sign, and two permanences, as there should he. according to 
the Proposition. 
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Ex. a. The cqiialion 

has four real roots. How many of these are negative ? 

Ex. 3. The equation 

a;°+a^'~41.T:-'-S7a;'+4003:'+444a:-7S0=0 
has six real rootSi How many of these are positive? 

If all the roots of an equation are real, the number of posi- 
tive roots must be the same as the number of variations, and 
the number of negative roots must be the same as the number 
of permanences. If any term of an equation is wanting, wa 
must supply its place with ±0 before applying the preceding 



PROPOSITION VIII. 
(315.) If two numbers, when substituted for the unknown 
quantity in an equation, give results with contrary signs, there 
is at least one root comprised hetween those numbers. 
Take, for esampie, the equation 

x'-~2x^+Sx~44=Q. 
If vie substitute 3 for x in this equation, we obtain — 2G; 
and if we substitute 5 for x. we obtain +46. There must, 
therefore, be a real root between 8 and 5 ; for, when we sup- 
pose x=S, we have 

:!^'-|-3a:<3:(;'+44. 
Bat when we suppose x=5, we have 
x'+Sx>'2x''+44. 
Now tioth the quantities 

x."+3x and 9a:'+44 
increase while x increases. And since the first of these quan- 
tities, which was originally less than the second, has become 
the greater, it must increase more rapidly than the second. 
There must, therefore, be a point at which the two magnitudes 
are equal, and that value of x which renders these two magni- 
tudes equal must be a root of the proposed equation. 

In general, if two numbers, p and q, substituted for x in an 
equation, give, results with contrary signs, we may suppose the 
lees of the two numbers to increase by imperceptible degrt 
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until it becomes equal to the greater number. The results of 
these successive substitutions must also change by impercepti- 
ble degrees, and must pass through all the intermediate values 
between the two estremes. But the two extreme values are 
affected with opposite signs ; there must, therefore, be some 
number between p and g vchich reduces the given equation to 
p;ero. and this number will be a root of the equation. 

In the same manner, it may be proved that if any quantity 
p, and every quantity greater than p, substituted in an equation, 
renders the remit positive, then p is greater than the greatest 
root. 

Hence, also, if the signs of the alternate terms are changed, 
■md if q, and every quantity greater than q, renders the result 
positive, then ~q is less than tlie least root. 

If the two numbers, which give results with contrary signs, 
differ from each other only by unity, it is plain that we have 
found the integral part of a root. 

Ex. 1. Find the integral part of one of the roots of the equa- 
tion 

2,1:'— ILr^'+Sa;— 16=0. 

When x~2, the equation reduces to —12; and when a;=3, 
it reduces to +1\. Hence there must be a root between 2 and 
.S; that is, 3 is the first figure of one of the roots. 

Ex. 2. Find the first figure of one of the roois of the equa- 
tion 

x'+x'+x- !00=0. 

Ans. 4. 

Ex. 3. Find the first figure of each of the roots of the equa- 
tion 

x'-~4.x'-Qx+8=0. 

PROPOSITION IX. 

(316.) Every equation may 'be transformed into another, 
whose roots are greater or less than those of the former by any 
given quantity. 

Let it be required to transform the general equation of tho 
mth degi'ee into another whose roots sire greater by r than 
those of the given equation. 

Take y—x+r, or x=y—r, 
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and substitute y—r for x in tile proposed equation ; we sliall 
tlien liavB 



+A 



-(„-I)A 
+B 



im-l)im~Si ,Ar 



iiiditiuns, i 



~-{vi-2)Br 
+C 
whicli equation evidently fulfills tlie I'equi 
y is greater than x by r. 

If we take y=x—r, or a;=y+r, wo shall obtain in the same 
way an equation whose roots are less than those of the given 
equation by r. 

Ex. 1. Find the equation whose roots are greater by 1 than 
those of the equation 

We must here substitute y—l in yjlace of ,-c, 

Ajls. f-7i/+'7=0. 
Ex. 2. Find the equation whose roots are less by 1 than 
those of the equation 

x'~2x''+3x-i=Q. 

Ans. j/'+)/°+2ji— 3=0. 
Ex. 3. Find the equation whose roots are greater by 3 than 
those of the equation 

x'+dx'+Vix^-Mx^O. 

Ans. y'— 3y'— 15j(=+49j)— 12=0. 
Ex. 4. Find the equation whose roots are less by 2 than 
those of the equation 

6x*—12x'+8x'+4x~6=^0. 

Ans. 5y'+28)/"+51)/''+32)y— 1 = 0. 
Ex. 5. Find the equation whose roots are greater by 2 than 
those of the equation 

x^+\0x'+'i2x'+8Gx''+'r0x+12=O. 

Ans. y''+2i/-@f--i0i/+8=0. 

PROPOSITION X. 
(317.) Any complete equation may be transformed into an- 
other whose second term is ma.nting. 
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Since r in the preceding Proposition is iiidetei'mmate, we 
may put ~mr+A equal to zero, which will cause the second 

term of the general development to disappear. Hence r=—, 
and x^y—. 

Hence, to remove the second term of an equation, substitute 
for the unknown quantity a new unknown quantity, together 
with, such a part of the coefficient of the second term, taken with 
a contrary sign, as is denoted hy the degree of the equation. 

Ex. 1. Transform the equation 

x' — ea:" +8a,— 3 = O 

into another whose second term is wanting. 

Here we take a new unknown quantity, and annex to it u 
third part of the coefficient of the second term of the equation 
with its sign changed ; that is, we put x=y+2. Making this 
substitution, we obtain 

y'— Ay— 2=0. Ans. 
Ex. 2. Transform the equation 

3:'-16a;'— 6a;+15=0 
into another whose second term is wanting. 
Here we put x~y-\-4.. 

Ans. j/'-96)/--518)/-777=0 
Ex. 3. Transform the equation 

3;'+15a:'+133;'-303:' + 14a:-35=0 
into another whose second term is wanting. 

Ans. j/''-78)/'+4I3!/'~7573/+401^0. 
Since the coefficient of the second term is equal to the sum 
of the roots with their signs changed, it is obvious that when 
the second term of an equation is wanting, the sura of the posi- 
tive roots must be equal to the sum of the negative roots 

PROPOSITION XI. 

(318.) To discover the law of Derived Polynomials. 
When we substitute y+r for x in the genera! equation of 
li e ffith degree, the coefficients of r follow a remarkable iaw 
The equation, before it is cieveloped, is 
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(y+rr+A(y+rr-'+B(^+rr-'+ +T(j/+r)+V-0. 

If we actually invol'-e the several tertna (y+f)", (^+r)"~', 
&c,, as was done in Art. 316, we obtain certain terms inde- 
pendent of r, otliers which contain tho first power of /■, othefs 
the second power of r, and so on ; and tlie deveiopmont is of 
the following form : 

x+x.r+i;-+||.--+ij-'+ +--. 

where the values of X, Xj, X^, &c., are 

S =y°-f-Ay'^'+B?/"'-'+Cj/°'-'+ + T)/+V. 

X,=mj/'"-'+(M-l)Air-=-)-(M-3)E«/'"~'+ +2Sy4-T. 

X,=m(™-l)jr^+(»a-l) (m~2)Ar-'+ 

Each of these polynomials may be derived from that imme- 
diately preceding it, by multiplying each term by the exponent 
ofy in that term, and diminishing the exponent by unity. 

The expressions Xj, X^, &c., are called derived polyno- 
mials of X. X, is called the Jlrst derived polynomial, Xj the 
second derived polynomial, X^ the third, and so on. 

Ex. I. Find the equation whose roots are less by r Ihao 
those of the equation 

x'-5x+G=Q. 
Here we shall have 

X = f-5y+G, 
X,=2y-5, 
X,=2, 
X3=0. 
But we have seen that when y+r is substituted for x, the 
equation reduces to the form 

Substituting the values of X, X,, X^, &c., above found, we 
obtain 

which is the development of 

{y+ry-5it/+r)+6. 
Ex. 2. Find the equation whose roots are less by r than 
those of the equation 
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Here we shall have 

X = f- -r^f +8y-3, 
X,=3y-14i/ +8, 
Sa = 6y -14, 

X,=0; 
and, substituting these values in the same formula as above, 
we obtain 

which Is the development of 

(y+ry-7(i/+ry+8ip+r)^3. 
Ex. S. Piud the successive derived polynomials of the equa- 
tion 

Ex. 4. Find the successive derived polynomials of the equa- 
tion 

PROPOSITION XII. 

(!iI9.) To find the equal roots of an equation. 

We have seen, in Art. 308, that an equation may have two 
or more equal roots. Thus, the equation 
.-c'-ear'+lSa^-S^O, 
or (a;-S)'=0, 

has the three equal roots 2, 2, 2. Such an equation and its 
first derived polynomial always contain a common divisor ; for 
the first derived polynomial of the above equation is 

ac=-12a:+12, 
or 3(^-2)=, 

where it is evident that (:c— 2)' is a common divisor of both 
equations. 

In general, let a be one of the equal roots which occurs n 
limes as a root of the given equation; the first member will 

therefore contain the factors {x—cl), (x—a), {x—a), ; 

that is, (a;— «)". The first derived polynomial will contain the 
factor n{x—ay~' • that is, x—a occurs {n~ 1) times as a factot 
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ill tlie iirst derived polynomial. The greatest common divisor 
of the given equation and its first derived polynomial must 
therefore contain the factor (x—d) repeated once less than in 
the given equation. 

To determine, therefore, whether an equation has equal 
i-oo\s, find the greatest common divisor between the equation and 
its first derived polynomial. If there is no common divisor, the 
equation has no equal roots. If there is a common divisor, solve 
the equation obtained by putting this divisor equal to xero. 
Ex, I. Find the eqaal roots of the equation 

x''~9x'+21x-i&^0. 
The first derived polynomial of this equation is 

3a:'— 16^+21. 
The greatest common divisor between this and the given 
equation is 

x-~3. 
Hence the equation has two roots, each equal to 3. 
Mx. 2. Find the equal roots of the equation 
x' - 1 ac''+ 55j;— 75^ 0. 

Ans. Two roots equal to 5. 
Ex. 3. Find the equal roots of the equation 
x'-'7x''+lQx~12=0. 

Ans. Two roots equal to 2. 
Ex. 4. Find the equal roots of the equation 
x'—6x'—8x—3=0. 

Ans, Three roofs equal lo— 1 

PROPOSITION Xlli. 

(320.) To find the number of real and imaginary roots oj an 
equation. 

In 1829, M. Sturm discovered a theorem which determines 
the precise number of real roots, and of course the number of 
imaginary ones, since the real and imaginary roots are to- 
gether equal in number to the degree of the equation. We 
propose now to develop fhis theorem. 

Let X represenfthe first member of ihe general equation of 
the mth degree, which we suppose to have no equal roots, and 
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let X, be ils Urst derived polynomial, found by the meUiod of 
Art. 318. 

Divide X by X^ until tlie remainder is of a lov^er degree 
than the divisor, and call this I'emainder ~X„; that is, let X„ 
designate the remainder with a contrary sign. Divide X, by 
X„ in the same manner, and so on, designating the successive 
remainders with contrary signs by X„„ X„„, &c., until the di- 
vision terminates by leaving a numerical remainder independ- 
ent of X ; which must always be the case, according to the pre- 
ceding Proposition, since the equation having no equal roots, 
there can be no factor, which is a function of x, common to 
the equation and its first derived polynomial. Let this re- 
mainder, having its signs changed, be called X„. 

The operation thus described will stand as follows : 
X IX, X, IX^ X„ IX^ 

x,q,|q, x,a,J q„ x,„Q»,! a,/ 

X-X,Q,= -S„; X,-X„Q,--X,„; X„-X,„Q,„— X„„. 

We thus obtain the series of quantities 

X, X„ X,„ X„„ X„,„ X™, 

each of which is of a lower degree with respect to x than the 
preceding, and the last is altogether independent of x, that is, 
does not contain x. 

We now substitute for x in the above functions any two 
numbers p and q, of which p is less than q. The substitution 
of^ will give results either positive or negative. If we only 
take account of the signs of the results, we shall obtain a certain 
number oi variations and a certain number of permanences. 

The substitution of q for x will give a second series of signs, 
presenting a certain number of variations and permanences. 
The following, then, is 

THB THEOREM OP STUBM. 

The difference between the number of vario,tions of the first 
raw of signs and that of the second, is equal to the number of 
real roots oftlie given equation comprised between p and q. 

(321.) In order to simplify the demonstration of this theorem, 
we shall premise throe Lemmas ; and, for convenience, we shall 
call X the primitive function, and X„ X,„ X„„ &c., auxiliary 
functions. 

Hosicdb,. Google 



274 

Lemma 1. If we substitute any number for x in the series of 
functions X, X„ X,„ &c., two consecutive functions can not both 
reduce to zero at the same time. 

For, from the method in which X„ X„ &c., are obtained, 
we have the following equations ; 

X =X, Q, -X„ (1). 
X, =X„Q„ -X,„ (3). 
X„ =X,„q,,„ -X,„, (3). 

X^-X„_,Q._,-X„ (m~l). 

Now, if possible, suppose X,=0, and Xi,=0; then, by equa- 
tion (2), we shall have X,„=0. Also, since X„=0, and X,„= 
; therefore, by equation (3), we must have X„„=0 ; and, pro- 
ceeding in the same manner, we shall find that X„=0, which is 
absurd, since it was shown. Art. 320, that this final remainder 
must be independent of x, and must therefore remain on- 
changed for every value of «. 

Lemma IL When one of the auxiliary functions vanishes for 
a particular value of x, the two adjacent functions must have 
contrary signs. 

For, by equation (3), we have 

S„=X,„Q,„-X„„ ; 
and if X,„ reduces to zero, then X„= — X„;, ; that is, X„ and 
X,„, have contrary signs. 

Lemma III. If & is a root of the equation X=0, the signs of 
X and Xj will constitute a variation for a value of x which is 
a little less than a, and a permanence for a value of x which is a 
Utile greater than a. 

For if we substitute a+r for x in the equation X=0, the de- 
velopment of the function X, according to Art. 318, will be of 
the form 

A+A'rH- other terms involving higher powers of r. 

How if a is a root of the equation X=0, the first levm of liie 
development becomes zero, and there remains 

A'r+ other terms involving higher powers of r. 

Also, if we substitute a+r for x in the first derived polyno- 
Iiiinl, the development will contain 

A'+ other terms involving 
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Now we may take r so small that each of these develop- 
ments shall have the same sign as its first term, 
AV and A'. 

Hence they must both have the same sign when r is positive, 
and contrary signs when r is negative. That is, the signs of 
the two functions X and X^ 
constitute a variation for x=a~r, 
and a permanence for x=a-\-r. 

DEMONSTllATION 03" THE THEOREM. 
(322.) Suppose all the real roots of the equations 
X=o, X,=0, X„=-o, X,„-o, &c., 
to be arranged in a series in the order of magnitude, beginning 
with the least, Let^ be less than the least of these roots, and 
let it increase continually until it becomes equal fo q, which 
we suppose to be greater than the greatest of these roots. 
Now so long as p is less than any of the roots, no change of 
signs will occur from the substitution oip for x in any of these 
functions, Art. 315 ; but when p arrives at a root of any of the 
auxiliary equations, its substitution for x reduces that polyno- 
mial to zero, and neither the preceding nor succeeding func- 
tion can vanish for the same value of a; (Lemma I.), and these 
two adjacent functions have contrary signs (Lemma II.). 
Hence the entire number of variations of sign is not affected 
by the vanishing of any of the auxiliary functions ; for the 
three adjacent functions must reduce to 
+,0, -,or -, 0, +. 
Here is one variation, and there will also be one variation 
if we supply the place of the with either + or — ; thus, 
-f, +, -,or-, +, +, 
+,-,-, or -,-,+. 
Suppose, now, ^ to pass from a number very little smaller, 
to a number very little greater than a root of the primitive 
equation 

X=0. 
the sign of X will be changed from + to — , or from — to +i 
Art. 315. The signs of X and X, constitute a variation before 
tile chimge, and a permanence after the change (Lemma III.^ 
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Hence the change of sign of the function X occasions a !os9 
of one variation of sign. 

Again, while p increases from a number very Uttle smaller 
to a number very little greater than another root of the equa- 
tion S=0, a second variation will be changed into a perma- 
nence, and so on for the other roots of the primitive equation. 

Now, since all the real roots must be comprised within the 
Hmits — tr and +<x) , if we substitute these values for x in the 
series of functions X, X„ &c., the number of variations lost 
will indicate the whole number of real roots, A third suppo- 
sition, that x=0, will show how many of these roots are posi- 
tive and how many negative ; and if we wiah to determine 
smaller limits of the roots, we must try other numbers. It is 

generally best to make trial in the first instance of such num- 
bers as are most convenient in computation, as, 1, 2, 10, &c. 

BXAMFLSa. 

(323.) Ex. 1. How many real roots has the eqwition 

Here we have X,=3x''-12x+U, 

Dividing x'—Gx''+liX'-Q by Sa;'— ISx-l-ll, as in tliR meth- 
od for finding the greatest common divisor. Art. 251, w; 'tav© 
for a remainder — 3a;-|-4. Hence, rejecting the factor ;■•, X., 
=ic— 3. Dividing X, by X„, we have for a remainder ■ ■' 
Therefore, X„,= + l. 
Hence we have 

X = x'- 6iC=-f-na;-6. 
X, =3z'-12a: -i-U. 

X,; - X - 2. 

X,„- + l. 

If we substitute — qd for x in the first polyn 
11,^—6, the sign of the result is — ; substitutin 
the second polynomial ac'— 12a:+ll, the sign of the result is; 
+ ; substituting the same in x—2, the sign of the result is 
— ; and X„„ being independent of x, will remain + for every 
value o(x, so that by supposing a:= — c», we obtain the series 
of signs 

- + - +. 

Proceeding in the same manner for other assumed valutas 
oix, wo shall obtain the following results: 
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- + - + 


giving 3 varia 





- + - + 


" 3 


+ .9 
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" 3 


+ 1 


+ - + 


" 3 


+ 1.1 


+ + - + 


" 3 


+ 1.9 


+ + 


" 2 


+2 
+2.1 


- + 

h + 


" 1 


+3.9 


- + + + 


" 1 


+ 3 


+ + + 


" 


+3.1 


+ + + + 


" 


+ (C 


+ + + + 


" 



Here the three roots of this equation are seen to be 1, 2, 3, 
and no change of sign in either function occurs by the substi- 
tution for a; of any number less than 1 ; but when jj exceeds 1, 
there ia a change of sign in the original equation from — to 
+, by which one variation is lost. When p=2, two of the 
functions disappear simultaneously, showing that 2 is a root of 
the second derived function as well as of the original equation, 
iind a second variation of sign is lost. Also, when p becomes 
equal to 3, a third variation is lost ; and there are no further 
changes of sign arising from the substitution of any numbers 
between 3 and + co . 

There are three changes of sign of the primitive function, two 
of the first auxiliary function, and one of the second auxiliary 
function ; but no variation is lost by the change of sign of any 
of the auxiliary functions ; while every change of sign of the 
primitive function occasions a loss of one variation. 
Ex. 2. How many real roots has the equation 

j:'--5x'+83;-1=0? 
Here we find 

X = .i:'- 53;'+8a;-l. 
X, =3a;=-]0.T: +8. 
X,, =2x -31. 
X,„=-2295. 

When x—~aD, the signs are — 1 .giving 2 variations; 

ar— +00, " + + + —," 1 " 

Hence this equaliun has but one real root, and, consequeiit 
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ly, must have two imaginary roots. Moreover, it is easilv 
proved that the real root lies between and +1- 
Ex. 3. How many real roots' has the equation 

x"'-2x'--7x^+10x + 10=0l 
Here we have 

X = x'- 2x'- 7a;^+I0a: + 10. 

X, = ix'- ex'-lix +10; or 2x'-Sx'~7x+h. 

X„ = 17;c'-23a; -45 

X,„ =1523; -305. 

X„„=+524535. 

Whena;= — CD, the signs are H 1 h. giving 4 variations; 

3;= + oc. " + + + + + , " 

Hence the four roots of this equation are real. 
If we try different values for x, we shall find that 
Whena;^^ — 3, the signs are -i 1 F, giving 4 variations; 

x= 0, " +-\ +, " 2 

x=+l, " + +, " 2 

x=+2, " + +, " 2 

x=+3, " + + + ++," 

Hence this equation has one negative root between ~2 and 
—3 ; one negative root between and —1 ; and two positive 
roots between 2 and 3. 

Ex. 4. How many real roots has the equation 

3;=-7a:+7=0? 
Ans. Three : viz., two between 1 and 2, and one between 
-3 and -4. 

Ex, 5. How many real roots has the equation 
2x'-'20x+\9=0i 

Ex. a. How many real roots has the equation 
.■c'+Sa:'+3a:'+4c'+52r— 20=0 ? 

Ans. One between 1 and 2. 
Ex, 7. How many real roots has the equation 
x'+Sx^+5x-l'!8^0l 

An:!. One between 4 and 5. 
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Ex. 8. How many real roots has the equation 

Ans. Four. 
Ex. 9. How many real roots has the equation 
x'-Sx'+Ux'+4x-8=0 ? 

Ans. Four. 

PROPOSITION XIV. 

(324.) To discover a method of elimination for equations of 
any degree. 

The principle of the greatest common divisor affords one of 
the most general methods for the elimination of unknown 

quantities from a system of equations. 

Suppose we have two equations involving x and y reduced 
to the form of 

B---0. 
If we proceed to find the greatest common divisor of A and 
B, we shall have, according to Art. 249, 
A=QB+R. 
But since A and B are each equal to zero, it Ibilows that R 
must equal zero. Hence we see that, if we divide one of the 
polynomials hy the other, as in the method of finding the 
greatest common divisor, each successive remainder may be 
put equal to zero. If we arrange the polynomials before di- 
vision with reference to the letter x, we shall at last obtain a 
remainder which does not contain x ; which remainder, being 
put equal to zero, is the equation from which x has been elim- 
inated. 

Ex. 1. Eliminate x from the equations 
x'+f-lS^O, 
x+y~ 5=0. 
Divide the first polynomial by the second, as follows : 
x>+y'~lS \ x+y~^ 
x''+(T/—5)x\ x—y+5 
~(^-5)x+ f-lS 
-(2/-5)x- y+IOy-aS 

ay"— 10^-1-13 — remainder. 
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Tins remainder we have already proved must be equal to 
y.ero ; that is, 

2i/-l0y+12=0, 
an equation from which x has been eliminated. 
Ex. 2. Eliminate x from the equations 
x'+xi/ —66=0, 
xy +2y'—60=0. 

Ans. !/*-n8y=+1800=(». 
JEx, 3. Eliminate x from the equations 

xi/+x+y--39=0. 

Ans. ^'+j/'-77/-373y+ 1404-0. 

Ex. 4. Eliminate x from the equations 

x'—Sxy+y'+i/=0, 

x'—xy+l =0. 

Ans. y*—5y'+2i/—l=0. 
if we have three equations containing three unknown quan- 
tities, we must first eliminate one of the unknown quantities by 
combining either of the equations with each of the others. We 
thus obtain two new equations involving but two unknown 
quantities, from which we may obtain a final equation involv- 
ing but one unknown quantity. 

Ex. 5. EHminate x and y from the equations 
xyz~c=0, 
xz+xy+yz— b^O, 
X + y+ s-«=0. 

Ans. z''--ax'+bz—c=0. 
Ex. 6. Eliminate -t and y from the equations 
x'+y= 7. 
y'+z=lS. 
z'+.t:=18. 
Ans. j'-72s'-!-1930s'-22824K'+K+100476=a 
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(325.) We wiil first consider the method of finding the in- 
tegral roots of an equation, and will begin with forming the 
equation whose roots are 2, 3, 4, and 5. This equation must 
be composed of the factors, 

(1-3) (1-8) (rc-4) (x-!,)=0. 
If we perform the multiplication (which ia most expeditious- 
ly done by the method of detached coefficients shown in Art, 
64), we obtain the equation 

x'- Ux'+llx^- 154a;+ 130=0. 
We know that this equation is divisible by x—Q. Let us 
perform the division by the method of detached coefHcients 
shown in Art. 80. 

A B C D V a 

1-14+71-154+ 1S0[ 1"5= divisor. 

1— 5 |l-9+26-24= quotient. 

- 9+71 

— 9+ 45 
"^^20-154 

+26-130 

- 24+120 

- 24+120. 

Supplying the powers of ,t, we obtain for a quotient 

x'—9x''+2ex—24:=0. 
This operation may be still further abridged, as follows : 
Represent the root 5 by a, and the coefficients of the given 
equation by A, E, C, D, V, 
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We first multiply —a by A, and subtract the product from 
B; the remainder, —9, we multiply by —a, and subtract the 
product from C; the remainder, +26, we multiply again by 
^a, and subtract from D ; the remainder, — 24, we multiply 
by —a, and, subtracting from V, nothing remains. If we tajte 
the root a with a positive sign, we may substitute addition for 
subtraction in the above statement ; and if we set down only 
the successive remainders, the work will be as follows: 
ABC D \ a 
I-14+71-154+]30[5 
1— 9+2C- 24, 
and the rule will be. 

Multiply A hy a, and add ths product to B ; set down the sum, 
mtdtiply U hy a, and add the product to C ; set down tlie sum, 
multiply it by a, and add the product to D, and so on. The final 
product should be equal to the last term V, taken with a contrary 
sign. 

, The coefficients above obtained are the coefficients ol a 
cubic equation whose roots are 2, 8, 4. The equation may 
therefore be divided by x—4:, and the operation will be as fol- 
lows : 

I— 9+26-24]4 
1-3+6. 
These, again, are the coefficients of a quadratic equation 
whose roots are 2 and 3. Dividing again by .r — 3, we have 
l-5+6|3 
1-2, 
which are the coefficients of the binomial factor x—'Z. 

These three operations of division may be exhibited together 
as follows: 

1-14+71-164+12015, first divisor. 
1- 9+26- 24 4, second divisor. 

1— 5+ 6 [3, third divisor. 

1- 2. 
(32C.) The method here explained will enable us to find all 
the integral roots of an equation. For this purpose, we make 
trial of different numbers in succession, all of which must be 
divisors of the last term of the equation. If any division leaves 
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a remainder, we reject this divisor; if the division leaves bo 
remainder, the divisor employed is a root of the equation. 
Thus, by a few trials, all the integral roots may be easily 
found. 

Ex. 2. Find the seven roots of the equation 

We take the coefficients separately, as in the last example, 
and try in succession all the divisors of 36, both positive and 
negative, rejecting such aa leave a remainder. The operation 
is as follows : 



1+1-14-14+49+49-36- 


36 


1, first divisor. 


1+3 — 13—36+33 + 73 + 36 




3, second divisor. 


1+4- 4-34-45-18 




3, third divisor. 


1+7+17+17+ 6 




— 1, fourth divisor. 


1+6+11+ 6 




~1, fifth divisor 


1+6+ 6 




-3, sixth divisor. 


1+3 




-3, seventh divisor 


Hence the seven roots are. 




1,2,3, -1, -1 


, -2, -3. 


Ex. 3. Find the six roots of the 


equation 


a;°+5a:°-81a:'-853::'+964:r"+780a:-I5S4=0, 


1+ 5-81— 85+964+ 780-1584 


1. 


1+ 6-75-160+804+1584 


4. 


1+10-35-300-396 




6. 


1 + 16+61+ 66 




- 3. 


1+14+33 




-s. 


l + Il 




-n. 


The six roots, therefore, are 




1, 4, 6, -2, - 


-3, -11. 


Ex. 4. Find the five roots of th 


e equation 


x'+Gx'-lOx'-UZx 


-3073:-110=0. 


1+6-10-113- 


307-110 


-1. 


1+5-15- 97- 


10 


-2. 


1+3-21- 55 




-5. 


1-2-Xl 






Three of the roots, therefore, are 


-1, -2, 


-E 
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The two remaining voote may be found by the ovdinaiy 
method of quadratic equations. Supplying the letters to the 
last coefficients, we have 

a;"— 2a;— 11=0. 
Hence a=lit^l3. 

Ex. 5. Find the four roots of the equation 
a;'+3«'— 73!'-8a:+12=0. 
Ex. G, Find the four roots of the equation 

3;'-55a;'— 30a:+504=0. 

Ex, 7. Find all the roofs of the equation 

x' - ass' + mx - 36 ^ 0. 

Ex. 8, Find all the roots of the equation 

3:°+&c'+a;°— 163;°— 20a:— 16=0. 
Ex. 9. Find all the roots of the equation 

3;'-12a:'+47a;'-72a;+36=0. 

Ans. 1, 2. 3, and 6. 

houneb'S method. 

(327.) The preceding method furnishes the roots of an equa- 
tion only when they are expressed by whole numbers. When 
the roots are incommensui-able, we employ the following meth- 
od, which is substantially the same as published by Horner in 
1819. 

The Theorem of Sturm, together with Art. 315, enables us 
to find tho integral part of any real root of the equation pro- 
posed. We then transform the equation into another having 
its roots leas than those of the preceding by the number just 
found. Art. 316, We discover again, by Art. 315, the first 
figure of the root of this equation, which will be the first deci- 
mal figure of the root of the original equation. Again, we 
transform the last equation into another having its roots less 
than those of the preceding by this decimal figure. We thus 
discover tho second decimal figure of the root ; and proceed- 
ing in this manner from one transformation to another, we are 
enabled to discover the successive figures of the root, and 
may carry the approximation to any degree of accuracy re- 
quired. 
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Ex~ 1 . Find a root of the cubic equation 

We have found, page 278, that this equation has but one 
real root, and that it lies between 4 and 5, The first figure 
of the root, therefore, is 4. To ascertain the second figure, we 
transform the given equation into another in v?hich the value 
of ^ is diminished by 4, which is done by substituting for x, 
4+1/. We thi:^ obtain 

y'+15!/"+77)/=46. 

The first figure of the root of this equation, according to 
Art. 315, is .6. Now transform the last equation into another 
in wrliich tho value of y is diminished by .5, which is done by 

substituting for y, .5+^. We thus obtain 

£"+16.52=4-92.75^=3.625. 

The first figure of the root of this equation is .03. We must 

now transform this equation into another in which the value 

of z is diminished by .03, which is done by substituting for », 

03+D, We thus obtain 

u'+16.59u''+93.7427m=.827623. 
The first figure of the root of this equation is .008. 
In order to find the next figure, we must transform the last 
equation into another in which the value of w is diminished by 
.008, and so on. 

(338.) This method would be very laborious if we were 
obliged to deduce the successive equations from each other by 
the ordinary method of substitution ; but they may all be de- 
rived from each other by a very simple law. Thus, let 

Ax'+Bx'+Cx=J) (1) 
be any cubic equation ; and let the first figure of its root be 
denoted by d, the second by a', the third by a", and so on. 
If we substitute a for x in equation (1), we shall have 
Att'+Ba''+Ca=D, nearly. 
D 
~C+B«+Affl' 

If we put p for the sum of all the figures of the root except 
the first, we shall have x=a-{-y ; and suhsfiluting this va''"- 
for X in equation (1), we obtain 



Whence "^ n-un^-^A,- (=^)- 
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+ Bu;' +2Bat/ +By' \ 
+ Ca +Cy . 
or, arranging according to the powers oi y, v 
Ay + (B+3Aa)y+(C+2Ba+3A«''))/=D-C«-Ba''-Aa= (3) 
Let ua put B' for the coefficient of y', C for the coefBcient 
of y, and D' for the right member of the equation, and we have 
Ai/'+B'i/'+C'5'=D' (4). 
This equation is of the same form as equation (1) ; and, pro- 
ceeding in the same manner, we shall find 

'^~C'+B'a'+A<i" *''^' 
where a' is the first figure of the root of equation (4), or the 
second figure of the root of equation (1). 

Putting z for the sum of all the remaining figures, we have 
y=^a'-\-z; and substituting thia value in equation (4), we shall 
obtain a new equation of the same form, which may be written 

As'+B"s'+C"2=D" (6) ; 
and in the same manner we might proceed with the remaining 
figures. 

Equation (3) furnishes the value of the first figure of the 
root ; equation (5) the second figure, and similar equations 
would furnish the remaining figures. Each of these expres- 
sions involves the unknown quantity which is sought, and might 
therefore appear to be useless in practice. When, however, 
the root has been already found to several decimal places, the 
value of tlie terms Ba and Aa" will be very small compared 

with C, and a will be very nearly equal to p. We may there- 
fore employ C as an approximate divisor, which will probably 
furnish a new figure of the root. Thus, in the above example, 
ail the figures of the root after the first are found by division 

46 -^77 =.5. 
3.625 -^82.75=.03. 
.827 H- 93.74= .008. 
If we multiply fhe first coefficient A by n, the first figure of 
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the root, and add the product to the second coefficient, we 
shall have 

B+Aa (7). 
If we multiply this expression by a, and add the product to 
the third coefficient, we shail have 

C+Ba+Aa' (8). 
If we multiply this expression by a, and subtract the product 
trom D, we shall have 

D-Ca-Ba^-Aa\ 
which is the quantity represented by D' in equation (4). 

Again, multiplying the first coefficient by a, and adding the 
product to expression (7), we obtain 
B+2A« (9). 
Multiplying this expression by a, and adding the product to 
expression (8), we have 

C+2Ba+3Aa% 
which is the coefficient of y in equation (4). 

Again, multiplying the first coefficient by a, and adding the 
product to expression (9), we have 
B+3Aa. 
which is the coefficient ofy' in equation (4). 

We have thus obtained the coeflicients of the first trans- 
formed equation ; and by operating in the same manner upon 
these coefficients, we shall obtain the coefficienta of the second 
transformed equation, and so on ; and the successive figures 
of the root ai-e found by dividing D by C, D' by C, D" by C", 
and so on. 

{329.) The preceding method is summed up in the following 



Represent the coefficients of the different terms by A, B, C, and 
the right-hand member of the equation by D, Having found a, 
the first figure of tite root, multiply A by a, and add the product 
to B, Set down the sum ; multiply this sum by a, and add the 
product to C. Set down tlie sum ; multiply it by a, and subtract 
the product from D ; the remainder mill he the fiest divjdeno. 
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Again, multiply A by a, and add the product to the last num- 
ber under B. Multiply this sum by a, and add the product to 
the last number under C ; this last sum will he the first divisok. 

Again, multiply A by a, and add the product to the last num- 
ber under B. 

l'\nd the second Jigure of the root by dividing Ike first divi- 
dend by tJie first divisor, and proceed with this second figure pre- 
cisely as was done with the first figure. 

The second figure of the root obtained by division will fre- 
quently furnish a result too large to fee subtracted from the 
remainder D', in which case we must assume a different figure. 
After the second figure of the root has been obtained, there 
will seldom be any further uncertainty of this kind. 

The operation for finding a root of the equation 

Mill then proceed as follows: 

ABC Da 

1+3+5 = 178 {4.5388=3;. 



33 


40= 1st dividend. 


44 

77= 1st divisor. 


43.375 
3.625 = 2d dividend. 


7.75 


3.797377 


84.75 


.837633 == 3d dividend. 


8.00 


.751003872 


92.75 = 2d divisor. .076(il9188 = 4th divide 


.4059 




93.2459 





16.56 93.7427= 3d divisor. 

3_ .132784 

16.598 93.875484 

J .13S848 

16.606 94.008332 = 4th divisor. 
Having found one root, we may depress the equation 
z=+3a;'+53:~178=0 
to a quadratic, by dividing it by i;~ 4.5388, We thus obtain 
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a''+ 7. 53883; +39.3 173=0, 
where x ia evidently imaginary, because q is negative and 

greater than ^. Sec Art. 195. 

After thus obtaining the root to five or six decimal places, 
several more figures will be correctly obtained by simply di- 
viding the last dividend by the last divisor, 

J3x. 2. Find all the roots of the equation 
,-c"+lU'-1023:=:-181. 

The first figure of one of the roots we readily find to be 3. 
We then, proceed, according to the Rule, to obtain the root tc 
four decimal places, after which two more will be obtained 

correctly by division. 

ABC Da 

] +11 -102 =-181 (3.21312=3:. 

3 42 -180 

14 —00 ^ = 1st dividend. 

3 51 -.992 
17 ^ = 1st divisor. -T008 = 2d dividend. 

3 4.04 -.006739 

20.S -^96 -.001261 = 3d divideno. 

2 4.08 -.001217403 



20.4 —0.88 = 2d divisor. —.000043597 = 4th dividend. 

2 .206 1 

20.61 -.6739 

1 .2062 

20.63 —.4677 = 3d divisor. 

]_ .061899 

30.633 -.405801 

3 .001908 

20.636 -.343893 = 4th divisor. 
The two remaining roots may ba found in the same way, or 
by depressing the original equation to a quadratic. Those 
roots are, 

3.23952 
-17.44265. 
When a power of a: is wanting in the proposed equation, we 
must supply its place with a ciphei^. 
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E.r. 3. Find all the roots of the cubic equation 
a:'-7.T=-7. 

The work of tho following example is exhibited in an ab- 
breviated form. Thus, when we multiply A by a, and add tho 
product to B, we set down simply this result. We do the same 
in the next column, thus dispeusiug with half the number of 
lines employed in the preceding example. Moreover, we may 
omit the ciphers on the left of the successive dividends, if we 
pay proper attention to the local value of the figures. Thus, 
it will be seen that in the operation for finding each successive 
figure of the root, the decimals under B increase one place, 
those under C increase two places, and those under D ii 
three places. 

1 +0 ~7 =-7 (1.356805867= 

1 -6 -6 



2 


-4=lst div'r. -1^ 1st dividend. 


3.3 


-3.01 -.903 


3.6 


~1.93=2ddiv'r. -97= 3(i dividend. 


3.95 


-1.7325 86025 


4.00 


— 1.5325= 3d div'r. 10375= 3d dividend. 


4.056 


-1.508164 0048984 


4.0S2 


-1.483792=4th div'r. 1326016= 4th dividend 


4.0688 


-1.48053696 1184429568 


4.0606 


- 1.47738128= 5thdiv'r. 141586432= 5th div'd. 


4.07049 


-1.4769149359 132922344231 



4.07058 - 1.4705485837= 6th div'r. 8 6640 8 7769= 6th div'd. 
Having proceeded thus far, four more figures of the root, 
5867, are found by dividing the sixth dividend by the sixth di- 
visor. 

We may find the two remaining roots by the same process ; 
or, after h-aving obtained one root, we may depress the erpin- 
lion 

,-c^- 7a: 4-7=0 
to a quadratic equation, by dividing by s— 1.366895867, and 
we shall obtain 

3;''+1.3568958673:-5.158833606=0. 
Solving this equation, we obtain 

s=-.678447933± V5.619I25204. 
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r -3.048917, 

Hence the three roots are . . , < 1.356896, 

f 1.692021. 
Ex. -4. Find a root of the equation 

2 3 =850 (7.0503569208 

17 119 S33 

31 336=lst divisor. 17= 1st dividend. 

45.10 338.2550 16.912750 

45.20 340.5150= 2d divisor. 87360= 2d dividend. 

45.3004 340.52406008 68104812016 

45.3008 340.53312024^ 3d div. 19145187984^ 3d div'd 
45.3013i) 340.5353853050 1702676926^250 

45.30140 340.5376503750=4thdiv.2n8418718750=4thdiv. 
Dividing the fourth dividend by the fourth divisor, we ob- 
tain the figures 62208, which make the root corcect to the 
tentli decimal place. 

The two remaining values of x may be easily shown to be 
imaginary. 

When a negative root is to be found, we change the signs 
of the alternate terms of the equation, Art. 312, and proceed 
as for a positive root. 

Ex. 5. Find a root of the equation 

5^:'— O-r'+Sat— — 85. 
Changing the signs of the alternate terms, it becomes 
53;'+0ai'+3a:^+85. 
5 +6 +3 +85 (2.16139. 

16 35 70 



26 


87= Ist divisor. 


15= 1st dividend. 


36.5 


00.65 


9.065 


37.0 


94.35= 2d divisor. 


5.935= 2d dividend. 


37.S0 


96.6180 


5.797080 


38.10 


98.9040= 3d divisor. 


, 137920= 3d dividend 


38.405 


98.942405 


98943405 


39.410 


98.980815= 4th divisor. 36977595= 4th dividend 



38.4165 98.99233995 29697701985 

38.4180 99.00386535= 5th div'r. 937989301 5=3th div'd. 
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Hence one root of the equation 

5a:'-6jT'+3a:=— 85 
IS -2.16139. 

The same method is applicable to the extraction of the cube 
root of numbers. 

Ex. 6. Let it be required to extract the cube root of 9 ; in 
other words, it is required to find a root of the equation 

10 9 (2.0800838. 

2 4 8 

4 13= 1st divisor. 1= 1st dividend. 

6.08 13.4804 .998912 

6.16 13.9792= 2d divisor. 1088= 2d dividend, 

6.2400S 13.97969930(54 103837593 6.512 

6.24016 12.9801984192= 3d d. 49624063488= 3d div. 
6.340243 12.980217139929 38840651419787 

6.240246 12.980335860667= 4th d. 10683412068213= 4th d 
Ex. 7, Find all the roots of the equation 
x'-l&c'+G3x-50=0. 

/ 1.03804. 
Alls. } 6.57653. 
( 7.39643. 
Ex. 8. Find ali the roots of the equation 
r'+9^'+34a:+17=^0, 

-1.12061. 
-3.34730. 
-4.53209. 
Ex. 9. Extract the cube root of 46338544. 

Ans. 364. 
Ex. 10. There are two numbers whose difference is 2, and 
whose product, multiplied by their sum, makes 120. What 
are those numbers 1 

Ex. 11. Find two numbers whose difference is 6, and such 
that their sum, multiplied by the difference of their cubes, may 
produce 5040. 

Ex. 13. There are two numbers whose difference is 4 ; and 
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the product of this difference, by the sum of their cubes, is 
3416. What are the numbers? 

Ex. 13. Several persons form a partnership, and establish a 
certain capital, to which each contributes ten times as many 
dollars as there are persons in company. They gain 6 plus 
the number of partners per cent., and the whole profit is $39S. 
How many partners were there? 

Ex. 14. There is a number consisting of three digits such 
that the sum of the first and second is 9 ; the sum of the first 
and third is 12 ; and if the product of the three digits be in- 
creased by 38 times the first digit, the sum will be 336. Re- 
quired the number, 

/ G38. 

Ans. ] or 725, 

( or 814. 

Ex. 15. A company of merchants have a common stock of 
Se4775, and each contributes to it twenty-five times as many 
dollars as there are partners, with which they gain as much 
per cent, as there are partners. Now, on dividing the profit, 
it is found, after each has received six times as many dollars 
as there are persons in the company, that there still remains 
aei2B, Required the number of merchants. 

Ans. 7, 8, or 9. 



EaUATIOHS OP THE FOURTH AND HIGHER DEGREES. 

(330.) The method already explained for cubic equations is 
applicable to equations of every degree. For the fourth de- 
gree, we shall have one more column of products, but the 
operations are all conducted in the same manner, as will be 
seen from the following example. 

Ex. 1. Find the four roots of the equation 
3;'~-S3:'-f 14a:''-f4»=8. 

By Sturm's Theorem, we have found that these roots are all 
real ; three positive, and one negative. 
We then proceed as follows : 
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L -8 +14 + 4 =8 (5.9360679. 

-3-1-1 -o 

+2+9 +44= 1st div'r. 13= 1st dividend. 

7 44 53.388 1^^ 

12.2 46.44 63.072= 2d div. ~S^424= 2d divideii<J. 
12.4 48.92 64.626747 1.93880241 

12.6 51.44 66. 1 93068= 3d d. .4035975?=3d dividend. 
12.83 51.8249 66.509117736 .399054706416 



12.86 52.3107 66.825633034= 4th d. 4542883584= 4th div. 
12.89 52.5974 
12.926 62.674966 
12.932 52.762548 
and by division we obtain the four figures 0679. 

The other three roots may be found in the same maiinei 
f- .7320508, 



Hence the four roots n.re 



.7639320, 
2.7320508, 
5.2360679. 



Ex. 2. Find a root of the equation 

a:' +2«^ + 3a:' +43:" + 5a:= 20. 
We have found, by Sturm's Theorem, that this equation has 
1 real root between 1 and 2. 
We then proceed as follows : 
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-J'Hi SOLUTION Oh' NUMERICAL KftUATlONS. 

Dividing the fourth dividend by the fourth divisor, we ob- 
tain the figures 7S9. 

When we wish to obtain a root correct to a limited numbei 
of places, we may save much of the labor of the operation by 
cutting off. all figures beyond a certain decimal. Thus if, in 
the example above, we cut off all beyond five decimal places 
in the successive dividends, and all beyond four decimal places 
in the divisors, it will not affect the first six decimal places in 
the root. 

Ex. 3. Find the roots of the equation 
x'-licc'+12x=3. 

r— 3.907378, 
J + .443277, 
■ j + .006018, 



Ex. 4, Find the roots of the equation 

x'- lQx'+'79x''~l'iO:r= --58. 

r+0.5857g, 

■ +3.35425, 

+3.41421, 

+ 8.64575. 

Ex. 5. Find the roots of the equation 

x''-20x' + 150x''-520x'+B0Qx=i01. 

r+0.934fi85, 

+ 3.308424, 

Ans. J +3.824326, 

I +4.879508, 

1^+7.053058. 

Ex. 6. Required the fourth root of 18339059770. 

Ans. 308. 
Ex. 7. Required the fifth root of 26288074883043. 

Ans. 483. 

Ex. 8. There is a number consisting of four digits such that 

the sum of the first and second is 9 ; the sum of the fi.rst and 

third is 10; the sum of the first and fourth is II ; and if the 

product of the four digits be increased by 36 times the product 
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of the first and third, the sum will be equal to 3034 diiniuislied 
by 300 times the first digit. Required the number. 

r 6345, 

J or 7334, 

^''*- 1 or 8123, 

i^or 9012. 

ABSOLUTION OF EaUATIONS BY APPROXIMATION. 

(331.) The method of Horner for finding the incommensura- 
ble roots of a numerical equation is generally better than any 
other ; nevertheless, the method by approximation may some- 
times be preferred. We shall explain the method of Newtoi), 
and that of Double Position. 



r NEWTON. 

This method supposes that we have already determined 
nearly the value of one root ; that we know, for example, that 
such a value exceeds a, and that it is less than a+l. In this 
case, if wo suppose the exact value =a+y, we are certain that 
y expresses a proper fraction. Now, as y is less than unity, 
the square of j/, its cube, and, in genera!, all its higher powers, 
will be much less with respect to unity ; and for this reason, 
since we only require an approximation, they may be neglect 
ed in the calculation. When we have nearly determined the 
fraction y, we shall know more exactly the root a+v : from 
which we proceed to determine a new value still more exact, 
and we may continue the approximation as far as we please, 

We will illustrate this method by an easy example, requiring 
by approximation the root of the equation 
a:==30. 

Here we perceive that x is greater than 4, and less than 5. 
If we suppose x='i+y, we shall have 

x''=l&+8y+f=20. 

But, as ?/ must be quite small, we shall neglect it, and we 

lC+8y=^20, or %^4. 

Whence y=.5, and x—4.5, which already approaches near 

the true root. If we now suppose x=-i.5+z, we are sure that 
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398 SOLITTION OF m;m]!U1CAL fiauATiONS. 

z expresses a fraction much smaller than y, and that we may 
neglect z' with greater propriety. We have, therefore, 
a:'=20.25+9s=20, or 92= -.25. 

Consequently k= — .0278. 

Therefore, at= 4. 5 -.0278 =4.4722. 

If we wish to approximate still nearer to the true value, we 
must make .c=4.4722+ii, and we should have 
a:'=20.00057284+8.9444u=20. 

So that S.9444u=-.00057284. 

Whence «==— .0000640. 

Therefore, a; ^4.4722— .0000640^4.4721300, 
a value which is correct to the last decimal place. 

(332.) The preceding method is expressed in the following 



Find by trial a number (a) nearly equal to the root sought, 
and represent the true root by a+y. 

Substitute a+yfor x in the given equation, and there will re- 
sult a neu) equation containing only y and-known quantities. 

Reject all the terms of this equation which contain the second 
or higher powers of y, and the approximate value of y will then 
he given by a simple equation. 

Having applied this correction to the assumed root, the op- 
eration must be repeated with the corrected value of a, when 
a second correction will be obtained which will give a nearer 
value of the root, and the process may be repeated as often as 
is thought necessary. 

EXAMPLES. 

Ex. 1. Find a root of the equation 

a:'+23;'-l-3j;=50. 
If we substitute a+y for x in this equation, and reject all the 
terms containing the higher powers of y, we shall have 
a'+3a''y-\-2a:'+4ay+3a+3y=50. 

5Q—a'-2a'-3a 
Whence y= — „ . , ^ — rr.— • 
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OF NUMERICAL BaUATIONS. 399 

We find by trial that -r, is nearly equal to 3. If we substi- 
tute 3 for u, we shall have 

2 

Whence a;~2.9 nearly. 
And if we substitute this new value instead of a, we shall find 
another stiil more exact 

Tlx. 2. Find a root of the equation 

If we make x~a-\-y, we shall have 

M°+5a'j/— 6«-6j/— 10. 

Therefore, ii= ; 

■^ 5«'— 6. 

Assume «— 2, and we obtain 

5 
y=~—,(,V -0.14. 

Hence a;=1.86 nearly. 

3 a— 1.80, we have 



" 59.844-6 
Hence a;=1.839 nearly. 
If we assume «=1.839, we shall have 
10+11.034-31.033352 
^= 57.18084-6 =-«»«»1286- 

Therefore, :c^ 1.83901366. 

Ex. 3. Given a:'— 9a:=10, to find one value of a: by approx- 
imation. 

Ans. 3:= 3.4494897. 
Ex. 4. Given a:'+9a:"+4T=80, to find one value of .-c by ap- 
proximation. 

Ans. a: =3.472 1359 

METHOD 01' DOUBLE POSITION. 

(333.) Another method of finding the roots of an equation is 
bv the rule of Double Position. 
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Substitute ill the given equation two numbers as near the 
true root as possible, and observe the separate results. Then 
state the following proportion : 

As the difference of these results, 
Is to the difference of the two assumed numbers, 
So is the error of either result, 

To the correction required in the corresponding assumed 
number. 
This being added to the number when too small, or sub- 
tracted from it when too great, will give the true root nearly. 
The number thus found, combined with any other that may be 
supposed to approach still nearer to the true root, may be as- 
sumed for another operation, which may be repeated till tlie 
root is determined to any degree of accuracy required. 



Ex. 1. Given x''+x^+x=100, to find an approximate value 
ofx. 

Having ascertained, by trial, that x is more than 4, and less 
than 5, we substitute these two numbers in the given equation, 
and calculate the results. 

By the first sup- \ s_,a By the second sup- \ ,_ 
position, ilZei P°''^^^"' j ^Ci25 

Result, 84 Result, 155. 

Then 155-84 : 5-4 ; : 100-84 : .22. 

Therefore, 4+.S2, or 4.22, approximates nearly to the true 
root. 

If, now, 4.2 and 4.3 be taken as the assumed numbers, and 
substituted in the given equation, we shall obtain the value of 
a: =4.204 nearly. 

Again, assuming 4.264 and 4.265, and proceeding in the 
same manner, we shall find a:=4,2644299 very nearly. 

This rule is founded on the supposition that the difFerences 
in the results are proportioned to the differences in the as- 
sumed numbers. This supposition is not strictly correct , but 
if we employ numbers near the true values, the error is gen- 
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erally not very great, and it becomes less and less the further 
we carry the approximation, 

Ex. 2. Given a;' +2^'— 23a: =70, to find one value of a;. 

Ans. 3:=5.1345S. 
Ex. 3. Given x'-Sx^-l^x^lOOOO, to find one value of ic. 
Ans. a:=10.2610. 
Ex. 4. Given x^+3x'+2x^—3x'—2x=2, to find one value 
of a:. 

Ans. a:=l. 059109. 
(334.) We will conclude this Section by finding some of the 
different roots of unity. 

Ex. 1. Find the two roots of the equation x''=l, or the 
square roots of unity. 

Extracting the square root, we find 
z= + l, or —1. 
Ex. 3. Find the three roots of the equation x^~ 1 , or the cube 
roots of unity. 

Since one root of this equation is aT=l, the equation a;'— 1=0 
must be divisible by x—1 ; and dividing, we obtain 
a:'+a;H-l=0; 



whence :c=— ^±^V— 3, or 

Hence the required roots are 

-l+V"^ -1— V"^ 

which are the cube roots of unity. 

These results may be easily verified. We have seen, on 
page 259, that the cube of — 1± -/ — 3 is 8, which, divided by 
8, the cube of the denominator, gives +1, as required. 

Ex.S. Find thefour roots ofthe equation a:"=l, or the fourth 
roots of unity. 

The square root of this equation is 

x'= + l, or =--1. 

Hence the required roots are 
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+ 1, -1, + V"^, - V"^. 

Ex. 4. Find the five roots of the equation ^^'^l. 
Since one root of this equation is x=l, tlie equation x'—l 
must bo divisible by x—l ; and dividing, we obtain 
x'+x'+x'+x+l^O. 
Dividing, again, by x", we have 

3:=+x+l+~+^,=0 (1). 

Now put Z=:X+-. 

Whence z'—x'+2-\ — ;, 

which, being substituted in equation (1), gives 

This equation, solved by the usual method, gives 

K=-i-+5-\/5, or z=-i-iV5- 
The values of a;, deduced from the equation 
1 

A=X+-, 



z /z'-i . z /z'-i 

*'=s+V-T^' ^"<* ■■'-■=3- V -T~' 

from which, by substituting the value of 2, we obtain 

or =-i[v'5+liFV-I0+2v'5]. 

Hence the five fifth roots of unity are 



^[v'5-l^-V-10-2^/5]. 

-4[i/3+l-|-/-10+2V5]- 
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Ex. 5. Find the six roots of the equation a;''=l. 
These are found by talking the square roots of tlie cube roots 
Hence we have, 

+ 1, -1,^±^-/"^, -i^^\^~^. 
Thus we Bee that unity has two square roots, three cube 
roots, four fourth roots, five fifth roots, six sixth roots, and, 
generally, the mth root of unity admits of n different algebraic 
values. As, however, most of these roots are imaginary, they 
can not be found by Horner's Method. 
14 
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SECTION XXI. 



LOGARITHMS. 

(335.) lo a sysf em of logarithms, all numbers are considered 
as the powers of some one number, arbitrarily assumed, which 
is called the base of the system ; and the exponent of thai power 
of the base which is equal to any given number is called the log- 
arithm of that number. 

Thus, if a be the base of a system of logarithms, and «'=N, 
then 2 is the logarithm of N ; that is, 2 is the exponent of the 
■power to which the base (a) must be raised to equal N. 

If a°=N', then 3 is the logarithm of N' for the same reason; 
and if (f=^N", then x is called the logarithm of N" in the sys- 
tem whose base is a. 

The base of the common system of logarithms (called, from 
their inventor, Briggs' Logarithms) is the number 10. Hence 
in this system all numbers are to be regarded as powers of 10. 
Thus, since 

10°— 1, is the logarithm of 1 in Briggs' system. 

10" = 10, 1 " 10 

10"=100, 2 " 100 

10'=:1000, 3 " 1000 " 

10*=10000, 4 " 10000 

(fee, &c., &c. 

From this it appears that, in Briggs' system, the logarithm 
of every number between 1 and 10 is some number between 
and 1, i. e., is a proper fraction. The logarithm of every num- 
ber between 10 and 100 is some number between 1 and 2, i. e., 
is 1 plus a fraction. The logarithm of everynumber between 
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100 aud 1000 is some number between 2 and 3, i. e., is 2 plus 
a fraction, and so on. 

(336.) The preceding principles may be extended to frac- 
tions by means of negative exponents. Thus, 
10-' or i\ =0.1; therefore, —1 is the logarithm of. 1 
in Brigga' system. 

10^' or T5-0 =o-oi ; " -a " .01 

10"= or ^JjTir =0.001 ; " —3 " .001 

10"' or T^ji^^ = 0.0001; " -4 ' .0001. 

Hence it appears that the logarithm of every number be- 
tween 1 and .1 is some number between and —1, or may be 
represented by — 1 plus a fraction ; the logarithm of every 
number between .1 and .01 is some number between —1 and 
~2, or may be represented by,— 2 plus a fraction; the loga- 
rithm of every number between .01 and .001 is some number 
between —2 and —3, or is equal to —3 plus a fraction, and sa 
on. 

(337.) The logarithms of most numbers, therefore, consist 
of an integer and a fraction. The integral part is called the 
characteristic, and may always be known from the following 



The characteristic of the logarithm of any number greater 
than unity, is one less than the number of integral figures in the 

Thus the logarithm of S07 is 9 plus a fraction ; that is, the 
characteristic of the logarithm of 397 is 3, which is one leas 
than the number of integral figures. The characteristic of the 
logarithm of 5673 is 3 ; of 73254 is 4, &c. 

The characteristic of the logarithm of a decimal fraction is a 
negative number, and is equal to the number of places by which 
its first significant figure is removed from the place of units. 

Thus the logarithm of .0046 is 3 plus a fraction ; that is, the 
characteristic of the logarithm is — S, the first significant figure, 
4, being removed three places from units. 

In a series of fractions continually decreasing, the negative 
logarithms continually increase. Hence, if the fraction is in- 
finitely small, its logarithm will be infinitely great; that is, in 
Briggs' system, tlie logarithm of zero is infinite and negative. 
V 
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(338.) Let N and N' be any two numbers, x and x' their re- 
spective logarithms, and a ihe base of the system. Then, bv 
!he definition, ArU 335, 

N ^a' {I), 

Also N'=(r^' (a). 

Multiplying togelher equations (1) and (3), we nbt.ain 

Therefore, according to the defmilion of logarithms, x-^x' im 
the logarithm of NN', since x^t} is the exponent of that power 
of the base a which is equal to NN' j hence 

PROPERTY I. 

The logarithm of the product of two or more factors is equal 
to the sum of the logantkms of those factors. 

Hence we see that if it is required to multiply two or more 
numbers by each other, we have only to add their logarithms ; 
the sum will be the logarithm of their product. We must then 
look in the Tahle for the number answering to that logarithm, 
in order to obtain the required product. 



Ex. 1. Find the product of 8 and 9 by means of logarithms. 
On page 318, the logarithm of 8 is given 0.903090 



The sum of these two logarithms is 1.857338, 

which, according to the same Table, is seen to be the loga- 
rithm of 72. 

Ex. 3. Find the continued product of 2, 5, and 14 by means 
of logarithms. 

Ex. S. Find the continued product of 1, 2, 3, 4, and 5 by 
means of logarithms. 

(339.) If, instead of multiplying, we divide equation (1) by 
equation (2), we shall obtain 
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Therefore, according to the definition, x—x' is the logarithm 
N 
oi i^, since x—x' is the exponent of that power of the base m 

N 
which is equal to -^^ ; hence, 

PROPERTY II. 

TAe logarithm of a fraction, or of the quotient of one number 
divided by another, is equal to the logarithm of the numerator, 
minus the logarithm of the denominator. 

Hence we see that if we -wish to divide one number by an- 
other, we have only to subtract the logarithm of the divisor 
from that of the dividend ; the difference will be the logarithm 
of their quotient. 



Ex. I. It is required to divide 108 by 13 by means of loga- 
rithms. 

The logarithm of 109 is 2.033434 

13 1.07918} 

The difference is 0.954243, 

which is the logarithm corresponding to the number 9, 

Ex. 2. Divide 133 by 7 by means of logarithms. 

Ex. 3. Divide 136 by 17 by means of logarithms. 

Ex. 4. Divide 135 by 15 by means of logarithms. 

The preceding examples are designed to illustrate the prop- 
erties of logarithms. In order to exhibit fully their utility in 
computation, it would be necessary to employ larger numbers ; 
but that would require a more extensive Table than the one 
given on page 318, 

(340.) Logarithms are attended with still greater advantages 
in the involution of powers and in the extraction of roots. For 
if we raise both members of equation (1) to the mih power, we 
obtain 
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Therefore, according to the definition, rax is ihe logarithm ol 
N", since mx is the exponent of that power of the base which 
is equal to N°' ; hence 

PROPERTY m. 

The logarithm of any power of a number is equal to the loga- 
rithm of that number multiplied hy the exponent of the power. 

EXAMPLES. 

Ex. I. Find the third power of 4 by means of logarithms. 
The logarithm of 4 is 0.603060 

Multiply by 3 

The product is 1.806180, 

which is the logarithm of 64, 

Ex. 2. Find the fourth power of 3 by means of logarithms, 
Ex. 3. Find the seventh power of 3 by means of loga- 
rithms. 

Ex. 4. Find the third power of 5 by means of logarithms. 
(341.) Also, if we extract the with root of both members of 
equation (1), we shall obtain 

therefore, according to the definition, — is the logarithm of 
N"' ; hence 

PROPERTY IV. 

The logarithm of any root of a number is equal to ihe loga- 
rithni of that number divided by ilie index of the root. 



Ex. 1. Find the square root of 81 by means of logarithms 

The logarithm of 81 is 1,908485 

Divided by 3 



The quotient is .954243, 

which is the logarithm of 9. 
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Ex. 2. Find the square root of 121 by means of loga- 
rithms. 

Ex. 3. Find the sixth root of 64 by means of logarithms. 

Ex. 4. Find the third root of 125 by means of logarithms. 

The preceding examples will suffice to show, that if we had 
tables which gave the logarithms of all numbers, they would 
prove highly useful when we have occasion to perform fre- 
quent multiplications, divisions, involutions, and extraction of 
roots. 

(342.) The following examples will show the application of 
some of the preceding principles. 

Ex. 1. log. {ahcd)= log. a+ log. b+ log. c+ log. d. 

Ex. 2. log. ( -7-) = log. ft+ log. &+ log. c— log.d— log. e. 
Ex. 3, log. (<^b'-c>')=m log. a+7i log. b-i-p log. c. 
Ex. 4. log. {~^)=m log. a+n log. b—p log. c. 

Ex. 5. log. ia'-x'}= log. l{a+x) (a-x)]= (og. (a+x) + 
log. (a-x). 

Ex. 6. log. V"^-=r'=i log. {a+x)+^ log. (a-x). 

Ex. 7. log. (a"VV)= log. (a?)- V log- «■ 

(343.) We shall presently explain a method by which loga- 
rithms may be computed. We may observe, however, that it 
is not necessary to compute the logarithms of all numbers in- 
dependently. From the logarithms of a few numbers, we may 
readily derive the logarithms of a great many other numbers. 

We have seen, in Art. 338, that the logarithm of a product 
ia found by adding together the logarithms of the factors. Let 
us represent the logarithm of 2 by a; ; then, since the logarithm 
oflO is], we shall have 

log. 20 =a;+l, log. 20000 ^ 
log.3000=a;+3, log. 3000000=, &c. 

We have seen, in Art. 340, that the logarithm of any power 
of a number is equal to the logarithm of that number multiplied 
bv the exponent of the power. 
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Hence, log. 4 ~2x, log. 32 = 

log. 16=4a^, log. 128=, &c. 
Hence we find, also, that 

40 =2,r+l, log. 4000 = 
400 =2x+2, log. 40000 ^, &c. 
80 =3a;+l, log, 8000 = 

800 =33:+3, log. 80000 =, fee, 

160 =4!;+l, log. 16000 = 

1600^4.i;+2, log. 180000=, &c. 
We have seen, in Art. 339, tbat the logarithm of a fraction 
is equai to the logarithm of the numerator minus the logarithm 
of the denominator. Hence, log. 5= log. (V) = 



Hence, log. 50 
log. 500 
log. 26 
log. 125 
log. 250 
log. 2500 

log. 1350 =4-ar, 
log. 12500=:5— 3.r, 
log. 6250 =5— 4:c, 
log. 62500= 6 -4a:, 



~2x. 



3 -2a;, 

4 -2a,-, 



, &( 



og. 5000 = 
log. 50000 

095 = 

log. 3125 =, &c, 
log. 25000 :^ 
log. 250000 =, &c, 
og. 125000 = 
og. 1250000=, &c 

625000 = 
og. 6250000=, &c, 
hm of 3 we might easily de- 



(343.) So, also, fi'om the logarith 
five a great number of other logarithms. From the Table o 
page 318, we find the logarithm of 8 to be .477121 : it is re- 
quired to derive from this the logarithm of 30. 

Required the logarithm of 3000. 

Required the logarithm of 9. 

Required the logarithm of 27. 

Required the logarithm of 81. 

Required the logarithm of 90, 

Required the logarithm of 270. 

Required the logarithm of 900. 

From the same Table, we tind the logarithm of 2 to be 
.301030 ; it is required, by the aid of the logarithms of 3 and 
2, to obtain the logarithm of 6. 

Required the logarithm of 12. 
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Required the logarithm of 15. 

Required the logarithm of IS, 

From the same Table, we iiiid the logarithm of 5 to be 
.6989'70, It Is required from this to deduce the logurithin 
of 50. 

Required the logaritiim of 500. 

Required the logarithm of 5000. 

From the same Table, we find the logarithm of 95 to oe 
1.977724. The logarithm of 9.0, or Jf, is equal to the loga- 
rithm of 95 minus the logarithm of 10. 

Hence the logarithm of 8.5 is 0.977734. 

Also, the logarithm of 950 is 2.977724. 

Hence the decimal part of the logarithm of ant/ number is the 
same as that of the number multiplied or divided by 10, 100, 
1000, &c. 

Prime numbers are such as can not be decomposed into fac- 
tors; as, 2, 3, 5, 7, 11, 13, 17, &c. All otiier numbers arise 
from the multiplication of prime numbers. If, therefore, we 
knew the logarithms of all the prime numbers, we could find 
the logarithms of all otiier numbers by simple addition. 

(345.) We will now explain a method by which the loga 
rithm of any number may be computed. 

If a series of numbers be taken in Geometrical progression, 
their logarithms will form a series in Arithmetical progression. 
Thus, take the geometrical series 

1, 10, 100, 1000, 10000, 100000, 
their logarithms are 

0, 1,9,3,4. 5. 
forming an arithmetical senes. 

If, now, we find a geometrical mean between any two num- 
bers in the first series, its logarithm will be the arithmetical 
mean between the two corresponding numbers in the lower 
series. 

Find, for example, a geometrical mean between 1 and 10. 
it will be the square root of 10, or 3.163277. The arithmet- 
icai mean between and 1 is 0.5, 
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Thereibre, the logarithm of 3.1G2277 is 0.5. 

Find, again, a geometrical mean between 3.162377 and 10 
which is 5,623413. Find, also, the arithmetical mean between 
0.5 and 1, which is 0.75, 

Therefore, the logarithm of 5.623413 is 0.75. 

Find, now, a geometrical mean between 3.162377 and 
5.623413, which is 4.216964. Its logarithm will he the arith- 
metical mean between 0.5 and 0.75, which is 0.625, 

Therefore, the logarithm of 4.316964 is 0.635. 

Find, again, a geometrical mean between 4.216964 and 
5.693413,' which is 4.869674. Its logarithm will he the arith- 
metical mean between 0.625 and 0.75, which is 0.6875. 

Thus we have found the logarithms of four new numbers, 
and in this manner we might proceed to construct a table of 
logarithms. It will be observed that these numbers are all 
fractional, whereas it is most convenient to have the !oga- 
1 thms of integers. By pursuing this method, however, we 
might eventually find the logarithm of a whole number; as, 
for example, 5, For we have already found the logarithm of 

5.623413 to be 0.76, 
and the logarithm of 4.8C9674 " 0.6875. 

One of these numbers is greater Chan 5, and the other less, 
A geometrical mean between them is 5.232991, which is too 
great ; but the mean between this result and the last of the two 
preceding is 5.048065, which is already a close approximation. 
By pursuing the same method, we may come nearer and near- 
er to the number 5, until at last, after finding twenty-two geo- 
meti-ical means, the diiference is inappreciable in the sixth 
decimal place, and we obtain 
the logarithm of 5 equal to 0.69897 ; 
and, by a like process, the logarithm of any other number may 
be found. 

(346.) Hence, to compute the logarithm of any number, we 
have the following 



J'akethegeometrical series l,lO,100,lOOO,lQOOO,&G.,andap- 
ply to it the arilhmelical series 0, 1, 2, 3, 4, &c., as logarithms. 
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Find a geometrical mean between 1 and 10, 10 and 100, or 
any other two terms of the first series between which the proposed 
number lies. 

Between the mean thus found and the nearest term of the fa-si 
series, find another geometrical mean in the same manner, and 
so on, till you approach as near as is necessary to the number 
whose logarithm is sought. 

Find, also, as many arithmetical means between the cori-espond- 
ing tei-ms 0, 1, 2, 3, 4, &c., of tlte otiier seHes, in the same order 
as the geometrical ones were found; the last of these will be the 
logarithm answering to the number required. 

In this manner were the logarithms of all the prime num- 
bers at first computed ; but much more expeditious methods 
have since been devised. 

Having obtained the logarithm of 5, it is easy to find the 
logarithm of 2. For the logarithm of 3= log. (V)= log- 10- 
log. 5=1-0.59897=0.30303. 

LOGARITHMIC SERIES. 

(347.) The preceding method of competing logarithms is 
very laborious in practice. It is found much more convenient 
to express the logarithm of a number in the form of a series. 

Let a: be a number whose logarithm is required to be de- 
veloped in a series, and let us employ the msthod of Unknown 
Coefficients. It is plain that we can not assume 

log. x=A+'Bx+Cx'+, &c. ; 
for when we malte x=0, the first member reduces to infinity, 
while the second member reduces to A, a finite quantity 
Neither can we suppose 

log. x=Ax+Bx''+Cz'+, &.C. : 
for when we make x=0, we have 

log. (which is infinite), equal to zero, 
which is absurd. 
But if we suppose 

log. {l+x)=Ax+'Bx-'+Cx'+'Dx'+, &c. (1), 
when we make a:=0, the equation becomes 

log. 1, equal to zero 
which is conformable to Art. 335. 
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Ul-l 

Let us all 

log. {l+z)=^Az+Bx'+Cz' + Dx' + , &c. (2). 
Subtracting equation (2) frara (1), we obtain 
log. {H-.->.-)-iog. il+z)=Aix-z)+h{x'-z')+C{x'-e)+, 

&c. (S). 
The second member of this equation is divisible by x—%, 
Art. IS ; we will reduce the first member to a form in which 
■' shall also he divisible. 

We have log. (l+x)- log. Q+z)^ log. (■fT~)^ 

N"ow, since — -— may be regarded as a single quantity, v, we 

may develop log. (l+n) in the same manner as log. (1+3:), 
which gives 

Tills last series must be identical vifith the one which we 

have already obtained for log, [ 1 + ■ j , ov its equal, log. 

(l+,r)— log. (H-z), in equation (3) ; and since the terms of 
both are divisible by x~z, by cancehng this common factor, 
we obtain 

A.ri^+B^+C[^:^+. &e„ =A+Bl.+.)+C(.=+,« 

Since this equation, like the preceding, must be verified for 
all values of x and z, the equality must subsist when x~z. But 
on this hypothesis, all the terms of the first series vanish ex- 
cept one, and we have 

^^=A-\-2Bx+SCx'+'iDx'+5'Ex'+, &c.; 

or, performing the division indicated in the first member, we 
obtain 

Ail-x+x'-ir'+x'- . . .)==A+2Bx+SCx''+4Dx'+ . . 
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Therefore, according to the principle of Art. 302, we have 
the equations 

A=A, 

~A==2B; whence B=~—. 
A=3C; " C=+f- 

-A=4D; ■• D=-^. 
4 

A=5E; " E-+-. 

The law of the series is obvious ; and hence, substituting the 
values of B, C, D, &;c., in equation {!), we obtain, for the de- 
velopment ol log, (H-«), 

, A A , A . A , 

The number A is called the modulus of the system of loga- 
rithms employed. Lord Napier, the illustrious inventor of log- 
arithms, assumed the modulus equal to unity. If, then, we des- 
ignate Naperian logarithms by log.', we shall have 

log. (l+»0=f-|+|'-J+|~^ + .'fe<!. W- 

By giving to x in succession all possible values, we may ob- 
tain from this equation the logarithms of all numbers. 
If we make x=0, we shall liave log,' 1 =0. 
Make x=l, and we obtain 

!og,'2-l-H^-i+3-'&c- 
a series which converges so slowly that it would be necessary 
to employ a very large number of terms to obtain the accuracy 
lieslrable. The series may be rendered more converging in 
the following manner: 

In equation (4), substitute —x for x, and it becomes 
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31K LOOARlTHMfl. 

Subtrac.liiig equation (6) from equation (4), and observing 
that log.' (l+x)— log.' {l—x)=]og.'—^^, Vie obtain 



5 7 9 



log.' (™)= log.' {.+!)- log.' .^2 (^+^^4- 

(348.) The last series may be employed for computing the 
logarithm of any number, ■when the logarithm of the preceding 
number is tnown. Making successively z=l, 2, 4, 0, &c., we 
obtain the following 



NAPEKIAN, OR HYPERBOLIC LOGARITHMS. 

2=2(H^+T^+TI^+ ■ ■ ■) =0.693147 

3=Iog.'2+2(7+7~;+~i+-775+ . . .) =1.008612 

log.' 4=2 log.' 2 = 1.386294 

5=log.'4+2(^+-j:^+^+^,+ . . .) =1.609438 

6= log.' 3+ log.' 2 = 1.791759 

7=Iog.'6+3(-r;+-5~5+7TT^+^rf^+- ■ .)= 1-945910 

8= 3 log.' 2 = 2.079442 

.og.' 9=2 log.' 3 = 2.197225 

;.' 10= log.' 5+ log.' 2 = 2.302585 

&c., &c., &c. 

(349.) The Naperian logarithraa being computed, it is easv 

to form any other system. We have found 



log. (,+,,)=A(f--^+|;-5+5:^ 



Distinguishing the Naperian logarithms by an accent, vva 
have 

log/ (l+»=) = A'(j-|+|--,-+|-| . . .). 
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Hence 

log. {1+x) :log.' {l+x) :: A: A'. 
Therefore, the logarithms of the same number in different, sys- 
'ems are to each other as the moduli. 
In Napier's system, the modulus =1. Hence 

log. (l+.-c)=A.log.'(l+3;). 
That is, tJte common logarithm of a number is equal to its 
Naperian logarithm multiplied hy the modulus of the common 
system. 

If, then, we knew the modulus of the common system, we 
could easily convert the preceding Naperian logarithms into 
common logarithms. Now, from the equation 

log. (l+.T:)=A.log'. (1+:^'). we obtair 
^_Iog. (1+^) 



log.' 


(1+^)- 


Suppose a:=Q, then A=y~ 


10 

10* 


But log. 10=1. Hence 


1 



_ ,' 10 3.302586 ' 
which is the modulus of the common system. 
(350.) We can now compute the 



COMMON, oa BRIGGS' LOGARITHMS. 



2^0.693147X0.434394 


=0.301030 


3=1.098613X0.434294 


= 0.477121 


4=2 log. 2 


=0.603060 


5= log. 10- log. 2=1- 


log. 3=0.698970 


6= log. 3+ log. 2 


-0.778151 


7=1.945910X0.434294 


=0.845098 


8 = 3 log. 3 


=0.903090 


9=2 log. 3. 


=0.954243 


10= 


=1.000000 


c, &c.. 


&;c. 
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We thus obtain the following Table of Common Logarithms: 



H^ 


Logarithm. NO. 






Logarithm. 






1 


0.000000 


36 


1.550303 


71 


1.851258 


106 


3.025306 


2 


0.301030 


37 


1.568202 


72 


1.857332 


107 


2.0293S4 


3 


0.477121 


38 


1.579784 


73 


I.86S323 


108 


J.033424 


4 


0.602060 


39 


1.5910(i5 


74 


1.869232 


109 


2.037436 


5 


0.698970| 


40 


1.602060 


75 


1.875061 


110 


2.041393 


"~6 


0.778161 


41 


1.612784 


76 


1.880814 


111 


2.046323 


7 


0.845098 


42 


1.623349 


77 


1.886491 


112 


2.049218 


8 


0.903090 


43 


1.S33468 


78 


1.892095 


113 


3.05S078 


9 


0.954243 


44 


1.643453 


79 


1.897627 


114 


.J.056905 


10 


1.000000 


45 


1.653213 


80 


1.903090 


115 


a.060698 


11 


1.041393 


46 


1.602758 


81 


1.908485 


116 


2.064458 


12 


1.079181 


47 


1.G73098 


82 


1.913814 


117 


3.068186 


13 


1.113943 


48 


1.691341 


83 


1.919078 


118 


^.071882 


14 


1.146128 


49 


1.060196 


84 


1.824279 


119 


2.076547 


15 


1.176091 


50 


1.698970 


85 


1.929419 


120 


2.079181 


16 


1.304130 


51 


1.707570 


86 


1.934498 


121 


2.083785 


n 


1.330449 


52 


1.716003 


87 


1.939519 


123 


S.086360 


18 


I 955273 


53 


1.724276 


88 


1.944483 


123 


2.089905 


19 


1.278754 


54 


1.732394 


89 


1.949390 


124 


2.093422 


20 


1.301030 


56 


1.740363 


90 


1.954243 


125 


2.096910 . 


31 


1.322219 


56 


1.748188 


91 


1.959041 


126 


2.100371 


■22 


1.342423 


57 


1.755875 


92 


1.96378S 


127 


2.103804 


23 


1.361738 


58 


1.763438 


93 


1.908483 


128 


2.107210 


24 


1.380311 


59 


1.770852 


94 


1.973128 


129 


2.110590 


35 


1.397940 


60 


1.778151 


95 


1.977724 


130 


2.113943 


26 


1.414973 


61 


1.785330 


96 


1.982271 


131 


2.117371 


37 


1.431364 


62 


1.792393 


97 


1.986772 


133 


2.120574 


28 


1.447158 


63 


1.799341 


98 


1.991226 


133 


2.123852 


29 


1.462398 


64 


I.808I80 


99 


1.995635 


134 


3.137105 


30 


1.477121 


65 


1.812913 


100 


2.000000 


135 


3.130334 


31 


1.491362 


66 


1. 8 1 9544 


101 


2.004321 


136 


2.133539 


32 


1.505150 


67 


1.826075 


102 


2.008600 


137 


2.136731 


33 


1.518514 


68 


1.832509 


103 


2.012837 


138 


2.139879 


34 


I.53147S 


6D 


1.838849 


104 


2.017033 


139 


3.143015 


35 


1.544068 


70 


1.845098 


105 


2.021189 


140 


2.148128 



(351.) Let us now determine the base of Napier's system. 
Designating it by a, we shall have, Art. 349, 
log.' a : log. « : : 1 ; 0.434294. 
But log.'' 17 = 1, Hence 
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Tliat is, the modulus of ike common system is equal to the 
common logarithm of Napiei's base. 

We wish, then, to find the number corresponding to the 
common logarithm 0,434394. By inspecting the preceding 
fable, we see that thiy number must be a little less than 3. 
More accurately, it is 

2.718283, 
which 13 the base of Napier's system. 

Any number, except unity, may be taken as the base of a 
system of logarithms, and hence there may be an infinite num- 



ber of systems, 
those of BrlggB e 

The base of 



Only two systen 
id Napie 



:, however, are much used ; 



! 10. 



Briggs system i: 

" Napier's " 3.718282. 

The modulus of Briggs' " 0.434294. 

" Napier's " 1. 

Hence, in Briggs' system, all numbers are to be regardi 
powers of 10. 

Thus, 10™"=2, 



In Napiei-'s sy 
ers of 2.718282. 



e to be regard( 



10°-'"=4, 
10""=5, 

&c., &c. 
1, all numbers a 

Thus, 3.71 8°"'= a 

2.718'-°"=J 
2.718"-™=4l 
3.71 8'-™= £ 
&c., &.C. 
Briggs' logarithms are employed in all the common opera- 
tions of multiplication and division, and hence they are known 
by the name of common logarithms. Napier's logarithms are 
of great use in the application of the calculus to many analyt- 
ical and physical problems. They are also called hyperbolic 
logarithms, having been originally derived from the hyperbola. 
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LOGARITHMS. 



EXPONENTIAL KaUATIONS. 



(353.) An exponential quantity is one which is raised to 
some unknown power, or whicli lias an unknown quantity for 
an exponent ; as, 

a", a", 3f, or ar", &c. 
An exponential equation is one which contains an exponen- 
tial quantity ; as, 

Snch equations are most easily solved by means of loga- 
rithms. Thus, consider the equation 

Taking the logarithm of each member of the equation, we 
have 

X log. a= log. b, 

^^.„^ log- ft 
log. a 
Ex. 1. What is the value of -r in the equation 3^=81 ? 

By the preceding formula, x=~. — —^■ 

Looking out the logarithms of 81 and 3 from the Table on 
page 318, we have 



.477191 ■ 

Therefore, 3^=81. 

Ex. 2. What is the value of a: in the equation 3" =20 1 

log. 20 1.301030 
z= ,- -=- .„„,„, =2.727 nearly, 
log. 3 .477121 •' 

Therefore, 3'™=20 nearly. 

Ex. 3. What is the value of a.- in the equation 5'°=12'( 

Ex. 4. What is the value of .-c in the equation f-J =- ? 

(353.) The other equation, af—c, may be solved by trial, as 
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in Art. 333. Thus, taking the logarithm of each member, we 
have 

X log. ,r= log. c. 

Find now, by trial, two numbers nearly equal to the value 
of X, and substitute them for x in the given equation. Then 
say, 

As the difference of these results, 

Is to the difference of the two assumed numbers, 

So is the error of either result. 

To the correction required in the corresponding assumed 
number. 

Ex. 1. Given 3r'=100 to find the value of a:. 

Here we have x log. x= log. 100—2. 

Suppose a:— 3, 

then 0.477131X3=1.481363, which is too small. 

Suppose x—i, 

then 0.602060X4^2.408240, which is too great. 

Hence the value oix is between 3 and 4, but nearer to 4 

Assume, then, 3.5 and 3.6 for the two numbers. 

By the first supposition. By the second supposition, 

a:=3.5; log. »;= .544068 x=2.i^; log. »:= .566303 

Multiplied by 3^ Multiplied by 3.6 

a:. log. a!=1.904338 a:. log. a:=2.002689 

Diff. of results : Diff. assumed numbers : : Eriar of 2d result : lis correction. 

.098451 : 0.1 :: .002680 : .00273 

Hence 3;=3.6-.00273=3.59727 nearly. 

Therefore, 3.59727= "'"=100 nearly. 

If we wish a more accurate result, the operation must be re- 
peated with two new numbers; as, for example, 3.59727 and 
3.59738. 

Ex. 2. Given x"=&, to find the value oi x. 

Ex. 3. Given a;''=20a:, to find an approximate value of x. 

COMPOUND INTEREST. 

(354.) In calculating compound interest, the first subject of 
Inquiry is, to what sum does a given principal amount, after a 
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certain number of years, the interest being annually added to 
the principal? It is evident that $1.00, placed out at 5 per 
cent,, becomes, at the end of a year, a principal of $1,05. But 
the amount at the end of each year must be proportioned to 
the principal at the beginning of the year. In order, then, to 
End the amount at the end of two years, we institute the pro- 
portion 

1.00 : l.Oii : : 1.05 : (1.05)'. 

The sum 1.05" must now be considered aa tho principal, and 

hence, to find the amount at the end of three years, we say 

1.00 ; 1.05 : : (1.05)' : (1.05)'. 

And in the same manner we find that the amount ofSSI.OO 

for n years at compound interest is (1.05)". 

If the rate of interest were six per cent., we should find the 
amount for n years to be (1.06)". 

The amount of two dollars for a given time must obviously 
be double the amount of one dollar, and the amount of i$1000 
must be a thousand times the amount of one dollar. 
Hence, if we put P to represent the principal, 

r theratepercent.considered as a decimal, 
n the number of years, 
A the amount of the given principal for re 
vears, we shall have 

A=p.(n-)r- 

This equation contains four quantities. A, P, n, r; any three 
of which being given, the fourth may be found. The computa- 
tions are most readily performed by means of logarithms. 
Taking the logarithms of both members of the preceding equa- 
tion, and reducing, we find 

I. log. A =nX log. (l+r)+ log. P. 
S. log. P =log. A-nXlog. (I-l-?'). 

log. A— log. P 
3. log, (l+r)= n — ■ 

^ log. A- log. P 
" log.(l+r) ■ 

Ex. 1. What is the amount of twenty dollars, at 6 per ctiui. 
compound interest, for 11 years? 
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Ill this example we employ formula (1). 

Amount of $1.00 for 1 year $1.06, log. =0.025306 
Multiplying by 11, 11 



Given principal $30. log. = 1.301030 

Amount $38 nearly, J. 579396 

This result is derived from the Table on page 318, By con- 
sulting a larger Table, we should find the amount S37,07. 

Ex. 2. What principal at 5 per cent, interest will amount to 
$66 in 13 years? 

Here we employ formula (2). 

1 -j-r=1.05, log. ^0.021 1S9 

Multiplying by n, ^13 

Subtract 0.S75457 

From log. A, 1.810.544 

P=$35 nearly, 1.544087. 

Ex. 3. At what rate per cent, must $40 be put out at com- 
pound interest, that it may amount to $57 in 9 years? 
Here we employ formula (3). 

A=57, log. =1.755875 

P =40, log. =1.602060 

Dividing by n, 9)0.153815 

1+^=1.04 =0.017091 

Consequently, r=.04, or four per cent. 
How could this result be obtained without the use of loga- 
rithms ? 

Ex.4. In what time will $50 amount to $90 at 5 per cent. 
Hero we employ formula (4). 

A=90, log. =1.954243 

P = 50, log. = 1.608 970 

l+r=1.05, whose logarithm is 0.021189)0255873. 

Dividing one logarithm by the other, we obtain 12, Ans. 
Ex. 5, What is the amount of ^52 at 3 per cent, compount* 
interest for 15 years? 

Ans. $81 
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Ex. 6. What principal at 6 per cent, compound interest wil 
amount to $101 in 4 years? 

Ans. mo. 
Ex. 7. At what rate will 3S10 amount to $16 in 16 yearsi 
Ans. Three per cent 
Ex. 8. What will $300 amount to in 10 years at compound 
interest semi-annually, the yearly rate being 6 per cent. ? 

Ex. 9. In what time will a sum of money double at 6 per 
cent, compound interest 1 

Ans. 11.89 years. 
Ex. 10, lo what time will a sura of money triple itself at 4 
per cent, compound interest? 

Ans. 98.01 years. 
(355.) The natural increase of populatiou in a countiy may 
be computed in the same way as compound interest. Know- 
ing the population at two different dates, we compute the rate 
of increase by formula (3), and from this we may compute the 
population at any future time on the supposition of a uniform 
rate of ir 



Ex. I. The number of the inhabitants of the United States 
in 1790 was 3,900,000, and in 1840, 17,000,000. What was 
the average increase for every ten years? 

Ans. 34 per cent. 
Ex. 3. Suppose the rate of increase to remain the same for 
the next ten years, what would be the number of inhabitants 
in 1850? 

Ans. 22,800,000. 
Ex. 3. At the same rate, in what time would the number in 
ISdfl be doubled? 

Ans. S3. 54 years. 
Ex. 4. At the same rate, what was the population in 1780 ? 

Ans. 2,900,000. 
Ex. 5. At the same rate, in what time would the number in 
1840 be tripled? 

Alt!'. 37.31 years 
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MISCELLANEOUS EXAMPLES. 



11 [to find tiie values of a y, 

^+r^*' f and .. 

2 _ S 9_ 

"^' ^~((+6— c' ^""<i— b+c' ^~b+c- i 
Ex. 2. Given x-Vy+z +t +u =25,'^ 
a;+y+K+u+M>=36, 

x+y+z +t +«)=^S7, I to find the values of x, 
x+y+u^-t +w)=28, r ;/, ^, (, n, and wi. 

y+z +u-\-t +v>=SOj 

Ans. x=3,y='i,z=5,u=6,t=7,w=8. 

Ex. S. Given x(x+y+z)=2'!, I.e.,, i c 

^ ^ ' Mo nnd the values of x, y, 

y{x+y+z)=i8A ^^^^_ 

z{x+y+z)=3(i.) 



Ex. 4. G'm 



Ans. x=S, y=2, z 

~ ' S- to find the values of a;, y, z, a 
=bx,} 



Ex. 5. Given xyz — lOSiA 

'u=136, to 



xyv=l35, I to find the values of a;, y, z. and 



=31 5, J 

Ans. x=3, J/— 5, ; 
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jBx. 6. Given 3:'+^+y'=84, I 

J y to find the values of x and y. 

Arts. x=i, i/=2 or 8, 



Ex. 


7. 


Gi 




a+ 


Va^-x' 


-h, 10 


find the V 

At 


■alues 


0f,T, 

2oV6 
" 1*6 ■ 




8. 


Gi 


ve„ 


y/x^-Jx—a 


ab' 


-, to find 1 


,b, V. 


J„=.„fr 




^x- 


- Vx-a 


x— . 


















Jlj 




»(1±S)- 
1±26 ■ 



Ex. 9. Given v'J'-' ■Ja-~x= -Jy—x, ) to fmd the value 

2 Vy-x+3 Va^=5 ■/^■^, ^ of a: and y. 



^Ms. x=±2-^ab—h'. 



Ex. 10. Given ''""^'^ ■f -^ — ^=\/-,tofind the valuesof a-. 
^x y/X V b' 



Ex. 11. Given :r^ +xy^~ay, j 



/Va-h /Vab- 



the values of.c 



ii'x. ]3. Given -r-; r-= r- to fi"*^ the values of x 

b+x -a+x a—b 



^±^5 (a-fc)- (a+6) 
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V 1 +x Vl—x 

1 — ~ ,tofind thevaluesof a:. 

1 + Vi+x I-a/I-x 

Ans. x=±^^3. 



4„. ,=±f!(i3yS=?3. 

V2h-b' 



Vx^+Vf =275,) :,andy. 

^)is. x—i), i/~4. 

Ex. 17. Given a:— w+\/ ~~ . I to find the values 

^ V x+y x+y > e ] 

■' ■' \ q\x and w, 

Ans. x=5, y=4. 
£a:. 18. Given {x+i/Y+x+y—SO, ) to find the values of x 
x—y= 1, S and j/. 

^Ks x=2, y==l. 
Ea:. 19. Given a;'— 4»'+7a:'— 63^— 18, to find the values of a; 
by a quadratic equation. 

Ans. x—a, or —1. 
Ex. 20, Given (:e +y ) (^,V +1)= l&xy, J to find the values 
{x'+y^ (3:y+l)=308a;y, i of a: and y. 
Ans. a^=3±v'3, !/=7±4v'3. 
JEa^ 21. Given (3;'+y)a:!/=13090, ) to find the values of a; 
x-\-y =18, S and y. 

Ans. x^l, or 11, 
)/=ll,-or 7. 
iJa:. 22. Given 6(a:''+j'')+4K?/=356, J to find the values of 
x^-Vy'-Vx^-y^Q'Z, S x and y. 

Ans. .T=4, j/=6. 
Ex. 23. Given (ai'+f/'jarj/^SOO, i to find the values of ic and 

4?is. .j;=4, i/=3 
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Ex. 24. Given (x'+f) (a;'+i/'')=455, ) to find the values of 
x+y =5, ) X nnd y. 

Ans. x=S, y=2. 

x+y ' 1 to find the values of a; nnd 

Ann. x=12, i/=Q. 
Ex. 36. Given (i--XJ/+>/-) (x'+j') =91, ) '° " "'? 

Ans. a;=3, or ~3; j/^3, or —2. 
iJx. 27. Given {x+y)xy =^S0, ) to find the values of x 
{x"-+y'')x'y''=iGB, \ and y. 

Ans. x~2, y='.k 
Ex. 28. The sam of two numbers is a, and the sum of their 
reciprocals is b. Required the numbers. 

Ex. 29. In the composition of a certain quantity of gunpow- 
der, the nitre was ten pounds more than two thirds of the 
whole; the sulphur waa four and a half pounds less than one 
sixth of the whole ; and the charcoal was two pounds less than 
one seventh of the nitre. How many pounds of gunpowder 
were there 7 

Ans. 69 pounds. 

Ex. 30. Find three numbers such that if sis be subtracted 
from the first and second, the remainders will be in the ratio 
of 2 : 3 ; if thirty be added to the first and third, the sums will 
be in the ratio of 3 : 4 ; but if ten be subtracted from the sec- 
ond and third, the remainders will be as 4 : 5. 

Ans. 30, 42, 50. 

Ex. 31. Divide the number 165 into five such parts that the 
first increased by one, the second increased by two, the third 
diminished by three, the fourth multiplied by 4, and the fifth 
divided by five, may all be equal, 

AiLi 19, 18, 23, 5, and 100 
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l!x. 32, A criminal having escaped from prison, traveled 
ten hours before his escape was known. He was then pm-- 
sued, so as to be gained upon three miles an hour. After his 
pursuers had traveled eight hours, they met an express going 
at the same rate as themselves, who met the criminal two 
hours and twenty-four minutes before. In what time from the 
commencement of the pursuit will they overtake him ? 

Ans. 20 hours. 

Ex, 33, A and B engage to reap a field of wheat in twelve 
days. The times in which they could severally reap an acre 
are as 2 ; 3. After some days, finding themselves unable to 
finish it in the stipulated time, they call in C to help them, 
whose rat© of working ^vas such that, if he had wrought ■with 
them from the beginning, it would have been finished in nine 
days. Also, the times in which he could have reaped the field 
with A alone, and with B alone, are in the ratio of 7 : 8. 
When was C called in? 

Ans. After six days. 

Ex. 34. A laborer is engaged for n days, on condition that 
ho receives p pence for every day he works, and pays q pence 
for every day he is idle. At the end of the time he receives 
a pence. How many days did he work, and how many was he 
idle? 

Ans. He worked — , and was idle — days. 

p+q p+q 

Ex. 35. The fore wheel of a carriage makes three revolu- 
tions more than the hind wheel in going sixty yards ; but, if 
the circumference of each wheel be increased one yard, it will 
make only two revolutions more than the hind wheel in the 
same space. Ret|uired the circumference of each. 

Ans. 4 and 5 yards. 

Ex. 30. There is a wagon with a mechanical contrivance 
by which the difference of the number of revolutions of the 
wheels on a journey is noted. The circumference of the fore 
wheel is a feet, and of the hind wheel b feet. What is the dis- 
tance gone over when the fore wheel has made n revolutions 
more than the hind wheel ? 

Ans. -j — - feet. 
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Ex. 37. A merchant has two casks, each containing a cei- 
tain quantity of wine; In order to have an equal quantity in 
each, he pours out of the first cask into the second as much 
as the second contained at first ; then he pours from the second 
into the first as much as was left in the first ; and then again, 
from the first into the second as much as was left in the sec- 
ond, when there are found to be a gallons in each cask. How 
many gallons did each cask contain at first? 

Ans. -jj- and — ■ 

Ex. 38. A and. B engage to reap a field for #24 ; and as A 
alone could reap it in nine days, they promise to complete it in 
five days. They found, however, that they were obliged to 
call in C to assist them for the last two days, in consequence 
of which B received one dollar less than he otherwise would 
have done. In what time could B or C alone reap the field? 
Ans. B in 15, and C in 18 days. 

Ex. 39. A cistern can be filled by four pipes ; by the first in 
a hours, by the second in b hours, by the third in c hours, and 
by ihe fourth in d hours. In what time will the cistern bt 
filled when the four pipes are opened at once 1 

abed 



Ex. 40. The sum of the cubes of two numbers is 35, and 
the sum of their ninth powers is 20195. Required the num 
bers. 

Ans. 2 and 3. 

Ex. 41. A number consisting of three digits, which are in 
Arithmetical Progression, being divided by the sum of its dig- 
its, gives a quotient 26; and if 198 be added to it, the digits 
will be inverted. Required the number, 

Ans. 234. 

Ex. 42. There are three numbers in Geometrical Pi-ogres~ 
«ion, the difference of whose differences is six, and their sum is 
forty-two. Required the numbers. 

Ans. 6, 12, and 24. 

Ex. 43. There are three numbers in harmonica! proportion ^ 
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the sum of the first and third is 18, and the product of the three 
numbers Is 576. Required the numbers. 

Arts. 12, 8, and 6. 
Ex. 44. There are three numbers in harmonical proportion, 
the difference of whose differences is 2, and four times the 
product of the first and third is 960, Required the numbers. 
Ans. 20, 15, 12. 
Ez. 45. Thej^e are two numbers whose product is 300 ; and 
the difference of their cubes is thirty-seven times the cube of 
their difference. What are the numbers t 

Ans. SO and 15. 
Ex. 46. There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 24 ; and the 
difference of the squares of the greatest and the least is to the 
3um of the squares of all the three numbers as 5 : 7. What 
are the numbers? 

Ans. 8, 16, and 32. 
Ex. 47. A merchant had 826,000, which he divided into two 
parts, and placed them at interest in such a manner that the 
incomes from them were equal. If he had put out the first 
portion at the same rate as the second, he would have drawn 
for this part S720 interest; and if he had placed the second 
out at the same rate as the first, he would have drawn for it 
$980 interest. What were the two rates of interest? 
Ans. 6 per cent, for the larger sum, and 7 for the smaller. 
Ex. 48. A grocer has a cask containing 20 gallons of bran- 
dy, from which he draws off a certain quantity into another 
cask of equal size, and, having filled the last with water, the 
first cask was filled with the mixture. It now appears that 
if 6| gallons of the mixture are drawn off from the first into 
the second cask, there will be equal quantities of brandy in 
each. Required the quantity of brandy first drawn off. 

Ans. 10 gallons. 
Ex. 49, A miner bought two cubical masses of ore for $820. 
Each of them cost as many dollars per cubic foot as there were 
feet in a side of the other ; and the base of the greater con- 
tained a square yard more than the base of the less. What 
was the price of each ? 

Ans. 500 and S20 dollars. 
15* r- I 
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Ex. 50. A and B traveled on the same road, and at tlie 
same rate, from Cumberland to Baltimore. At the 50th mile- 
stone from Baltimore, A overtook a drove of geese, which were 
f^roceeding at the rate of three miles in two hours ; and two 
'.lOurs afterward met a wagon, which was moving at the rate 
of nine miles in four houi-a. B overtook the same drove of 
geese at the 45th milestone, and met the same wagon 40 min- 
utes before he came to the 31st milestone. Where was B 
when A reached Baltimore ? 

Ans. 35 miles from Baltimore. 
Ex. 51, A gentleman bought a rectangular lot of land at the 
rate of ten dollars for every foot in the perimeter. If the 
same quantity had been in a square form, and he had bought 
it at the same rate, it would have cost him #330 less ; but if 
he had bought a square piece of the same perimeter, he would 
have had 13^ rods more. What wore the dimensions of the 
lot? 

Ans. 9 by 16 rods. 
Ex. 53. A and B put out at interest sums amounting to 
$2400. A's rate of interest was one per cent, more than B's ; 
his yearly interest was five sixths of B'a; and at the end of 
ten years his principal and simple interest amounted to five 
sevenths of B's. What sum was put at interest by each, and 
at what rate 1 

Ans. A $960, at 5 per cent. 
B 81440, at 4 " 
Ex. 53. Two merchants sold the same kind of cloth. The 
second sold three yards more of it than the first, and together 
they received $33. The first said to the second, I should have 
received 9f24 for your cloth ; the other replied, I should have 
received $12^ for yours. How many yards did each of them 
sell? 

Asis. The first merchant, 5 or 15 yards 
The second " 8 or IS " 
Ex. 54. A person bought a quantity of cloth of two sorts for 
863. For every yard of the best piece he gave as many dol- 
lars as he had yards in all ; and for every yard of the poorer, 
as many dollars as there were yards of the better piece more 
than of the poorer. Also, the whole cost of the best piece was 
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sis tiiries that of tiie poorcj'. IIovv many yards had he of 
each? 

Ans. 6 yards of the better, and 3 of the poorer. 

jE^, 65, A and B, 165 miles distant from each other, set out 
with a design to meet. A travels 1 mile the first day, 3 the 
second, 3 the third, and so on. E travels 20 miles the first 
day, 18 the second, J(i the t'lird, and so on. In how many days 
will they meet? 

Ans. 10 or 33 days. 

Ex. 56. There are three numbers in Geometrical Progres- 
sion whose continued product is 216, and the sum of their 
cubes is 1971. Required the numbers, 

Ans. 3, 0, and 13. 

Ex. 57. There are four numbers in Geometj-ical Progression 
whose sum is 350 ; and the difference between the extremes is 
to the difference of ihe means as ."i? : 12. What are the num- 
bers? 

Ans. 54, 72, 96, 128. 

Ex. 68, A commences a piece of work alone, and labors for 
two thirds of the time that B would have required to perform 
the entire work. B then completes the job. Had both labor- 
ed together, it would have been completed two days sooner; 
and A would have performed only half what he left for B. 
Required the time in which they would have performed the 
work separately. 

Ans, A in 6 days, and B in 3 days. 

Ex. 59. A ship, with a crew of 175 men, set sail with a sup- 
ply of water sufficient to last to the end of the voyage ; but in 
30 days the scurvy made its appearance, and carried off three 
men every day ; and at the same time a storm arose which 
protracted the voyage three weeks. They were, however, 
lust enabled to arrive in port without any diminution in each 
man's daily allowance of water. Required the time of the 
passage, and the number of men alive when the vessel reached 
the harbor. 

Ans. The voyage lasted 79 days, and the number of men 
alive was 28. 

/E'j^ 00. The number of deaths in a besieged garrison 
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amounted to 6 daily ; and, allowing for this diminution, their 
stock of provisions was sufficient to last 8 days. But on the 
evening of the sixth day 100 men were killed in a sally, and 
afterward the mortality increased to 10 daily. Supposing the 
stock of provisions unconsumed at the end of the sixth day to 
support 6 men for 61 days, it is required to find how long it 
would support the garrison, and the number of men alive when 
the provisions were exhausted. 

Ans. The provisions last 6 days, and 26 men survive. 

iVofe.— Hints for the solution of Ex. 20, p. 327. 
Expanding equation first, and dividing by xy, we obtain 

In a similar manner, we obtain from equation second 
^'+— +y+— =208, 

Pu. .r.^'-^-v. 



and we have 






" y ' 

«+»i=18, 


Whence 






13=14 or 4, 


and the values 


of I 


and 


w= 4 or 14; 

y are easily founds 
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I^oomis' Course of ittatl)£imitirs, 



HAKPER & BROTHERS, NEW YORK. 

The PiiMisliera of the course of Matheinatics by Praf. Loomia invite the atten. 
t-.n of professors of colleges and teachers geiieially to an ejamiaatioii of these 
woifa. They are the fruits of a long setiesof years devoted to collegiate inatme- 
liiin, tiud ie ia believed that they posseEs iu an eminent degree the qualities of 
EJinplicity, concisBueae, and lucid ari-angeiaent, and ai'R adapteil to tlio wantu nf 
ptiidents generally in our collegea and aoademiea. 

LOOMIS' TREATISE ON ALGEBRA, 

8vo, p. 334, Bheep, $1 00. Fourth Editiim. 
1 iinve cnreCnll J examiued the woili of Prof. Loom! on Algebra, and sni much pleased with it 
The BrraBgHaont is BBfadenfly ecientiflc, yst the order ot the topics la obvionslj. and, I think, 
Judiidonaly madB wilh reference to the deselopmeat of the powers of the papiL The moat rig- 

ferred ^1 the Btudeut is better fitted Co appreciate tbem. All the princlpEes are, however, eetab- 

alliing psrlioiilar enamples and olhei- means, to develop the facnltj and induce Iha habit of een- 
eralizlog, a potot wliich, I dtinlc, has not received Bufficient ntlsniiaii hi&erta. On the whole, 
therefore, I Qunk Ibis work better anited for &b pvirpoaea of a text-book than any other I hgve 
seen.— AuoDsma W. Shith, LL.D., Fr(ifaBi!r qf liatksaiaiei and Attrasimy in Ihs mOegm fflii 

for ordinaiy purposes, and is characterized ^rooghout by a bappy cemlgjoatioii of brevi^ and 

eleamesB,— A. CasnvBLi., D.D, rro/nsor ofMalkannict ami Nat. FhUesaplig in Brasa Hfiiirwiiiy. 

I bave examined Prof. Loomis' new work on Algabrs, and am highly pleased with it. For 

!s decidedly supBrtor to any woik with which I am acquainted. 1 hope H will be exteusirely 
naed hi bH our pnblic insetnlioni— Alohbo Bkav. A.M., Pnt/ciiar in Bratklgis Famale Aaidaay. 

I have enanilned Prof. Looraia' Alaebra carefully and wlfli much Intei-eet, and sm so perfectly 
eatisiied nith it, fimt I shall uitrodnce It to my classes aa sodd bs possible. It Is just the work 
which 1 have been for a lopg time in search of. 1 am parlicnlaFly delighted with the mode of 
treadng the subject of logarithms, end, bideed, wllh the clearness of the investigations generally 
thronghenb die work. — E. Orrs KiEj:dpJi.[., Prqfmaor of Mcuhsaiaics and Attronipay in the Cen 
Iral High School of PMlaJelfMa. 

I folly cononr with Pi-of. Kendall hi his opinion of Loomis' Algebra.— Seina C. WitKEC, of 
the U>ilted Stouo Cob^ SJirpq/. 

Prof. Loomla' work on Algebra is esoeedingly well adapted for the purposes of tostroctlon. 
He haa avoided the dliBcnlties which result irom too BTsat conciseness, and aimhig at the utmost 
rigor of demonstration ; and, at the same time, hss famished hi his book a good and aufflcient 
preparation for Ihs subsequent parts of ttie mathemalicBl oonrse. J do not know of a treatise 
■wbWi, all thh^s conridered, keeps both fiiese objects so steadily In view.— L Wabd Asdbkws, 
A.M., Prijftisor 0/ Mathenialice and Wawal Pkilaaopty is Marleaa Coiiege. 

Ihave carefuUy examined ?rof Loomla' Algebra, and thbik it better adapted for a text-book for 
college stodonts than any other I have seen,— C. Qn,L, Ptafsasor af aiaAmaiiet fit SI. Pami's Coll 

esplsnation and demoDstfadon on the one hand, which leaves httle or nothing for tiie student him^ 
self to do, and a repnleif e ooocdaenesa on ttie other, which discouragss him, and gives him a dls* 
reUsh liir this portion of study. 1 hove adopted it as a test-book in the Cornelius Institute, be- 
lieving it to be better suited to youth who are preparing for college than any other treatise on 
Algebra witil which I am acquamted.— JOKN 3. Oweu, D.D„ Pro/eBsor in lis Free ALuiam,. 

After a thorough eiaminatton of Prof Loomis' work on Algebra, I have concluded to tdop* 
it as fl textbook In fbis Institution,— Mjinous Catlik, A.M., Fro/cssor of Matkeaaika asii Aetrotu 
omv in ff™«"m Coll'ge. 
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2 Critical Notices of Loomis' Algebra. 

A text-book like this of Prof. Loorois wos mash needed, and the deBideratuni is ao well snp. 
pBed, that I think it tan not fail to tommend ilself at once to Uie favorable regard of Uio^e wbo 
sre looking for the beat work for eollege olaases. I conadei- it decidedly the heal book for cajllega 
inatmction that I atn acqnajnled with on the subject and it has been adopted as a text-bgok in 
our college by nnanimous consent of the taculty. Prof, Lmjmla has been very happy ui amphfy- 
hig the more dUficull pavla of the auhjcol, especially on the theory of equations and on logarithms. 
— JiBEs NooKET, KXL. Professor of MttkcmiaiciamdIfat.FhUi>so^ ill WatcmRismie College. 

Pro£ Loomis' work ie well ccdculaled to Impart a dear end correct knowledge of the prlncl. 
plea of jUgebra. The roles are concise, yet aofficienUy comprehendve, contaMlag in few words 
Bll that is necessary, and iiathhg «oi-( ; tJie absence of which quality mara many a acienlj6n 
treatlae. The coilectioB of problems Is peculiarly rich, adapted to impress the most important 
pilnciples upon the yonthtiil mind, and the sLndeot is led graduaUyand iiitelligenajr into the 
more iotaresting and higher depacljnenfa of the aeienco,— Johh Bkochlksbe, A.M., Fm/iisor 
bJ JlfoiABBotfes and i^iiurol FMlossphy in TrlHiiy OoUcge. 

1 am much pleased with Ftof, LoomiB' Algebra. IlhlnkliehaBBccomplishedverjhapplljlhfl 
object te hafl in view, and has prepared a work remBrkaljlj well adapted for the use of college alu 
dent«.~B. S. Sneii,, A.M, Pm/sssw if Mrahcmalici aai Naiwii FttOasophy in Amherst College 

I am much pleased with Prof. Loomls's Algebra. The arrangement of the anhjeeta ia, I think, 

now hearing recitaliona m it the second Hme.— Johh Tati.ook, A.K., Frafeisar of Mmheiuaics 
in Willkms Coiifyfi. 

1 have examined Prof Loomis' Algebra wiBi great attention, and am so wcH pleased with its 
arrangement and execution ihroughost, that I have dedded to adopt it as a Cextbook In this in- 
stitnUon. — THOMis E. atrotEB, A.M., Frofsisor iff Matkenuulai itt Dickinum Callfgt. 

Pro£ Loomia has here aimed at exMbtHng the first prlnciptes of Algebra hi a form which, while 
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■—Anurican Jiraraal of Sdma and Arts. 

I regard Prof. Loomis" Algebra as altogether worthy of the higli reputation its anther deserv- 
edly enjoys. It possesses those qualitiea wbioh ate chiefly reqnlalle in a college text-book. Its 
statements are clear and definite -, the more importBut pilnciples are made so prominent as to 
arrest the pnpH'B attention ; and it conducts the pupil by a sure and easy path t'j those habita of 
gtiaeralhai^tni which the tfiacher of Algebra hoa so much difficulty in Imparting to his pupils.— 
JuLiiH M. Sidbtbvjikt, LL.D., PrMidtiil qf JHftiois College. 

•niearrangemenlofProf Loomia' Algebra Ifl good; the doctrine of Equations Is clearly pre. 
senled, and the principle of generaUzation is ably developed in a manner well ealcaktsd to im- 
prove the youthful mhid.— W. P, Albioh, Frtfeisor of Maihrnia^es in JFashlngtim College, Pa, 

Prof. Loomia' Algebra la admirably got up. It is clear and simple hi arrangement, and jnsl 
Bie worit for the claaa of ieamera for whom the author prepared it The fntrodnction of Horn- 
er's admh^ble method for finding incommensnrable roots, and the section on Logarithms, ren- 
der ft superior to any text-book on thla subject with which I am acquainted.— Pres. Coitins, 
StsJrry altd Henrif College, Virgiata. 

for fiiDse not ali-eady far advanced in the study, than sny other we have seen. It is carefully and 
lurfdly arranged, and admh'ably ennaoiated and explained,— Hwt/iws" Jmmal. 
The present work is file fruit of long experience in tflaching and diligent investigaHon of the sol- 



.— MSi&orfiM ^larwly Ecolm. 
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Critical Notices of Loomis' Geometry. 3 

LOOMIS' GEOMETRY AND CONIC SECTIONS. 

Third Eilitiou, 8vo, p. 226, Sheep, $1 00. 

Every psge of Ihia book bears mnria of careful preparsJiQa. Only those pn 

e& rrhich arc most impoiiaui in thamselves, or which are uidiepenuible In tl 

otkcra. The propoaitioiiB are all enunciated vrtlh Sea&iei preoieion aad br 

atnilJoDB are complete without being encumbered with vetbtege ; and. unll 

book will take its place emoDg the best elementary works which our coiini 

Trof. Loomis' Geometi^ is characterized by &e same nencnesa and elegance which 
itcd in Ma Algebra. While &s logical form of argnmentalDon peculiar to Flay&ir'e E 
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culture and for a knowledge of geometry. Prof. Looims has iatrodaced some 
enls, especiolly that of oompuang the area of a circle In a very simple Mid easj 
f shading ^e digrams in solid geometryj wluch will greatly aid the student in 
tioDs of solid Bibles and the posilioDS of planes.— dkio Oissncr. 
I hi Prof. Loomis' Geometry are concise and clear, and the proceBses neilhei 
inise. The part treating of aohd geometry la undoubtedly superior, In clear 



, — H4TTHEW J. WlLLIAWS, 

re EMiuKon, and therefore 



I con^der Loomis' G 



pared it with EocUd and Legenflre, I have found it preferahlB to either. Teachers will find tho 
work an excellent test-book, suited to give a clear view of the heanllful science of which it treats. 
—AlQPJZO Gray, A.M., Profttior of Matkematka, Brooklyn FemaU Jcadsm^. 

This work is admirably drawn up, and merits nulversal adoption In all acliools where these 
branches of aclence are taught.— Courier niii Eng^inr, 

These hooka are terse in Btjlo, clear in method, easy of cmnprehenalon, and perfectly free 
ftoro that aaeless verbi^e with which it is too much the feshion to load school-books under pre- 
tense of csplanation.—Scod's Weehly Pajiar, Canada. 

of test-books he is preparing. His wriHnge In other dopaitments of science are chnraclerized 
by a remarkable cleatneM in the manner in which he exhibits truth, and his treatlaea on Algebra 
and Geometrybear evident marks of having emanated from the aamemmd. — James B- CorFUft 
AM, PFoftsaar o/MiBAanoIics in Zafa^eUe College. 

Prof, Loomis lias made many ImproTemonts in Legendre's Geometry, retaining all the merits 
of that autJior without the defects. 1 shall adopt his work as a text-book in this college. — Taai^ 
ji8 E. SnnLSB, A.M. Pnifasor cf MiahBHaiia in DirMtiaoa College. 
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4 Critical Notices of Loomis' THganomelry and Tables. 
LOOMIS' TRIGONOMETRY AND TABLES. 

Svo, p. 320, Sheep, }1 50. 

This work ooiiKiina an. expoailion of the nature and propevtiee of Logavishms ; 
the principles of Plane Trigonometry; the MeoBiiration of SnifaceB and SolidB; 
the principles of Land Snvvejing, with a fuli description of tha inatruinenta em- 
ployed; the Elements of Navigation, and of Spherical Tcigonometiy. The Ta- 
blefl fninisb llie Logaritlima of Numbera to 10,000, with the proportional peiU 
for a fifth figure in the natural munber ; logarithmic Sinea and Tangenla for every 
ten Seconds of the Quadrant, with the proportional parta to single seconds ; nat- 
ural Sines and Taugenta for every Minute of the Quadrant ; a Traverse Tahle ; a 
TaWe of Meridional Parte, &e. 

The following are a few of the notices of this work which have haen received 
by the pnblishera : 

hoonM Trigonometry is well adapted to give ^le student Ibat dtslinct knowledge of tbe prin- 
ciples o Elbe acienca BO imporlaivt in tha furlher proBECution i>£ lbs omay of mathBioatitB. TLa 
description and reproseiiBilton of the inaUuroents used in snrseyiiig, leveling. &,a.. ate sulBcient 
to prepare the stn^ent to make a practical application of tbe principles he hae learned. The 
Tables sre just tbe tbing ibr college sludents.— John Tatloch, A.M.. Frofcssar of Matkemaio 
in WUUams College. 

PrOl Loomis has done up the work admirably. TIk bresitj and oleamees which character- 

Trigonomoliy will meet with tbe opproTsl already accordEd to bis Algebra eaii Geometry.— Pro- 
feasor C Dbwet, iiociMKr punteraiii/. 

clear and ^raple in its staleniepla without being redundant The learner will here find what he 
really needs without being dlattaoted by what (s anperBooua or irreletant— A. CiSWEii., I),I>, 
FrofciioT qf Mathsmttia imd Naturiil Fhiiosogky in Brown Usiosrsity. 
Loomis' Tables are laally better than fiioae In cotntnon nge. The extension of the slneB and 

a good nnderstanding of Trigonometry ; and the natural tangenla ara exceedingly oonyenient in 
analylleal geometry.— L Wabd Andkewb, A.M., Pntfesatr of MaiKaamiai <md Nalwai PftUoao- 
pky in JUarisaa OoilegB. 

Loomis' Trigononietiy and Tables are a great acqnlaltion to mathematical achools. I know 
adapted to the conrae of inatruclian in the mathematieal achoola of our country. I ahaU adopt 
raaiici is DiciiKsim CcU^e. 

Looniia' Trigonometry and Tables are both excellent works, and I ahall recommenii Ihem at 
every opportunity which offers — Jitaia Cnatny, Fmfissm- in aeDrgelama CoOcgi. 

1 am so much pleased with Prof. Loomia' Trigonometry that I inloni to use it as a text-i^ook 
in flus college.— John BBOcKLEaur, A.M., Frefeesar of MalhemaUca m Triaitg Callsgs. 

In this work the principles of Trigonoroetty and ita applloaaons are diacossed with the aama 
oleatneas that nheracterizes the previous volumes. 'Phe portion appropriated to Mensuration, 
Snrvejlng, lie., will esiieoially commend itself to leaoJiert, hy the judgment eshibited m Ibe ex- 

What I have parHeuiarly adnJred hi this, as well as the previous volumes, is tho constant recog- 
nition of the difficulties, present and prospective, wbloh ere likely to embarrass the learner, and 
the ailU and tact with which they aro removed. The Logarithmic Tables will be found nnsnr- 
passefl hi pracScal convenience by any others of the same eitent.— AiTQnarDB W. Bkith, LL.D„ 
ProfetBrir of MelAcmalics imd Ailroaomv U the Wesls^sn pBivereily. 
Prof Loomia' test.boohs in Mathematics ore models of neatness, prcolalnn, and practical adapt 
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Crtiicai "iVotices of Limnis' Analytical Geometry, ^e. 5 

LOOMIS' ELEMENTS OF ANALYTICAL GEOM- 
ETRY, AND OF THE DIFFERENTIAL AND IN- 
TEGRAL CALCULUS. 

8vo, p. 278, Sheep, $1 50, 

This WealJae constitutes the fourlli volume of a coui'se of Matheraatica desigaed 
f 51 colleges and high schools. The fi t p t tr t f th ppl t on of Algebra 
t Geometiy the constrnction of e<j ti h p-op fa traiglit line, a 

ci ule parabola, elhpie and hyparbol h 1 fio. t f 1 bi-aic curves, 

d tile moie iinpoilant traiieceuder tal ur Th nd part tceare of the 

d fSiieutiation ot algebraic fanctioua f M 1 m and T yl theorems, of 
inaMmt and minima trauacendental tua leo-y f and evolutea 

Tho thud pait oi-hibit? the method fblamgh g-al f great variety 

of diSereutia^, and their application to the rectification aiid qaadtatiire of curveB^ 
and the cubature of solids. All the principles are illoslrated by an extenBive col 
implea. The vi'ork was prepared U ' 



college students of average abilitieB. 
The following aie a few of tbe notices 


of thia work which have been received 






I liavB examlneil Loomia' AnaljUBal Geom. 


atry and Caloulua wilh sreat saHafaction. and 
iflc courae.— Jamkb B. Dono, A.K., Prsfsstor af 


LoomiB' Annl^tJsal Geometry md Calculus 1 


a the beat work on that subject fbr a eollegj 
led problema.— Thohis E. Suulbe, A.M, Pro. 


Loomis' OBlcnlus is better ffliapled to the cap 
publlshea on thia subject,— A. P. Hdohe, Pnifaai 




Looniia' AualTtioal Qeometi'y cna Calculus ia 


prepared with the aame careful ragard for the 



netual wants of the mathemaljcal student, the aame vigilant eye to the dlSlculdee which are most 
valuable contribution to the means of educatian, and hidirectly to the cause of science— not by 

thcm3elveao£onaofUienioatelliciontin9trumGnl»ofinvcatigaUon,or who aro moved only by 
a dusire to gratis a rensDnahle cuiioai^. "ht no part of a mat^matical study was simplifica- 
iLon, and clear, palpable illuatraUon more urgency called for than in tliia, sad in no American 
iTorlt has Hub object been more aatisfiictovlly accompliaiiBi— JMi^iZiliJi™ I^Caisneaieuf] SmtiiUL 
Thia Is a vrorli which can not &il to bo popular with the masH of students. It will he found 
every thing tho anCior iutended it to be, and can not be too vinrDily commended. — AUnarg Spec- 

The Analyijcal Geotnetiy ts ti'aitad. amply enough for eleineiitary instruction, in llie short 
compnaa of 113 pages, so that nothiug need be omitted, aod the student can master his text-hook 

Ihe nature of the art as clear as it can poaahly be made. We recommend diis work, wlUioul 

pies.— CfeMIiaii Stgisltr. 

I am well pleased with Loomis' AnalyBcal Geometry and Cakuluo, as It brings the subjects 
wjcbiu the powers of the majority of our students, a thing certainly that very few aulhors on 
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6 Critical Notices of Loomis' Recent Progress of A.slronomij . 
X-OOMIS' RECENT PROGRESS OF ASTRONOMY, 



lamd, p. 258, Muslin, %\ 00. 
This volume ie designed to eshibit in a popular form the most important as- 
tronomical discoverieB of the past ten yaara. Il treats particularly of the discov- 
ery of the planet Neptune, of the new aslerolils, of the new EateUite of Sittum, 
ofthe great comet ofl843,Biehi'a comet, iaias Mitchell's comet, &c.; of the par- 
allax of fixed stars, motion of the stars, resolution of iiebnlie, &c. ; tlie history of 
Ameiican observatories, determination of loogitude by tlia electric telegraph, 
macu&ctui-e of telescopes In the United States, &c. 
The following are a few of the uotjcea of thia work which liave been receiTed • 
Loomis' "Recent Progress of Aatronomj" has atfordedme ereat interest; for itia adniiraUy 
dDDS. Aa a work to be read by a tnultltuda of our jntelligeut people who are not adepla in as- 
troaomj, it hoa no competilor. II supplies a de&ideratum tliat was sti'ongEy fsil, and mnat graU- 
fj Dumliers who are interealed in tbo progreQa of astrOTiomy in our own country,— CnESTes 

In Ihe " Recent Progress of Aatronomj*' we hove tbo model of a clasa of worka whicli wq 
any thing of macheraaiicBl assetceaa, conceding no claim of liia moat rigid mvostigotlDii for tiia 

guage of tranapareiit aimplicily, and placing tte dijficnlt topica wJiich it diacueaea in a iight whlcii 
mnlies lliem coniprelienaible bj the gcneraUty of intelligent readers, 'i^ie HUtbor wiitca fiom 
that fulbieas of linoviledga nhioh enables liini to make a compact end lucid statement of the 
yiYaX under conaidei^tloo, FrofssBor Loomia ta einineniJy happy in aeiziog on the moat oaaen- 
lial pidnts, and unfijldiug them with a clearueaa and preciaion wMcb make bia worlt jio leas 
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and are in a great degree fi™ from the dry detaila of oomplei: caleulalioi 
would fail to uaderstend.-.B03!on IJa% JoKraai. 

Ttie de^gn of thia boolc is moat happily canied out. The unlearned 
difiieulty in following ita Inminona expoHtiona ; and the intereat of the 
few who begin the perusal of the book will fail to Imish \t.—Md!wma Q 
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Critical Notices of Loomis' Elemenls of Algebra. 
LOOMIS' ELEOIECTTS OF ALGEBRA. 



lamo, Sheep, p. S60, price 62^ eents. 

TliiB YOltime is intended for the use of stndenta who iiavo just completed the 
study of Arithmetic. It is beliared that it will be found aufScleudy ipesi and siiii- . 
plo to be adapted to the wants of a hirge class of students in oar oommon. aohoolB. 
It explams the method of Bolvi:^ equationa of ■Hie firat dogcae, with one, two, or 
more vmknowu quaiititiea ; the principlsa of involution and evolution ; the eolntion 
of equations of the aecond degree ; the prinoiplea of ratio and proportioii ; with 
ariflimetioal and geometrical progteeaion. Every principle is illustrated by a copi- 
ous collection of Biamples, and a, variety of miscellaneous problema will be fonnd 
at the close of the hook. 

The following are a few of the notices of this woik which liars been received 
by the publishers : 

ih&t Uiey can d«sirc es a text-booK on this branch of Mathematics- — Vsof. Aloszo Qbav, Bro&kr 

Loamis' Elements of Algelna Is worthy of Ddoptioii in onr ,A.cademies, and wjn "be fbnad to 
be m\ excellent tejtt-book. The deQnitjDos and mles are expressed In simple ond acamvte lan- 
guage j ttie coUectloD of examples entjohied to eaoll rule is HUfflOenlly coptous ; and as a booli 
for beginnera It Is admlraM; adapted to make the learner lliorougiily acqualnled with the firal 
principles of this importanl branch of Bcience.— D. M*n«ul.BT| PriTicipai ef tie Pol^tecludc 

I nni Tcr; highlj pleased with loomla' series of MathematicBl teit-books. The gentleman 



I bave carefully ciamined Loomis' Elements of Algelira, and cheerfully recommeni 
count of ita anperior atrangement, and clear and ftiU esplBnalions.— Solomon Jenni 
jioi cfN. Y. Commerds! Sduml, 

Loomia' Klemenia of Aigehra Is prepared with the care and jadgmeni tliat charaetei 
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Cnllfgif unit Bt^mi €ni-hmh, 

At Greatly Reduced Prices, 

PUBLISHED BY HAllPER & BEOTHEES, NEW-YORK. 



Jprofeasor antljoit's Series of lElassics. 

Dr. Anthon has done mere for a sound classical school lileratarB than any half 
dozen Eii^lishmen. His books are admirably edited, — London Athenseum. 
A CLASSICAL DICTIONARY. ConlaiDina an Accoutii of the principal Proper Namei 

niEnlioned in Ancient A ulhors. Royal Bra, Shsep «lln.. *4 00. 
DICTIONARY OF QREEK AND ROMAN ANTIQUITIES. EditBil b}> W. Smith. 

ANAHRiD3HEBT0ftheAbove, bytheAnibot!. ISmo, hjlf Shetp. OOoenls. 
ANCIENT GEOGRAPHY. A new Work , Svo, Sheep eitis. SI 79. 

FINDLAY'S CLASSICAL ATLAS. Willi B5 Maps, ieaulirmiycoleisd, and B remwbllllT 

Ml aod complEls ludos. eve, holf buund. »S M. 
FIRST LATIN LESSONS. Lalin Gismmar. Pen I. lamo, Sheep ewia. 76 cenB. 
LATIN PROSE COMPOSITION. Latin Onimnmr, Fart IL ISme, Sheep enlra. T5 Cl9. 
AKEirlo theAboveiapiililished,ivliiohloayb8(jblainedbyTeBCleia. ISmo, half Sheep, iOcls. 
ZUMPTS LATIN GRAMMAR. TranslaWrd by L. ScHHiTi. Correcled and enlarged by 

LATIN VERSIFICATION. ISmo, Sheep exWs. 75 conB. 

LATIN PROSODY AND METER. ISmo, Sheep extra. VScente. 
CIESAFt'S COMMENTARIES ON THE GALLIC WAR, With English Nete9,ludex- 
es. *e. Map, Per.rdl, &c, ISnio, Sbccp extra. 81 SO, 

Sbeep extra. 31 M. ' 

CICERO'S SELECT ORATIONS. With English Notes, Indeiea, &o. Portrait. Aiiini- 

Iiroved Edition, ISmo, Sheep extra, SI 00. 
VIRGIL'S ECLOGUES AND GEORGICS. With Enelish Nolee. IStno, Sheep eitti, 

JH85. 
SALLUST'S JUGURTHINE WAR AND CONSPIRACY OF CATILINE. With 

EiiBlish Commentary, Ac, Portrait, 13mo, Sheep, 75 eenta, 
THE WORKS OF HORACE. With EogliBb Notes, critical and explanatory. Ne» and 

FIRST GREEK LESSONS. Tor BeeinaeiB, Iflmo, Sheep extra, 75 cents. 
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Harper's School a.nd College Text-Books. 

Xivaiessov Coomie's Mntljeiuatkal Bevits. 



ELEMENTS OF PUANE AN 

TABLES OF LOCARITHMS 

EO-Tlie Tbiookometht nnJ Tai 



Didplels Lutin Sycui, wilb copious Ei» 
Principal!/ ftoni the Gbiqimi of Grysai 



professor fackUa's iSlatljematuttI Series. 



Jprofeasor IJarker's €ngUs!) Scljool Series. 

Sh.sp, BOoentB; Mnsim, eOceols. ' '°'"'' 

GEOGRAPHICAL QUESTIONS. Adapted fat [he Use of Morse's or inoit ot 



JJrofessot IRsnmirk's |Ji]ilo90})i]iriil iBorka. 

JT PRINCIPLES OF CHEMISTRY. Wiih QiieBtims. EiiKTarinE». J8r„o, 111 
L SCIENCE OF MECHANICS APPLIED TO PRACTICAL PURPOSE! 



JJrofessor ©ogb's ^IcaliemicBl tDorks. 

ELEMENTS OF HHETOBIC AND LITERARY CRITICISM. ISu 



JOx. %\3exttam\3\c's |)l)iloso})[)icnl tijorkg. 



HoslcdbvCcKlglc 



Harper's ScIm)1 aiid College Test- Bonis. 

IJrofeasor JUirnper's fJljUosopljical tOotks. 



:sr1 J 400 UlDSIrBlioIls. ISmii, 
s. 4(0. S3 so. 



ptofes0oi" Siil)am''6 JpljUoscrpljical Smcs. 

ELEMENTS OF MENTAL PHILOSOPHY. 3 yob. 13mu, ShBcp, 8231). 



mictionariea atib tDorks cf Reference. 



trnd Futt, ill., EnBllsb niul Greet. [In press.] 
RIOOLE AND ARNOLD'S ENGLISH-LATIN LEXICON. Poondeil ira lh» Oeini.n. 

LOCH. Blited bj D. Haskel, A.fcf. S^I'bv™ 'shaEp° S^SOrMuljiBrsfl'oo. ' 
ENCYCLOPEDIA OF SCIENCE, LITERATURE, AND ART. EJ ilea by W. T. 

EuiBDE, Mafnteilbj I. CiuviH. Eugtaviugi. 8vo, Sheep. S4 UO. 
T'Al. NORTH AMERICAN ATLAS. ContBining 36 rdiu Maps in CdIdib, fenning B com 

]]lFle AUaaefthiH Conliaeut. Qf S. B. UoBBE. HulfRonn, P 7S. 
ENGLISH SYNONYMS EXPLAINED. With eopisaB Slmlnitiuns anil Eiplanatioiis. By 

G. Cbibbe, M.A. 8so, Sheep eittu. ?S0O. 
A CLASSICAL DICTIONARY. CoMainln? an Acoounl uf the piinripal Proper Namei 



lbridsmiht of Ihe Abe>e, b; ttie Anlhuts. ISraa, half Sb 
: ENGLISHMAN'S GREEK CONCORDANCI 



iftlisctUaticouQ tDorke. 

.REEK-ENGLISH LEXICON OF THE NEW TESTAMENT. 



SMITH'S ELEMENTARY TREATISE ON MECHANICS. Svo, Sbtap eitia 

WHATELY'S ELEMENTS OF LOGIC, laiiio, Muslin. 38ceiila. 
WHATELY'S ELEMENTS OF RHETORIC. Complsle. 18mo, Maslin. 38 oe 
HOBAHT'S ANALYSIS OF BUTLER'S ANALOGY OF RELIGION. Al3i> 

MARKHAM;S HISTORY OF FRANCE, ftomlhe Conquest of Oau 



ior»iDrSchoole,byJ.ABBOTT. ]Sino,halfSliee]i. (129. 
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